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Let 
(1) f(z) = > azz" 


be a power series without constant term and denote by R > 0 its radius of con- 
vergence. The fixed point z = 0 of the mapping z — f(z) is called stable, if 
there exist two positive finite numbers 75 S R andr S R, such that for all points 
zof the circle |z| < 7 the set of image points 2: = f(z), zn41 = f(zn) (n = 1, 
2,-+-) lies in the circle |z| < r. 

It is easy to prove the stability in the case | a; | < 1, for then a positive number 
» < R exists, such that the inequality | f(z) | < | z| holds for |z| < 7, and 
r = 7 has the required property. Henceforth, the inequality |a,| 2 1 is 
assumed. 

If z = Ois stable, then the images z, (n = 1, 2, ---) of the points z of the circle 
'z| < ro under the mapping z — f(z) and its iterations cover a domain D which 
is connected and contains the point z = 0. For all z in D, the image point 
f(z) again lies in D. Let 


(2) = 9(f) =¢t das 
be the power series mapping a certain circle | ¢ | < p of the ¢ plane conformally 
onto the universal covering surface of D. Then the formula 

o(f) = z>f(2) = a = oS) 


defines a function ¢; = g(¢) which is regular in the circle | ¢ | < p and satisfies 
there the inequality | g(¢) | < p; moreover g(0) = 0 and g’(0) = 1. It follows 


from Schwarz’s lemma that | a,| = 1 and ¢; = ag. Consequently, the func- 
tional equation of Schréder 
(3) e(as) = f(e(s)) 


has a convergent solution g(f) = ¢ + -::. 

On the other hand, it is obvious that z = 0 is stable, if |a,:| = 1 and the 
functional equation (3) has a convergent solution. 

If a; is an n root of unity, then z = 0 is stable, if and only if the (n — 1)® 
iteration of the mapping z — f(z) is the identity. This is also easily proved by 
direct calculation. We assume now that | a, | = 1 anda ¥ 1forn = 1,2,---. 

By (1), (2) and (3), 


00 be 
(4) > ex(ai — a)e* = DR a (: > d ot") ; 
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hence c;, (k = 2,3, ---) isa polynomial in cz , --~- , cx_1 whose coefficients depend 

upon a), --- , a, and there exists exactly one formal (convergent or divergent) 

solution g(¢) = ¢ + --- of (3). The first example of a convergent series f(z) = 

az + --- with divergent Schréder series g(¢) has been given by Pfeiffer.’ Later 

Cremer” has constructed such examples for arbitrary a; satisfying the condition 
lim inf ja? — 1 |" = 0. 


n-?>o 


These a; are very closely approximated by certain roots of unity, and their 


linear Lebesgue measure on the unit circle | a, | = 1 is 0. 
Until now, however, it was not known if there exists a number a; of absolute 
value 1, such that every convergent power series f(z) = az + --- has a con- 


vergent Schréder series. Julia® tried to prove the erroneous hypothesis that the 
Schréder series is always divergent, if f(z) — az is a rational function and not 
identically 0. We shall demonstrate the following 

THEOREM: Let 


(5) log | aj — 1| = O(log n) (n > oa); 


then the Schréder series is convergent. 
2riw, 


Write a, = ¢”’”; then the condition (5) may be expressed in the form 





w— | >a, 
n 


for arbitrary integers m and n, n = 1, where ) and yu denote positive numbers 
depending only upon w. It is easily seen that (5) holds for all points of the 
unit circle | a; | = 1 with the exception of a set of measure 0. 

Lemma 1: Let 2, (p = 1, --- , r) and y, (q = 1, «++ , 8) be positive integers, 
r20,s22,r+s =i, 


(q me 1, = , 8); 


Nol = 


r 8 8 k 
Lt%e+ Dw k, 2 Ya > 55 Yq 
p=1 q=1 q=1 


then 


r 


(6) II 2I¥v2= ks“. 


Proor: Denote the left-hand side of (6) by L and consider first the case 
k<2t—2. Then 


(7) k°L = k* > (2% — 2)~. 





1G. A. Pfeiffer, On the conformal mapping of curvilinear angles. The functional equa- 
tion glf(x)] = ag(x), Trans. Amer. Math. Soc. 18, pp. 185-198 (1917). 

*H. Cremer, Uber die Haufigkeit der Nichtzentren, Math. Ann. 115, pp. 573-580 (1938). 

°G. Julia, Sur quelques problémes relatifs a l’itération des fractions rationnelles, C. R. 
Acad. Sci. Paris 168, pp. 147-149 (1919). 
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Assume now k 2 2¢ — 2 and let 


\ [E]=« r+ ¥=0. 
1 


q= 












tSsgtisgtlt+rsnsk, Dx =k-7n+r, 


p=1 









whence 


Ilz2k—1+1, Tne { 
q=1 


p=1 


g9—-t+1, ifn Sg-—1+t 
(g-—g-t+2)g, ifeyeg-—1+2. 





Inthe intervalg +1 SnS5g9-1744, | a 

k—-n+1)(9—t+ 1) = min {(k — g)\g — t + 2), (K-—g —t + 2)g°}; 

inthe intervalg -1+t57 Sk, 

(k-—-n+D(n-—g -—t+4+2)'¢ 

Sisgq, 

(k-g)(g — #)” — (k —g — 8g" = {(k — g)é — (2k — 3g)g}E S g(2g — k)E <0; 

consequently | | 
L = (k — g)(g — t + 2)° 





G8 Whee (53 


a 





IV 


(k-—g —t+ 2)q°; 






in the interval 0 










22k Fo (et sind i > 4(2t — 2)? = (24 — 2)"*. 





j- 4g" (¢ = 2,3, ---), 








and the lemma follows from (7) and (8). 
We use the abbreviation 






é, = jay —1|~ (n = 1, 2, «=+). 





On account of (5), the inequalities 
; én < (2n)’ (n = 1, 2, +++) 
are fulfilled for a certain constant positive value v. We define 
Ni=2°", Ny, =8N, = 2", 
Lemma 2: Let m; (l = 0, «++ , 17) be integral, r = Oandm > m>--: >m, 
> 0; then 


9) iat €m, < Ni™ {me II (ma — mo. 


l=0 
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Proor: The assertion is true in the case r = 0; assume r > 0 and apply 


induction. 
We have the identity 


ai(ar * — 1) = (af — 1) — (@i — 1) (0<q <p), 
whence 
GasGatEe 
min (€p), €) S 2p < 2’ (p — q)”. 


This simple remark is the main argument of the whole proof. 


Let €m, (1 = 0, --:, 7) have its minimum value for] = h. Then 
(10) ém, < 2°" min {(mya — ma)’, (m_ — mays)’}, 
if we define moreover m_; = © and m,4; = —. On the other hand, the 


lemma being true for r — 1 instead of r, we have 


(11) cnn LI em, < wi me(mna — Mong) TT (ms ~ mo 


(Mr~1 — Mp) (1M, — M41) 1=1 





Since 


Mr — Mrs1 p 1 1 2 
(mn = mr) (mr, = mn+41) mp1 — Mp Mr— Masi min (mn — Mn, M, — M41) , 


A 





the inequality (9) follows from (10) and (11). 

Consider now the sequence of positive numbers 6; = 1, 42, 63, --- recurrently 
defined in the following way: For every k > 1, let 4, denote the maximum of all 
products 6), 6, --: 5, withh +h+---+,=k>h2h2-:: 2121, 
2<r&k, and put 


(12) Ox = €%-1Mk - 
Lemna 3: 
(13) & <k’NS* (k = 1, 2, -**). 


Proor: The assertion is true in the case k = 1; assume k > 1 and apply 
induction. 
The numbers a, = k-”N3” satisfy the inequalities 


B= (+ OPN SPN <1 (21,122), 


Ak+l 
and consequently 
(14) 645; °+* 64 Sj Ni (lSftiees +H =5 < kf 2?) 
By (12), there exists a decomposition 


IIV 


5x = €4-10y,5, *** Bp, Qt::-+ge=k>gn2z-:: 29e2!) 
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In the case g: > k/2, we use this formula with g, instead of k and find a de- 
composition 

5o, = €,-19h, 5h, *** Shy (u+-->- +h=g>h2=--- > hs = 1); 
if also hi; > k/2, we decompose again 

bh, = €y—18i,8ig ++ 45, (a+---+i,=h >Hi 2---2i,21) 


and soon. Writing ko = k, ki = 91, ke = hi, --- , we obtain in this manner 
the formula 


& = I] (&,-1 Ap) 
p=0 


with k = ko > ki > +++ > k, > k/2, where A, denotes for p = 0, ---, ra 
certain product 6;, +--+ 6;, and 


Ate +H = 
k, (p =r), 
all subscripts j1, +--+, jy being < k/2. The number f depends upon p; let 
f=sforp =r. 
Using (13) for the s single factors of A, and applying (14) for the estimation 
of A, (p = 0, --- ,r — 1), we find the inequality 


oe ny (p = 0, ---,r — 1) 


r 8 r —2y 
II Ap = Nz" * ne Ja II (kp = ke) ’ 
p=0 q=1 p=1 
where 1 Sj, Sk/2(q =1,---,8) andj, + ---+j,=k,. By Lemma2, 


Il €kp—1 < Ni {k Il (kp = ks) ’ 
p=0 p=1 


and consequently 


5. < Ni Ne" (i IT z, I] 7) 


p=1 q=1 


witht = r+ 8, tp = kpa — kp, Yo = jg. By Lemmal, 


NE* Hi < Ni* NE 8" < Or : =1, 
N2 
and (13) is proved. 

Proor oF THE THEOREM: Since the power series (1) has a positive radius of 
convergence, there exists a positive number a, such that |a,| < a” (n = 2, 
3, -++). The functional equation (3) remains true under the transformation 
f(z) — af(z/a), o(¢) ag(¢/a); hence we may assume | a, | < 1 (n = 2, 3, ---). 

Instead of (4), we consider the functional equation 


(15) Lunt = D> (: + p> v2’) ; 
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where 72, 73, °** are positive parameters. Then the coefficients y,; = 1, 2, 


v3, *** are uniquely determined by the formula 
(16) t= mm > VuYV le to? Te (k = 2, 3, oe ‘), 
where J; , --- , /, run over all positive integral solutions of J, + --- +], =k 


(r= 2,--+,k). Write y, = ox in the case m = & 1 (k = 2,3, -++),andy, = 7 
in the case 7, = 1. 
The inequality 


(17) on S ote 
is true for k = 1. Applying induction, we infer from (12) and (16) that 


ok S Game Dy THT, *** TH, = One; 
hence (17) holds for all values of k. 
On the other hand, the power series 


io) 


v= > no 


k=1 


satisfies the equation 


y-s=(1-pyy, 


whence 
4y=1+e—(1-—6¢4+ 2); 


consequently y converges in the circle | ¢ | < 3 — 21/2. 
By (4), (15) and (17), 


|cn | S dere (k = 2,3, +++). 


It follows now from Lemma 3, that the Schréder series g(¢) converges in the 
circle |¢| < (8 — 2./2)2°°"". 
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NOTE ON AUTOMORPHIC FUNCTIONS OF SEVERAL VARIABLES 


By Cart Lupwic SIEGEL 


(Received April 28, 1942) 


1 


Some years ago I found a method’ of estimating the number of linearly inde- 
pendent modular forms of degree n and of weight g, which has been useful for 
the demonstration” of certain identities in the analytical theory of quadratic 
forms. The object of this note is to prove an analogous estimate concerning 
automorphic functions. 

Let 3 = (2x1) be a complex symmetric matrix with n rows, and consider the 
space E defined by the condition € — 33 > 0, with the line element 


ds = o' {d3(E — 33) “dR(E — 33)"}, 


the symbol o denoting the trace. If % and % are n-rowed complex square 
matrices satisfying AB’ = BY’ and AY’ — BB’ = G, then the linear trans- 
formation 


(1) 3* = (AZ + B)(B3Z + A 
defines an isometric mapping of E onto itself. Those transformations con- 
stitute a group Q. 


Denoting by p(3:, 30) the distance of two arbitrary points 3, and 3» of E, 
we have 


8,0) = (St), 


k=l 


1+} 


ur = lo 
k Sin 


and 4, «++, A, are the characteristic roots of the hermitian matrix 313: . 


Since 


4nx ot ee Uk ee = Ue 
ae, ee 2 22. oni 





'C. L. Siegel, Einfiihrung in die Theorie der Modulfunktionen n-ten Grades, Math. Ann. 
116, pp. 617-657 (1939). 

?H. Maass, Zur Theorie der automorphen Funktionen von n Verdnderlichen, Math. Ann. 
117, pp. 588-578 (1940). 
. E. Witt, Eine Identitdét zwischen Modulformen zweiten Grades, Abh. Math. Sem. Han- 
sischen Univ. 14, pp. 323-337 (1941). 

H. Maass, Modulformen und quadratische Formen tiber dem quadratischen Zahlkérper 
R(V/), Math. Ann. 118, pp. 65-84 (1942). 

°C. L. Siegel, Symplectic geometry, submitted for publication in the Amer. J. Math. 
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and 


yu s (S a) = 6(8), 0), 


k=1 


we obtain the inequality 


(2) 


. NE or 
SI-», < sinh’ 3p, = p(3:, 0). 





Let A be a subgroup of Q, discontinuous in Z, and assume that all frontier 
points of a fundamental domain F of A belong to E£; i.e. E is compact relative 
to A. The least upper bound of the distance p(3: , 30) for two variable points 
3, and 3» of F is a finite positive number 6, the diameter of F. We use the 
abbreviations 


(3) y= gies Fi b = sinh’ 46, c= (v+1)b’. 


2 


An analytic function f(3) of the v independent variables z,; (1 < k <1 < n) 
is called an automorphic form with the group A, if it is regular in E and satisfies 
there the equations 


(4) (3*) = o(A, B) | B3 + Al “f(B) 


for all transformations (1) in the group A, where g is a constant and the numbers 
v = v(A, B) depend only upon %and B. Let L = L(A, g, v) denote the set of 
all such functions f(3), the weight g and the multiplier system v being given. 
If f; and fe belong to this set, then so does Afi + uf2 , for arbitrary complex con- 
stants \ and u; hence L is a vector space with a certain (finite or infinite) di- 
mension d. 

For automorphic forms of a single variable, i.e. in the case n = 1, the number 
d is given by the generalized Riemann-Roch theorem.’ It is not known in 
which way this theorem might be extended to automorphic forms of several 
variables. We now assume that the weight g is real and that all multipliers 
v(M, B) have absolute value 1. We shall derive a finite upper bound of d 
depending only upon n, g and 6. 

Consider first the case g = 0. Then, by (4) the absolute value abs f(3) 
is invariant under A; consequently it attains in E a maximum at an inner 
point. This proves f(3) is a constant, whence d = 1, if v(Y%, B) = 1, andd = 0 
otherwise. In the remainder of the paper, we suppose g ~ 0. 

Lemma: Let f(3) be a function of the set L(A, g, v), not identically 0. If all its 
partial derivatives of the orders 0,1, --- ,h — 1 (h = 0) vanish at a point 3o of E, 
then h S bg. 





4E. Ritter, Die multiplicativen Formen auf algebraischem Gebilde beliebigen Geschlechtes 
mit Anwendung auf die Theorie der automorphen Formen, Math. Ann. 44, pp. 261-374 (1894). 
H. Petersson, Zur analytischen Theorie der Grenzkreisgruppen, Teil II, Mati. Ann. 115, 
pp. 175-204 (1938). 
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Proor: The continuous function 


o(3) = | € — BB |" abs f(3) 


is invariant under A; consequently it has in EF a maximum yu > 0, which is 
attained at a point 3: of F. On account of (4), we may assume that 3» also 
liesin F. Incase h > 0, the function f(3) vanishes at 3 = 30 , whence 3; ¥ Bo. 
In case h = 0, the assumption of the lemma holds for every point 3» of Z, and 
we may suppose 31 ¥ Bo. 

If the transformation (1) is any given element M of the group Q, then the 
function | 83 + M\-’f(3*) belongs to L(M“AM, g, v). Since @ is transitive 
in E and the diameter 6 is invariant under 2, we may assume for the proof of 
the lemma that 350 = O and p(31, 0) S 6. Let 1, ---, An be the charac- 
teristic roots of 3:3:,0 S 1 S --- S A, ; thenO < X, < 1 and, by (2) and (3), 


(5) o<> <b 


vik = 





We introduce a single complex variable z and choose in particular 3 = 23: . 
For all points z of the circle z2 < );,", the matrix 3 lies in E; hence there f(3) is 
a regular analytic function ¥(z) which vanishes at the point z = 0 at least of the 
order h and satisfies the relationship 


abs ¥(z) = | € — 223.3: |"e(2B:) S | € — 223.31 |n, 
where the equality holds for z = 1. 


Let 1 <t<X;’. On the circle 22 < #, the analytic function z“y(z) attains | 


the maximum of its absolute value at a point of the boundary, whence 


abs ¥(1) < ¢” max abs y(z) 


zz=t 


[E—BBlMuse”| EE — 12.3, |. 
But | — ¢3:3:| = [][f%i (1 — A) and therefore 


h <glog IT} t=» /iog (l1<t<Aj;’). 
Performing the passage to the limit t — 1, we obtain the inequality 


(6) heed. 


k=1 





The assertion of the lemma follows from (5) and (6). 

TuzorEM: The dimension d of L(A, g, v) is 0 for g <b” and S cg’ forg > 0. 

Proor: Assume d > 0 and choose in L(A, g, v) a function f(3), which does 
not vanish identically. Applying the lemma with h = 0, we infer0 S bg. This 
proves the theorem in the case g < 0. 

Now consider the case g > 0. If f(3) ¥ 0 everywhere in E, then f'(8) is 
@ non-vanishing function of the set L(A, —g, v') and —g < 0, which is im- 
possible. Consequently we may apply the lemma with h = 1 and obtain the 
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inequality 1 < bg, whence 1 < (vy + 1)(bg)’ = cg’. This proves the theorem 
in the case g > 0 andd = Oor1l. 

In the remaining case g > 0,d 2 2, let fi, --- , fm bea finitenumber of linearly 
independent functions in L(A, g, v) and m 2 2. We determine the positive 
integer h by the condition 


(7) Gitte |: 
v v 


and choose m constants a, --+ , @m, not all 0, such that all partial derivatives 
of the orders 0, 1, --- , h — 1 vanish for the function 


$(B) = afi + +++ + Onfm 
at the point 3 = 0; this is possible, by (7), since we have to satisfy (” + : bit ' 


homogeneous linear equations with the m unknown quantities a, ---, dn. 
By (7) and the lemma, 


m< (’ + ") < (v+ Dh’ S (V+ 1)(bg)’ = og’. 


Vv 


This proves the remaining part of the theorem. 


3 


A function x(3) is called an automorphic function with the group A, if x(3) = 
ti/fo , fo not identically 0, where f; and fy are automorphic forms in the same set 
L(A, g, v). For a sufficiently large value G > 0, certain functions in the set 
L(A, G, 1) can be expressed as Poincaré series,’ and it may be proved by known 
methods that there exist » + 1 of those functions, say Fy, --- , F,, which are 
algebraically independent. Then the »v quotients x, = F,/Fo (k = 1, --:, ») 
are algebraically independent automorphic functions with the group A. 

Define g = [cv!G’] and choose a positive integer Q satisfying the condition 
q+ 1 > ev\(G + gqQ”)’. The number of power products 





P= x' II xi! 
withOsrsq¢055(kK=1,-:-,r,n+--- +38 S Qis 
©) A= (a+ (2) > 241g > clog + 60)’ 


we denote them by P:,---,P4. Then the A functions fiF¢P; (J = 1, --: , A) 
are automorphic forms of the set L(A, gg + GQ, v*); by (8) and the theorem, 
they are linearly dependent. Consequently, the automorphic function x 
satisfies an algebraic equation of degree g whose coefficients are polynomials in 
x1, °**, xX and not all identically 0. Since q is fixed, the automorphic func- 
tions with the group A form an algebraic field with exactly v independent elements. 
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5 M. Sugawara, Uber eine allgemeine Theorie der Fuchsschen Gruppen und Theta-Rethen, 
Ann. of Math. (2) 41, pp. 488-494 (1940). 
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ON THE DERIVATIVES OF THE SECTIONS OF BOUNDED POWER 
SERIES * 


By Ruaopa MANNING 


(Received January 8, 1942) 


1. Introduction 


Let f(z) represent a power series convergent in the open unit circle | z| < 1 
and satisfying the condition | f(z) | S lin|z| <1. It is well known that the 
sections s,(z) of f(z) are not in general bounded in the open unit circle | z| < 1.’ 
In 1925 L. Fejér® proved that the sections s,(z), for all such functions f(z), 
satisfy the condition | s,(z) | S$ 1 in the circle | z| < 3 for all n, and that this 
number 4 cannot in general be replaced by a larger number. 

Let 7, denote the radius of the largest circle | z| < 7, in which the sections 
s,(2), for all functions f(z) of the above type, satisfy the condition | s,(z) | < 1. 
I. Schur and G. Szegé,* extending Fejér’s result, proved that the radii r, con- 
stitute a monotone increasing sequence of algebraic numbers having the limit 
unity. They also studied the subclass of all functions f(z) satisfying the 
additional condition f(0) = 0, and showed that,.for all such functions f(z), 
the radius R,, of the largest circle | z | < R, in which the condition | 8 41(2) igi 
holds, for odd n, n = 1, satisfies the algebraic equation 


1 — 2r — Pr — (2n + 4)r*** — (2n + 2)r°” = 05 


Hence the sequence {R,}, n odd, is ever increasing. The object of this note 
is to discuss the determination of the radii R, in the case when n is even. The 
author has found in this case that the R, , provided n = 12, satisfy the similar 
equation 


1 — 2r — 7? + (2n + 4)r"** + (2n + 2)r"” = 0. 


Hence for even n, n = 12, the sequence {R,} is ever decreasing. Both se- 


quences have the common limit p = 2' — 1, the only positive root of the equa- 
tin 1 — 2r — 7? = Q, 





‘Presented to the Society, December 2, 1939. 

*L. Fejér, Uber gewisse Potenzreihen an der Konvergenzgrenze, Sitzungsber. der math.- 
physik. Klasse der Bayer. Akad. der Wiss., 1910, Nr. 3. 

*L. Fejér, Uber die Positivitaét von Summen, die nach trigonometrischen oder Legendreschen 
Funktionen fortschreiten (Erste Mitteilung), Acta litt. ac sci. regiae univ. hung. Francisco- 
Josephinae, sectio sci. math., vol. 2, 1925, pp. 75-86. 

‘TI. Schur and G. Szegé, Uber die Abschnitte einer im Einheitskreise beschrankten Potenz- 
rethe, Sitzungsber. der Preuss. Akad. der Wiss., physik.-math. Klasse, 1925, in particu- 
lar pp. 545-555. 

* Loe. cit. (4), p. 560. 
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It follows that the sections of f’(z), for even n, n = 12, in general remain 
bounded by unity “longer” than the function f’(z) itself, an unusual occurrence 
in this type of problem. As another immediate consequence of the theorem 
we regain the well known fact that the derivative f’(z) cannot exceed unity in 
absolute value in the circle | z| < 2* — 1, and that the bound 2’ — 1 cannot in 
general be replaced by a larger one.° 

In a thesis submitted to Stanford University’ the author has shown, by 
treating each case separately, that the numbers R, , for the values of n ex- 
cluded by the theorem, are also algebraic, and that they satisfy the following 


order relations: 
Ri < Rh < Rs << Re < RS << RE< Rr < Ro < Rs << Ry < Ry < - 
Cpe Pm des OM eC Re < Re. 


To facilitate computation of the radii R, ,n = 12, an asymptotic expression 
for R, is given, of the form 
R,, ok p 4 (—1)*anp"*" 4} iw +4 (—1)*c,p°"*?, 


where 
4 
aiden (n+143), b, = (n+ 1)(n + 2)ay — (2 — Dat, 


and 0 < cy, < 2a,(n + 1)?(n + 2)’. 
Finally, a closely related theorem, stated by I. Schur and G. Szegé for odd 
values of n, is generalized to include large even values of n.° 


2. Main theorem 
Let f(z) represent a power series convergent in the open unit circle |z| <1 and 
satisfying the conditions | f(z)| S lin |z| < 1andf(0) = 0. Let R,, denote the 
radius of the largest circle | z| < R, in which the section s,,+1(2), for all power series 
f(z), satisfies the condition | sn4(2)| $1. If n = 1, n ¥ 2, 4, 6, 8, 10, n an 
integer, then the radius R,, is the smallest positive root of the algebraic equation 


G(r) = 1 — 2r — r+ (—1)"[(2n + 4)r”*? + (2n + 2)r"*] = 0. 


Proor. It has been shown’ that the radius of the largest circle |z| < Rn 
in which the condition | s),4:(z) | < 1 holds, is the maximum value of r for which 
the harmonic polynomial 


T,(r, ¢) = 4 + 2r- cos + 3r° cos Wp + --- + (n + I)r” cos nd 





‘J. Dieudonné, Polynomes et fontions bornées d’une variable complex, Ecole Normale 
Supérieure, Annales Scientifiques, vol. 48, 1930-31, p. 352. 
7 Dissertation, Stanford University, June 1941. 
8 Loc. cit. (4), pp. 558-559. 
9 Loc. cit. (5). 
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remains non-negative, for all real values of ¢. Let us denote the product 
a1 — 2r cos @ + 1°) Trlr, $) = 1 — 4r° + 4r® cos g — r* 
— (2n + 4)r"** cos (n + 1) + 2r"**[(2n + 4) cos nd + (n + 1) cos (n + 2)4] 
— 2r"**[(n + 2) cos (n — 1)6 + (2n + 2) cos (n + 1)¢] + (2n + 2)r"** 
* COS nd 


by F,(r,¢). Since the cosine is an even function, we need only consider values 
of psatisfyng 0 S@ Sz. 

If n is odd, then F,,(r, 1) is an obvious lower boundary for F,,(r, ¢). Since 
further F,,(r, 7) = (1 + r)’-G,(r), Rn is the only positive root of the equation 
G(r) = 0. 

Now let n be even. If r = 0.42 and n 2 8, then 
F,(r, 7) = (1+ r)?(1 — 2r — ? + (Qn + 4)r"*? + (2n + 2)r”*) 

< (1 + r)*(— 0.0164 + 0.0113) < 0, 


whence R, < 0.42, 2 8. Hence we may restrict our proof of the inequality 


F,(r,¢) 2 Fp(r, x), n = 12, to values of r contained in the interval 0 < r < 0.42. 
Now 


F,(r,¢) — Far, w) = 47°(1 + cos) — 2r"™"[(n + 2)(1 + cos (n + 1)¢) 
+ {(2n + 4)(1 — cos nd) + (n + 1)(1 — cos (n + 2)¢)}r 
+ {(n + 2)(1 + cos (n — 1)) + (2n + 2)(1 + cos (n + 1)¢)}?° 
+ (n + 1)(1 — cos né)r’]. 


On dividing this difference by the positive quantity 2r°(1 + cos ¢), we notice 
that all the terms except the first in the resulting expression are of the form 


_ Lt(H DP cos kp _ 1 — cos k(x — ¢) 


1 + cos ¢ “T—cos(r—@)”’ 








¢>0,k = 1, 2,3,---. It is easily verified that this expression is never less 
than —ck’, and that it attains this value for ¢ = . Hence the inequality to 
be proved is equivalent to 





: F,(r, >) = F,(r 1) n—2 2 
a! _- =2-— 
te ee 3) 2— 1" “[(n + 2)(n + 1) 


+ {(Qn + 4)n? + (n+ 1)(n + 2)7} r+ {(n + 2)(n — 1)” 
+ (2n + 2)(n + 1)?}7? + (n + 1)n’r'] 2 O, 
which holds since we can satisfy simultaneously 


r"n+2)1 +r? <2, O<r<042 and n2 12. 
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Hence for even n,n = 12, and0 <r < 0.42, 
F,(r,¢) = F,(r, 7) = (1 + 7)’-G,(r), 


whence R, is the smallest positive root of the algebraic equation G,(r) = 0. 


3. Asymptotic Inequalities 


It will be assumed in the two cases which follow that n = 12. 

Case 1. nodd. The following derivation of an upper bound for R,, depends 
on the remark that R,, is the only positive root of the equation G,(r) = 0. Since 
G,(0) = 1 > O and G,(r) is ever decreasing for positive values of r, we conclude 
that if G,(r) < 0 for r = ro, say, then R, < 7. 

We shall suppose that r = p(1 — x), where x = anp” — bap”, (n +1 + 32!) = 
An, by» = (n + 1)(n + 2)a, — 3(2 — 2')a*,, and show that with this choice 
of r, G(r) < 0. We note that 0 < x < app” < 0.0005, since p” = 0.0000255 
--» and n’p” is a decreasing function of n. Therefore r > 0 and for k = 1, 2, 
r* > p11 — (n + k)a].° Hence 


G,(r) <1 — 2r— 97? — (Qn + 4)p"™ [1 — (n + 1a] — (Qn + 2)p""[1 —(n + 2)z] 
= 2(2')px — px” — 2(2')p""fa, — (n + 1)(m + 2)z] 
= 2(2')p(anp” — bap”) — p(anp” — 2dnbup” + dip”) 
— 2(2')p"*fa, — (n + 1)(m + 2)anp” + (nm + 1)(m + 2)bap™] 
= — dap” *[2(2*)(n + 1)(n + 2) — 2anp + bap”) < 0. 


To derive a lower bound for R, , we notice that if G,(r) > 0, then r < R,. 
Set r = p(1 — x), where x = a,p” — bap” + cap”, with a, , bp as before, and 
C, = 2a,(n + 1)°(n + 2)”. On expanding (1 — «)"* as an exponential series 
with (n + k) log (1 — x) as argument, we find r*** < p"“*[1 — (n+k)x +n’, 
k = 1,2. Hence 


G(r) > 2(2")px — px” — 2(2')p"* Ia, — (n + 1)(n + 2)a + agn'a’ 

> 2(2")p" (ay ms Dap” + Cap”) me PP a a) 2(2") "fa, 

= (n + 1)(n + 2)p" (ap ° bap” + Cap”) + n'anp "| 

= 2(2*)p'" fe, — (n + 1)(n + 2)bn + (n + 1)(n + 2)enp” — n'a;] > 0, 
since x < app” and c, > 2(n + 1)(n + 2)b, > 2n7a’. 

Case 2. neven. To derive a lower bound for R,, , we notice that G,(r) = 0 
has two positive roots, the smaller of which is R, , and that G,(0) = 1 > 0. 
Hence if G,(r) > 0 and G,(r) < 0 simultaneously, then r < R,. Let r = 
p(1 + x), where x = aap” + bap”. A repetition of the argument in the first 


part of Case 1 gives r"** > p***[1 + (n + k)z], k = 1, 2, and that G,(r) > 0. 
That G(r) < 0, for0 <r < 3, is trivial. 





10 Hardy, Littlewood and Polya, Inequalities, p. 40. 
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To find an upper bound for FR, , we note that if G,(r) < 0, then R, < r. 
Set r = p(1 + x), where x = anp" + bap” + cpp”. Then zx < (n + 2)p", and 
with a little attention it can be seen that r"** = exp[(n + k) log p(1 + 2)] < 
ol + (n + k)e + (n + 1/2"), k = 1,2. Hence 


G,(r) < —2(2)pa — p*x” + 2(2*)p"* [an + (n + 1)(n + 2)a + a,(n + 1)°2"] 
< — 2(2*)p"(an + bap” + cap”) — anp'"*? — 2anb,p'"** 
+ 2(2')p""fan + (m + 1)(m + 2)p"(an + Bap” + Cap”) + ada(n + 1)? 
(n + 2)'’p°"] 
= — (2')p*"* Ic, — Qba(n + 1)(n + 2) — 2cy(n + 1)(n + 2)p” + 
(2*)anbap] < 0. 


4. A Related Theorem 


The method of proof of the main theorem applies to the following theorem: 
Let f(z) represent a power series convergent in the open unit circle |z| < 1 
and satisfying the condition | f(z)| Slin|z|<1. Leta<0,8>0,a+8=1, 
and let r, be the radius of the largest circle |z| < r, in which the sections s,(z), 
for all power series f(z), satisfy the condition | aso(z) + Bsn(z)| S 1. Then for 
odd n, n 2 1, and for sufficiently large even n, the radii r, satiefy the algebraic 


equation 


1+ (a — B)r + (—1)"26r"*" = 0. 


. 1 
Hence lim r, = ——. 
; n> B — @ 
Proor. The radius r, is the maximum value of r for which the cosine poly- 
wa), nomial 


T.(r, ¢) = a/2 + B(4 + r cos @ + 7° cos 2 + --- +17” cos ng) 
remains non-negative, for all real values of ¢." Let 
F.(r, ¢) = 211 — 2r cos ¢ + 1r)-T,(r, ¢) 
= a(l — 2r cos¢ +r’) + Bll — °° + 2r”” cos np — 2r"™ cos (n + 1)¢]. 


< a(l —r)?+ al — = a(n + cos "= . r) | 


< — 26(1 + cos" +1») < 0. 
Hence r, < 1 for all n. 


" Loc. cit. (4), p. 558. 
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Now 
F,(r, 7) = a(1 + 2r + 7°) + BL — 7° + (—1)"2r"™ 4 (-1)"2r"**) 
= 1+ 2ar + (a — Br’ + (—1)"26r"™ + (—1)"26r"" 
(1 + r)(1 + (@ — B)r + (—1)"26r"*’), 


If n is odd, then F,(r, r) is an obvious lower boundary for F,(r, ¢), for all 
real ¢. 
Let n be even. We shall show that the inequality 


F,(r, ¢) P F,(r, 7), ee Ten 


holds for all real ¢, and for sufficiently large even n. 
Rewritten, it assumes the form 


— 2ar(1 + cos ¢) — 26r"™"[(1 + cos (n + 1) + (1 — cos ng)r] = 0. 
The substitution ¢ = 7 — z yields 
— a(1 — cos x) — Br"[(1 — cos (n + 1)x) + (1 — cos nz)r] = 0, 


whence, dividing by the positive quantity (1 — cos x), and taking the limit as 
x — 0, we obtain the inequality 


—a2 Br"[(n + 1)? + nn’, 


which holds for sufficiently large n andr < 1. Butr, < 1 forall n. Hence 
r, is a root of the algebraic equation 


1+ (a — B)r + 26r"*" = 0. 
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1. Introduction 


We propose to study in this paper a certain relationship between congruences 
in a projective space of three dimensions. Analytical conditions for this rela- 
tionship, called by us the transformation 7’, were developed by Cook’ in a form 
slightly different from that used in this paper. Fubini’ also called attention to ) 
this relationship somewhat earlier; but neither of these papers showed the rela- i 
tionship between the transformation T and the theory of W-congruences. The | 
present paper is more closely allied with a recent paper by Fubini® on W-con- 
gruences. 

Two congruences I and [I will be said to be in the relation of a transforma- 
tion T, if the lines of the congruences are in one-to-one correspondence such that 

1. corresponding lines are not coplanar, 

2. the developables of the congruences correspond, and 

3. such that there exists at least three transversal surfaces‘ of each congruence 

whose tangent planes at their points of intersection with the line of that i 
congruence pass through the corresponding line of the other congruence. i 

The transformation T is of two types, one of which we have called the asymp- ' 
totic type, and the other the conjugate type. Associated with each of these 
types there is a one-parameter family, or pencil of congruences. This pencil 
seems to be somewhat more general than the pencil’ defined by Fubini. As in 
the case of Fubini’s pencils, we find that if one congruence of the associated 
pencil is a W-congruence, all congruences of the pencil are W. Associated with 
the transformation 7’ are four congruences such that if any three are W-con- 
gruences, the other is also. 

Let the curves which correspond to the developables of T and I be chosen 
as the parametric curves on the focal surfaces S,, S», S:, Ss of T and PL. 
Then the homogeneous projective coordinates z;, wi, 2:, Bi, 7 = 1, 2, 3, 4, of 
the focal points on the lines of the congruences satisfy differential equations of 
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1A. J. Cook, Pairs of rectilinear congruences with generators in one-to-one correspondence, 
Trans. Am. Math. Soc., Vol. 32 (1930), pp. 31-46. 

*G. Fubini, Su alcune classi di congruenze di rette e sulle transformazione delle Superficie R, 
Annali di Matematica, (4), Vol. 1 (1923-24), pp. 241-257. 

*G. Fubini, On Bianchi’s permutability theorem and the theory of W-congruences, these 
Annals, Vol. 41 (1940), pp. 620-638. 

a A. J. Cook, loc. cit., says that each of the congruence has the intersector property I 
with respect to the other congruence. 

°G. Fubini, loc. cit., p. 634. 
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the form 
w= fit gOt+ re+ sw, %&= fe+ gut H+ mm, 
Zy = mz+ nw, Zz, = mz+ ni, 
a) Ww, = Nz + Mu, DD, = Nz + Mo, 


w, = G+ Fot+ Sz+ Ru, ® =Gz+Fw+ 82+ Ro. 
The integrability conditions of system (1) may be written in the form 
My, — T +nN — sS = gG, 
S — m + s(R — m) + n(r — M) = —9f, 


(2a) 
fo + fim — m) +98 + sG = 0, 
go + g(R — m) + sF + fr = 0; 
M, — Ru + 2N — sS = GG, 
S, —-N,+ Sir -—-M)+ N(R - = —fG, 
(2b) (r ) ( m) ji 


F, + F(M — M) + G3 + gS = 0, 
G. + Gi —M)+fS+ FN =0, 


and two other sets obtained from these by placing bars above the letters where 
they do not occur and removing those which do occur. 

Let us denote by 2, y, z, etc. the points whose homogeneous projective coordi- 
nates are 2; , yi, 2, etc. (¢ = 1, 2,3, 4). Let S, be a transversal surface of I 
generated by the point x whose coordinates x; are of the form x = @ + Xz. It 
follows that 


ty, = (M + d8)x + A(fe + gw) + Lid, 


(3 s i! 
a =(R +d)e+ GetFw + LZ, 


wherein 2 
I, = \u — [A + (M — *dA— NI, 
Lz, = » — [A + (R — mA — SG). 

The tangent plane to S, at x passes through the line g of I if and only if 
L, = Ll, = 0. If one equates the derivatives ,,, and A», computed from L, = 0, 
and L, = 0, one finds, by using the integrability conditions (2), that these latter 
two equations can have analytic solutions only when the equation 
(4) gFX’ — (9G + gG) + JG = 0 


is satisfied. It follows from the third property demanded of two congruences 
that they be in the relation of a transformation 7’, that the coefficients of (4) 
vanish. Hence 


(5) «gf = 96 + 9G = jG =0. 
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In a similar manner one may show that 


(6) GF = 9G + 9G = fG = 0. 


Hence the congruences I and Ff are in relation 7 if and only if conditions (5) 
and (6) are satisfied. 
In general the tangent planes at z and w to S, , S, do not coincide. Hence 


(7) jF —gG +0, fF -—gG#0. 


From (5), (6), (7) we find that the transformation 7 is of two types; we call 
these types respectively 
(i) the asymptotic type if 


(8) f=f=F =F = 6+ 9G = 0; 
and the 

(ii) conjugate type if 

(9) g=9=G=G=0. 


2. The Asymptotic Type 


Let us consider first the asymptotic type of the transformation 7. Under 
the conditions (8), we observe first that the integrability conditions (2) imply 
thts= S=g= § = 0. 

Let Ai, Ax be two distinct solutions of L; = L: = 0, and suppose that these 
solutions determine the two transversal surfaces S,, S, of T. Then from (3) 
we observe that z, y, z and w satisfy equations of the form 

Ly = ax + bu, Yu = a'y + bv, 
Ly = Ax + Bz, 


Zu = px + qy + 72, 


Yo = Aly + Bi, 
w, = Nz + Mu, 
W, = Qx + Py + Ru, 


(10) 


Zp = mz + nu, 
with 


(11) bp +b’a=0,. BQ+ BP =0, 
The integrability conditions of system (10) are 
a,+bQ=A,+Bp, A+ Bg =a, +P, 


bb’BB’ ¥ 0. 


(12) bP = Bg, B'p = 0'Q, 
B, + Br = aB, b, + WR = A’, 
b, + bR = Ab, Bi + B’r = a'B’. 





Pv + Ap = mp, P, + a’/P = MP, 

(13) qo + A’g = mg, Qu + aQ = MQ, 
ry + Bo+ Ba =nN +m, R,+0'P +0Q ="N+M,, 

ny, + Mn = nr, N, + mN = NR. 
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From the first of (2a) and (2b) and the third of (13) we find that gG + 9G = 0 
implies that 
pB + gB’ + v’P + bQ = 0. 


From (12) and (13) we see that 
a,—a,=A,— Ai, 
r +M,+a,+a, = Rutm+ Aut Ai, 
and we may verify that, by a transformation of the form 
(14) 2 = d7’, y = py’, z= v2’, w= pu’, 
we may make 
a=a’, A=A’, 
r+M+2a=R+m+2A =0. 


We shall assume that this transformation has been effected. The conditions 
(15) are maintained by transformations (14) with 


(15) 


\/u = const. Auvp = const. 
Again from (12) we note that 


B 


0 te) b 
(16) ou log BR’ = 0, 3p log b = 0. 


And hence from (11) and (16) we may write 
(17) q = pu, Q = PY, b = —0’U,7 B’ = —BV 


wherein U and V are respectively functions of u and v alone. 
The focal points 2, % of g are readily found to be determined by the formulas 


(18) z= (B’x — By)/D, ® = (by — b’x)/D, D = bB’ — O'B. 
Hence we can recover equations (1) in the form 


2, = pB(1 — UV)® + rz, Zz, = w + 72, 


(19) Z = mz + nu, Zz, = mz + nD, 
w, = Nz + Mu, DB, = Nz + Mo, 
w, = b/P(1 — UV)z + Ru, Bb, = 2+ Ro, 
wherein 
7 = 2a—r-— (log D)., m= R, 
R=2A—R-(logD),, M=r, 
(20) “s ' 
on BV, i < b’U, 
b’(1 — UV) Bi — UV) 


D=vB(UV—-1), A= pP(1— UY). 
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=0 3. W-congruences in the Asymptotic Case 
The differential equations of the asymptotic curves on S,, S, are readily 
found to be respectively 
pU, du’ + nP(1 — UV) dv’ = 0, 
21 
(21) Np(1 — UV) dw’ + PV, dv’ = 0. 
Hence I is a W-congruence if and only if the invariant 
ULV. 
W = nN i — UV} 
vanishes. 
The differential equations of the asymptotic curves on S; , S; are found to be 
N dw’ + ndv” = 0, 
N dw? + rid’ = 0. 
ions 






It follows that TI is a W-congruence if and only if the invariant 
W = 7N — nN 
vanishes. But from (20) we see that 

(22) W+W=0. 
It follows therefore that, if one of two congruences in the relation of a transforma- 
tion 7’ of the asymptotic type is a W-congruence, the other is also. 
4. The Transversal Surfaces 


If from (10) one eliminates z and w, it will be found that the coordinates of 
the current points x, and y of S,, S, satisfy the equations 


b’NU 
Bo 


(23) Luy = AX, + ax, + ( )x — W'PUy, 


Lo = - on Ly + gt, + ( )z, 












las 








+ ( dz, 


Luu = O02, — 















(24) Yuo = Ayy + ay, + ( )y — b'PVz, 


V 
You = od Yu + o'Yo + ( dy, 





wherein the omitted coeffidients are immaterial for our purposes, and wherein 
6=a +M + (log b’U)., =a +M + (log db’). , 
g¢=A+m + (log B)., yg’ =~A+™m + (log BV),. 






(25) 
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It follows from (23) and (24) that the curves on Sz, Sy which correspond to the 
developables of T and T form asymptotic nets Nz , Ny, on those surfaces. Moreover 
those surfaces are not ruled surfaces. 

Denote by I, , I, the invariants whose vanishing imply that N, or N, is iso- 
thermally asymptotic. We find that 


a” Mey 
I, = I, = Pea log (5 = 4(A, — a,). 
But the vanishing of this function, as is seen from the first of (12), implies that 
pP — qQ vanishes. Hence neither Nz nor N, is isothermally asymptotic. 

Suppose S; is a transversal surface of IT distinct from S,, S,. If the coordi- 
nates of — are defined by 


f=ytr 


it follows that the tangent plane to S; at ~ passes through g if and only if \ isa 
constant. We may say that the line (w) (or (&, z)) generates a pencil of congru- 
ences. They are the asymptotic tangents to the one focal surface S; , the locus 
of — being the line g. We note that J; = J, = I, for every X. 

If we denote the coordinates of the tangent planes to S,, S,, S; , Ss respec- 
tively by &, 7, w, ¢ we find that these functions satisfy the following system of 
differential equations 


f. = —at + qu, Mu = —an + pa, 

& = —At+ Pf, Mm = —An+ Q, 
(26) 

fu = D'E + bn — ME, w, = —Nf — ra, 

fy = —Ro — no, w, = BYE + Bn — mo. 


We have said’ that two nets are in relation C if the developables of the con- 
gruence of lines joining corresponding points of the nets intersect the sustaining 
surfaces of the nets in those nets. In particular two conjugate nets in the rela- 
tion of a fundamental transformation F are in relation C. Two nets in relation 
C are said to be K, transforms if 


2 


Ju dy 8 % = (0 





where a is one of the cross ratios of the corresponding points of the nets and the 
two focal points on the line of the congruence through these points. In par- 
ticular nets in the relation of a transformation of Koenig are K, transforms. 

We readily verify that a = bB’/(b’B). From (17) we note that a = UV. 
Hence N,, N, are K, transforms in the asymptotic case. Similarly from (26) 
we see that N; , N, are also K, transforms since in that case a = UV. 





*V. G. Grove, Transformations of Nets, Trans. Am. Math. Soc., Vol. 30 (1928), pp- 483- 
497. Ibid., p. 493. 
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5. The Focal Surfaces 


From (19) we see that the functions z and w satisfy equations of the form 






Zuv = M2, + rz, + ( )z, 
Wu» = Ru, + Mw, + ( wu, 










the omitted coefficients being immaterial for our purposes. The nets N,, Nw 
have equal point invariants if the respective invariants E, , E,, defined by 







(27) E, = ™ — 1, E, = M,— R., 






vanish. 
It is readily seen that ' 


Ak. — E.) = 1. = Iy. 










Hence not both N, and N., can have equal point invariants. 
From (21) we find that N, and N,, are isothermally conjugate if the respective 
invariants 











2 



















on pu. 
- I. = 5 ay 8 Pa — UV)’ 
I, = a lo PV» ; 
° Au dv © Noi — UV)’ 





vanish. But we may show that 


(29) 







Hence not both N,, Nw can be isothermally conjugate. 






6. The Conjugate Type 


The conjugate type of the transformation 7’ is characterized by the condi- 
tonsg = 9 = G=G=0. Let S., S, be two transversal surfaces of I whose 
tangent planes pass through the lines g of T. Then from (3) and by use of a 
transformation of the form (14) we may show that xz, y, z, w may be made to 
satisfy equations of the form 












Ly, = bz, Yu = b’z, 








t = Bu, » = Bu, 

30) Ww y w 
Z = px + qy — Mz + su, w, = Nz+ Mu, , 
Zo = mz + nu, W, = Qxr + Pyt+ Sz — mu, | 






wherein 





(31) Bp +Bq=0Q+0'P=0, m=Mz,. 
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The integrability conditions of system (30) are 


b, +bm = BN, B+ BM = b’n, 
B, + BM = bn, b, +b’m = BN, 
(32) P,+qS = MP, Po + Qs = mp, 
Qu + pS = MQ, @ +Ps = mq, . 


sS —_ nN = 2my 2M.,, 
Sy — Ny, = 2(ms + Mn), Su-—N, = 2(MS + mN). 


System (30) is preserved under all transformations of the form (14) with 
A’ = const., uw = const., ps = const. 
The focal points Z, @ on the line g of I’ are determined by the formulas 


(33) 2 = (B’x — By)/D, ® = (by — b’x)/D, D = bB’ — b’B. 
Hence we may recover equations (1) in the form 
2. = fz — Mz+ su, Zz, = z — [M + (log D), |Z — na, 
j~ = mz + nw, Z% = mz + nD, 
ww, = Nz+Mvu h%= Nz + Ma, 


w, = Fo+ Sze — mv, DB = w — NZ — [m +t (log D),]w, 
wherein 


(34) 


i = (BB, — B’B,)/D,  N = (b’b, — bb..)/D. 
7. W-Congruences in the Conjugate Case 


Denote by T'n the congruence of lines (x z), I's22 the congruence of lines (y, w), 
T', that formed by (y z), [2 that formed by (x w). Let Wi; be an invariant 
whose vanishing implies that I';; is a W-congruence. Four such functions are: 





2 
Wa = 525 log, — 4m, Wa = 52 log? — amy. 
The congruences I’, T are W-congruences if the respective invariants 
We ee ae a, Pe 
(36) du dv : du dv , 
(A = pP — qQ) 


vanish. 
But using (31) we show easily that 


(37) A_ @ _ pP 











with 


w), 
nt 
re: 


TRANSFORMATION T OF CONGRUENCES 


Hence 
(38) W+W = Wu + Wa = We + Wa. 


From the points 2, y, z, w there may be formed three different skew quadri- 
laterals. From (38) we may say that if any three of the sides of these quadri- 
laterals generate W-congruences so also does the fourth side. If we agree to say 
that the tangents to a family of asymptotic curves on a surface form a W- 
congruence, we note that equation (22) is then a special case of (38). 

Let S; be a transversal surface of I! whose tangent plane at ¢ passes through 
the line g of T. Then if 


(39) —E=x+ hy 
it follows that X = const. We find readily that 
(40) & = (b+ Ad’)z, & = (B+ dB’)u, 


and if T};, Te are the congruences of lines (¢, z) and (é, w) respectively and 
W:; the corresponding invariants W, then 


(41) Wh = Wu, Wire = Wr. 


We may say that the congruences I}, and I}, form pencils. We shall call 
them the associated pencils. It follows from (41) that if one congruence of an 
associated pencil ts a W-congruence, all congruences of the pencil are W-congruences. 

Denote by p;; the focal points (other than x or y) on the lines of the con- 
gruences T';;. We find that these points are defined by 


pu = Bz — nz, Pr = bw — Nz, 


(42) 
po = b’w — Ny. 


pu = B’z — ny, 

It may readily be found that 
puv = (B, + Bm)z — nz, pi, = (b, + bM)w — N,z, 
pas = (B, + Blm)z — my, pom = (bu + /M) — Ny. 


Hence the developables of 1';; correspond to the developables of T and I. 
Denote by p’; the focal points other than £ (or 7) on the lines of the congruences 
l';. We find that the coordinates of p'; are defined by the formulas 


pu = (B + dB’)z — nz, 


(43) : 
pro = (b + dd’)w — Nz. 
Hence 
(44) pus = pill; pi2 = pi, pil = p21, p12 = p22. 


It follows from (43) that each of the focal points of a line of a congruence of a 
pencil moves along a line as that congruence generates the pencil. In the pencil 
as defined by Fubini in the paper cited, one focal point is fixed, the other focal 
point moves along a line. 
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8. The Transversal Surfaces 


From (30) we may show that the coordinates x, y of the current points of 
S,, S, satisfy the following differential equations 


Luu —_ (5: — M) 2% + ot + b(px + qy), 


b 
b, B. 
(45) Luy = ¢ + m) 2 + (3: + m) Ze, 
Loy = = he + (7: ~ m) 2 + B(Qz + Py); 
Yur = ( - m) Yu + ev + b'(qy + pz), 
b, B’, 
You = a + (F ied m) + B'(Py + Qz). 


Hence N, , N, are conjugate nets in the relation of a transformation F. 

It follows from (45) and (46) that N, and N, have equal point invariants if 
the respective functions vanish: 

a b a b’ 
: => > ] = aS ] —w 

(47) . du av © B? By du dv © Bi 
Again from (45) and (46) we note that the asymptotic curves on S,, S, are 
given by the respective equations 


(48) bqdu? + Bpdv? = 0, ib pdu® + B’Qdv® = 0. 
But from (31) 
bq _ b’p 


Hence the asymptotic curves on S;, Sy correspond. 
If we denote the coordinates of the tangent planes to S, , S, , Si, Sa by &, 1,0, 
respectively, we may write 


g = (x, z, w), U] ad (y, w, Z), i? a7 (z, Y; w) 


w = (y, 2, 2). 


We find that these functions satisfy the following system of differential 
equations 


(50) 


& = gf, Mu = ps, 
»=P ’ ,= . 
diay) ee t= Oe 
fu = WE +bn+ ME— No, w= — st — Ma, 


$= — me — Sa, w, = Ble + Bn — nf + Mo. 





TRANSFORMATION T OF CONGRUENCES 


The equatons of Laplace which é, 7 satisfy are 


a . x 
tw = (& m)ie + (4 Mie, 


(52) Q 
Nu = (2 pot m) n + (% ~ M) ne. 


It follows therefore that the nets N,, N, have equal tangential invariants if 


the respective invariants 
2 


a F) 
q £E, = —~ log G 


(58) a du Ov log P’ Ou Ov 


vanish. From (47), (49), and (53) we see that 
E,+ E; = E,+ £,. 
As is seen from (33) the nets N., N, are in the relation of a transformation 
K of Koenigs if and only if 
(54) bB’ + W’B =0. 
Moreover from (31) and (54) one may show that 
(55) pP + qQ = 0. 


But the condition (55) implies that the tangent plans to S, and S, at x, y separate 
the focal planes of the line g of I harmonically. 

One may show from (32) that the condition (54) implies’ that Z, = E, = 0, 
and that (55) implies that ZH; = EZ, = 0. It follows therefore that if the two 
nets Nz , Ny are in the relation of a transformation K they are also in the relation 
of a transformation’ ©. 


Micuican State CoLLece, 
East Lansine, Mica. 





"L. P. Eisenhart, Transformations of Surfaces, Princeton, 1923, p. 134. 
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ON THE HOMOTOPY GROUPS OF SPHERES AND ROTATION GROvps'! 


By GrorGce W. WHITEHEAD 
(Received February 11, 1942) 


1. Introduction 


One of the outstanding problems in modern topology is that of classifying 
the mappings of an m-dimensional sphere S” into a topological space X. In 
terms of the Hurewicz theory of homotopy groups’ this problem may be phrased 
as follows: to determine the structure of the m** homotopy group 7,,(X). Of 
particular interest is the case where X itself is an n-sphere S”. In this case the 
results of Hopf,’ Freudenthal,* and Pontrjagin’ have led to the solution of 
the problem for m S n + 2. For m > n + 2 almost nothing is known con- 
cerning the structure of 7,(S”"). 

That this problem is closely related to the study of homotopy properties of 
the rotation group R,, of the n-sphere has been shown by Pontrjagin,’ who has 
used the one- and two-dimensional homotopy groups of R, to compute the 
groups tn4:i(S,) (¢ = 1, 2). 

In the present paper we introduce an operation which associates with each 
mapping f(S” x S”) C S”" a mapping ¢(S”*"*") C S"™. This is a generaliza- 
tion of the procedure of Hopf* for the case m = n. This operation is shown to 
induce a homomorphism of 7m(R,) int tm4n4i(S”"*), which for m = 1, 2 turns 
out to be an isomorphism. The connection of this homomorphism with one 
introduced by Freudenthal’ is studied. 

In a recent paper Freudenthal’ has announced without proof a very general 
theorem on extension of mappings, and used this theorem to construct maps of 
S°’" on S” of Hopf invariant 1° for all even n. We shall use the above results 
to construct a counter-example to Freudenthal’s theorem. It is further shown 
that Freudenthal’s construction definitely fails if n > 2 and n = 2 (mod 4). 


2. Preliminary concepts 
In Euclidean (r + 1)-space &'* let S’ denote the unit sphere, i.e., the set of 
points x = (a1, -+: , tr41) €6" with 
r+1 


(1) |2[? = Dai = 1. 


t=1 





1 Presented to the American Mathematical Society, December 30, 1941. 

?W. Hurewicz, Proc. Akad. Amsterdam 38 (1935), pp. 112-119 

*H Hopf, Math. Ann. 104 (1931), pp. 637-665. We shall refer to this paper as H I, 

‘H. Freudenthal, Comp. Math. 5 (1937), pp. 299-314. We shall refer to this paper 
as F I. 

5L. Pontrjagin, C. R. Acad. Sci. URSS 19 (1938), pp. 147-149, 361-363. 

6° H. Hopf, Fund. Math. 25 (1935), pp. 427-440. We shall refer to this paper as H Il. 

7H. Freudenthal, Proc. Akad. Amsterdam 42 (1939), pp. 139-140. We shall refer to 
this paper as F II. 
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0, respectiv ay. gE" denotes the closed aad + 1)-cell is | S 1 bounded by S’. 
We shall refer to the points z = (0,0, , 1) and 2” = (0,0, —1) as the 


north and south poles, respectively. 
Let Y be a metric space with distance function p(y: , y2), y° a fixed point of Y. 
By Y*” we shall mean the space of all mappings* f(S’) C Y metrized by 


(2) ef, g) = L.U.B. pl f(x), g(x)] (f,geY"). 


Let E (i = 1, 2) be the hemispheres defined by the conditions z,,,; = 0, z,4:1 S$ 



















Let x’ be the point of S” with co-ordinates (1, 0, ---, 0). Then Y*(z°, y’) 
denotes the subspace of Y*’ consisting of those mappings f(S’) C Y such that 
f(x’) = y°. Two mappings f, g « Y* (2’, y’) are said to be homotopic if they ’ 
can be joined by an are in Y*’ (x°, y°). The relation of homotopy is reflexive, 
symmetric, and transitive and divides the space Y*’(x°, y°) into equivalence 
classes, called homotopy classes. The set of all these homotopy classes we 
denote by z,(Y). We shall denote the homotopy class of any f « Y*’(2°, y’) by f. 
We define an operation of addition between homotopy classes as follows: : 
let f; (i = 1,2) € Y (2°, y’). Let 6; (¢ = 1, 2) be a mapping of Ej on S" such 
that (1) :(S"") = 2°; (2) ¢(E; — S””) CS’ is a topological map of degree 1. 
Then we define a mapping f(S’) C Y as follows: 


filgi(z)] (x « Ej), 
falgo(x)] (x ¢ E2). 


It is easily verified that the homotopy class of f depends only on the homotopy 
classes of f; and fo. Let 


Hurewicz’ has proved that under the operation of addition so defined the set 
t(Y) becomes a group, called the rt* homotopy group of Y. This group is 
abelian if r > 1; in all the cases we consider here it is also abelian if r = 1. 















(3) f(x) = 






















3. The homomorphism H 


Let Euclidean (m + n + 2)-space be represented as the product space & 
&"", points « e 6"*"*® being represented by co-ordinates (p, q) (p « grt 
qe&""),. Then S”*"* is defined by 


‘atialh 







(5) lp? +laP= 
Let H; and H2 be the subsets of S”*"*’ defined by 
(6) lpi Slal, 
(6) lp| 2 lal, 






NL TESA oe” 1 


* All mappings are supposed continuous. 
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respectively. Let 
(71) vilp, a) = (p/|@1,¢/1¢1) ((p, q) € Hh), 


(72) ¥2(p, g) = (p/|p|,a/| P|) ((p, q) € H2). 


Evidently y¥, | Hi:H2 = ¥2| HiH,’ and maps HH into S" X S". Denote this 
mapping by y. Then 

Lemma 1. The mappings 1 , $2, and y defined above are homeomorphic map- 
pings of H, on E™*' X S", Hz on S” X E"™, and H\H2 on S" X S" respectively, 

Let f be a mapping of S” X S” into S". We associate with f the mapping 
H(f) = ¢(S8"*"*") C S"™ as follows: @ maps the great circle joining the point 
(0, q) to the point (p, g) on the great circle joining the north pole z' of S"** to 
the point fly~(p, q)], and maps the great circle joining (p, 0) to (p, q) on the 
great circle joining z’ to fly"'(p, q)]. Evidently (Hi) C E}*’, ¢(H:) C Ez”, 
while ¢ = fy on HiHz. The functions defining the mapping ¢ are given by 


oi(p, g) = 2|p|-|¢|-Sip/| P|, a/| @1) (|p |-|q| #0), 
(8) $:(0, 7) = ¢i(p, 0) = 0 (¢ = 1,---,n+1); 
onia(p, 9) = la) — |p. 


We use this operation to construct a mapping H = H,,,, of (R,) into 
Tm+n41(S") as follows: let e ¢ R, denote the identity mapping of S” on itself, 
and let fe RS"(p’, e). If peS”, qeS", let f*(p, q) denote the point of S” 
into which q is carried by the rotation f(p). Let ¢ = H(f*). Then it is easy 
to verify that ¢« S*+8""""'(2°, 2), where x° = (p’, 0) and 2’ is the south pole 
of S"*. Let H(f) =. Evidently f = g implies H(f) = H(g), so that H isa 
well-defined mapping of tm(R,) into tm4n4i(S""). We have further 

TuEeorEM 1. H is a homomorphic mapping of tm(Rn) into tm4n4i(S"” )- 

For let f, g € (Rn), and let h be the constant mapping h(p) = e (pe 8"). 
Then h = 0. Hence f + h = f, hh + g = g, so that H(f + h) = H(f), 
H(h + g) = H(g). It is therefore sufficient to prove that 


(9) H(f +h) + H(h + g) = Hf + g). 
Let f’, g’ be mappings of S” into R, defined by 
Si¢i(p)] (p « Et), 
(10;) I'(p) = m 
»  hlda(p)] (9 «E) 
hig(p)] (p € Et), 
(102) ‘(p) = 
ou (p «E). 


Then f’ =f +h,g’ =h+g. Let F = H(f’*), G@ = H(g’*). 





* If f(z) C Y and A is a closed subset of X, f | A denotes the mapping of A into Y ob- 
tained by restricting the range of definition of f to the set A. 
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Let 7; denote the vertical projection of E7*"** on E”*"*" (¢ = 1, 2). Then 
x(t) = x for zeS"™™. Let Fo = F| ET", H” = F|E St", H’ = 
gia, G = G|ET*"™. Then it is easily verified that H’x;' = Hr". 
Call this mapping Hy. Evidently Fo(x) = Go(z) = Ho(x) (xe S”*"). 

Let H: (0 < t S 1) be a homotopy of Hy to x” keeping 2° fixed. Then” 
there exist homotopies F;, G; (0 S ¢ S 1) of Fo, G respectively, such that 
F(z) = G(x) = Hi(x) (re PO ta 


F(x) (x ¢ Ey*"*"), 
H ,[m2(zx)] (xe E?*"™); 
_ Hdm(2)) (xe ET*"™), 

G,(z) (xe Ey*"*"). 


(111) Fi(x) ” 


(112) G' (x) 


Evidently F; = F, G; = G. 
Let 
(x € inte 
Giz) (xe Er*"*). 


Then Hy = H(f + g), whileH; = Fi + G; = F+ G = H(f +h) + Hf + g).” 
But H, = Hj, which proves the thtorem. 


(12) H(z) = 


4. Relations between the homomorphisms F, G, and H 


Let S"*” be the equator of S”*"*, S" the equator of S"*’, and let f be a 
mapping of S”*" into S”. We associate with the mapping f a mapping F(f) = 
y(S"*"*) C §"* as follows: y maps the great circle joining the north pole z' 
of S"*** to the point z « S”*” on the great circle joining z’ to f(x),andmaps 
the great circle joining x” to x on the great circle joining z* to f(x). Evidently 
Er") CEH yErtt) CE? whiley =fonS"*". IffeS"""(2°, y’), 
then F(f) « Se+#8"""*"(q°' y°): moreover, f homotopic to g implies F(f) homotopic 
to F(g). Thus F induces a mapping F of tmin(S") into tm4n4i(S”""’), which 
was shown by Freudenthal* to be a homomorphism. 

Let Rn. be the closed subgroup of R, consisting of those rotations which 
leave the north pole fixed. Evidently R,_; is isomorphic with the group of 
rotations of S”. Since R,-; C R,, there is a natural homomorphism G of 
Tn(Rn—1) into 1m(Rn). 

TuEorEM 2. The homomorphisms F, G, and H are related by 


(13) FH mn jn-1 — Hn.G. 


” K. Borsuk, Fund. Math. 28 (1937), p. 101. 

"This follows from the definition of addition in mm4n4:(S"*!) given by S. Eilenberg 
(Ann, of Math. 41 (1940), p. 235), which is easily shown to be equivalent to the one given 
ere, 
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For let f¢am(Rm-1), 9 = FlHmn-alf)], 9 = HmalG(Zf)]. It is then easily 
verified that g = g’on S"*". Moreover g’(ET*"") C Et, g'(Ez*"") CBE, 
Hence for no z is g’(x) = —g(x). It follows that g and g’ are homotopic, so 
that g = g’. 

Let ¢ be a mapping of S"” into R,_; defined as follows: if x eS", 2’ is the 
point in the great circle joining x’ to x whose angular distance from 2' is twice 
that from z' tox. Then ¢(z) is that rotation which carries x’ into z’ and leaves 
each point in the (n — 2)-sphere orthogonal to x’ and z fixed. Let h = 
H,-1.»-1(). Then it can easily be shown” that if n is even h has Hopf in- 
variant 2. We have further: 

TurorEM 3. The kernel of the homomorphism Flmn+(S")] C m(S") 
(n even) is the subgroup of t2n-1(S") generated by h. 

The author has recently shown” that G(o) = 0; in fact, the kernel of the 
homomorphism G is the subgroup of 7,_1(R,»-1) generated by . It follows from 
Theorem 2 that F[Hy-1.:(6)] = F(h) = 0. Let g € mns(S"), and suppose 
that F(g) = 0. Then the Hopf invariant of g is even,” say 2k. Let f = kh. 
Then F(f — g) = 0, and f — g has Hopf invariant zero. Hence” f — g = 0, 
ie., g = f = kh. 

THEOREM 4. Hy, maps tn(R,) tsomorphically for m = 1, 2. Hn,» maps 
Tm(Rn) ON Tm4n4i(S") form = 1 and form = 2,n > 1. 

Let h(S') C R;, be defined by 


« 


i — ee 


h(x) = 














Lo V1 


Then h maps S' homeomorphically on R; , and h is a generator of the free cyclic 
group 7(R:). But Ay:(h) maps S* on S’ with Hopf invariant 1’° and generates 
the group 7;(S’). It follows from Theorems 2 and 3 that Hi,, maps 7(R,) 
isomorphically on m,42(S"*’) for n > 1. 

Since m2(R,) = 0, it follows that Hy,, isan isomorphism. But 7,4;(S"”’) = 0 
for n > 1°, and hence Ho,, maps 2(R,) On 743(S”""'). This completes the proof 
of the theorem. 


5. Freudenthal’s theorem 


Freudenthal has recently announced’ without proof a very general theorem 
on extension of mappings, and used this theorem to construct maps of ai 
on S” with Hopf invariant 1 for all even n.”’ In this section the ioregoing 
results are used to construct a counter-example to Freudenthal’s thec: 2m, and 
to show that the above-mentioned construction fails if n > 2 and n = 2 (mod 4). 





12 Cf. H II, p. 481. 

13 Ann. of Math. 43 (1942), Theorem 5. 
4F I, Satz III. 

1 F I, Satz II, 2. 

16H I, p. 654. 

17 F II, p. 140. 
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Let — z of Euclidean 2n-space be represented by complex co-ordinates 
(j,:**, 2). Then S*"™ is represented by the equation 07.1 2:2; = 1. 

Let Ps denote complex projective (n — 1)-space. Then there is a natural 
mapping ¢(S°"") C P,-1 defined by mapping each point z eS’ into the point 
of P,-1 with the same coordinates. This is evidently a fibre map in the sense 
of Hurewicz and Steenrod,” the. fibres being great circles. This mapping 

gS") C Pa» can be extended to a mapping ¥(E") C P,, where 
Yer, *** y2n) = (21, °°*,2n, (1 — > 22,)'). It is easily verified that y is a 
ene on E*" — Sand y = gon S*”". 

Let X be a topological space, f a mapping of P,_; into X. Then 

THEoREM 5. The mapping f(Prt) GC X can be extended to a mapping 
f(P,) C X af and only if the mapping fo(S’"”) C X is inessential. 

For if f¢ is — there is a mapping F(E’") C X such that F = f¢ on 
s"_ Let f* = Fy". Then f* is the required extension. Conversely, if f* 
is an extension of let F = fty. Then F maps E" into X and F = f¢ on 
Ss". Hence f¢ is inessential. 
Let g(S') © Rens be defined by 


Le 
v 





—Xe 








Then g is essential or inessential according as n is odd or even. For if n = 1, 
gis a generator of 2;(R;), so that g is essential. If n = 2, we have g(S') CQ’, 
where Q* is the quaternion subgroup of R;. But m(Q*) = m(S°) = 0. Hence 
g = 0in Q* C R;, and g is inessential. The proof is completed by induction. 

Leth = H(g). Then it follows from Theorem 4 that h(S°’"**) C S°" is essen- 
tial if n is odd and inessential if n is even. Moreover, it can be directly verfied 
that there is a mapping h’(P,,) C S°*" such that h = h’¢, and that h’ has degree 1. 
An application of Theorem 5 gives 

Ttorem 6. If n is even, the mapping h’(P,) C S™ can be extended over 
Pi. If n is odd, it cannot be so extended. 

The theorem of Freudenthal’s referred to above can be phrased as follows:” 
Let K be 4 complex, f a normal mapping” of K* into S*. Suppose that f can be 
extended over K***, Then f can be extended over K**™’. 

Let K be a triangulation of P,4: , so that P, becomes a closed subcomplex L 
of K. Then L C K*". Let h’ be the mapping of L into S°” of degree one 


*W. Hurewicz and N. E. Steenrod, Proc. Nat. Acad. 27 (1941), pp. 60-64. 
*F II, p. 140. 
*Le., {(KT}) = 2°, 
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described above. Then” h’ can be deformed into a normal map h’’; moreover 
h’’ can be extended over K if and only if the same is true of h’. Let H’(K — L) 
denote the r* cohomology group of K — L with integral coefficients. Then 
H'(K — L) = 0 forr < 2n + 2, while H’"**(K — L) is a free cyclic group, 
In particular, H’""'(K — L) = 0. It follows from a theorem of Whitney” 
that h’’ can be extended over K°"**. But h” cannot be extended over K?"”? 
for n odd. 

Freudenthal’s construction of maps of S*"~* on S*” is based on an application 
of his theorem to the case K = P2,, f(K°") C S*", where f(P,) C S°" is of 
degree one. The argument above shows that this construction breaks down if n 
is odd and >1; for f cannot even be extended over the subspace P,,4; of P2, . 


PurDvuE UNIVERSITY 





21H. Whitney, Duke Journal 3 (1937), p. 53. 
22 Loc. cit., Theorem 2. 
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LINEAR p-ADIC GROUPS AND THEIR LIE ALGEBRAS 


By Rosert Hooke 
(Received December 18, 1941) 


1. Introduction 


The theory of real or complex Lie groups necessarily treats only those topo- 
logical groups which are locally connected. It is the object of this paper to 
develop methods of Lie theory for the opposite case of totally disconnected 
groups. 

We shall consider those groups into which can be introduced local analytic 
coordinates from a p-adic field K, calling these p-adic Lie groups over K. The 
concept of the associated Lie algebra over K will be used at once to obtain the 
usual properties of Lie groups. Bearing in mind the results of Ado’ on im- 
bedding any Lie algebra of characteristic zero in a Lie algebra of matrices, we 
shall restrict ourselves to the study of Lie algebras of matrices over A and the 
p-adic Lie groups contained in the full linear group over K. 

Although the coordinates in these groups may be defined only in a certain 
neighborhood of the identity, all the groups which will occur will be entire 
groups. It is necessary, however, to identify two subgroups whose intersection 
is open in each, as is done in the theory of real local Lie groups. It will then be 
shown in sections 6 and 7 that the usual one-to-one correspondence exists 
between the subgroups of a Lie group and the subalgebras of its Lie algebra. 

The last sections are devoted to certain special groups and their Lie algebras, 
and in particular to the determination of groups whose Lie algebras are the 
various “non-exceptional’’ normal simple Lie algebras over K, which have been 
classified by Jacobson. 

The author wishes to express here his appreciation of the assistance and 
encouragement of Professor C. Chevalley in the preparation of this paper. 


2. Notation and Preliminary Theorems 


We shall first list, without proof, a few necessary theorems from p-adic analy- 
sis. Unless otherwise noted, these theorems may be found in the papers of 
Chabauty, [4], and Chevalley, [5]. 

Let R be the field of rational numbers and p be a fixed prime. There is 
determined by p a valuation v in R which is defined by 


v(p) =p 0 < p < 1, pa real number. 
(For this notation and elementary results, the reader is referred to Albert, [2].) 


R, will denote the complete p-adic number field determined from R by the 
Valuation », This valuation has the properties: 


(a) v(xy) = v(x)o(y), 
(b) v(x + y) S max o(z), v(y). 


1 See Ado, [1]. The numbers in square brackets will refer to papers in the bibliography. 
641 
























, MeN (eet 
8 Lo 

% 

i 

i 

| 

bt 






















642 ROBERT HOOKE 


If x is an element of R,, then v(x) is defined and is equal to p” where m is 
some rational integer. If m is not negative, that is, if v(z) < 1, then z is called 
an integer of R,. The integers of R, form a ring Eg, all of whose ideals are 
powers of the prime ideal (p). 

Now let K be any finite algebraic extension of R,. The integers of K are 
defined as those elements whose irreducible equations over R, have coefficients 
which are all integers of R,. The valuation v has a unique extension to a 
valuation of K, and the integers of K are those elements k such that »(k) < 1. 

If we put d(x, y) = v(x — y) in K, then K becomes a metric space which is 
complete, locally compact, and totally disconnected. The symbol K” will denote 
the direct product space of K by itself to n factors and will be called p-adic 
n-space over K. 

A series >> a, with terms in K converges if and only if lim,.,, v(a,) = 0. 
An analytic function defined on K” is by definition the sum in its region of 
convergence of a power series of the type 


hy he h 
» Dhjhg-+-hg V1 V2 ° °° t. 


which converges for all points (21, v2, +++ ,%n) in some neighborhood of the 
origin in K”. Such a power series can be differentiated term by term to give a 


new series convergent in the same region. It has the properties of the abso- 


lutely convergent series of complex analysis. 

We conclude this summary with a list of theorems from p-adic analysis. 
These will be referred to throughout the paper by the numbers given them. 

(1) Every integer of R, is a limit of rational integers. 

(2) Let f(a1 , %2, +++ , &n) be an analytic function defined in a neighborhood D of 
the originin K". Letfilyr, yo, +++ , Ym), (¢@ = 1,2, --- , n) be n analytic functions 
defined in a neighborhood D’ of the origin in K”™ such that f(0, 0, --- ,0) = 0, 
(¢ = 1,2,---,n). Then if inf we substitute for each x; the series f; , we get a 
series f’(y1, Y2,°** Ym) which converges for all points y in D’ which are such 
that the point with coordinates fi(yi , yo, +--+ , Ym) ts in D. 

(3) Let fi, fo, +++ fn be h functions of h + m variables uw, U2, +++ 5%} 
1, %2,°** 5 Xm such that 


f{0, 0, --- , 0) = 0, i= 1,2,--:,h, 
and such that 
D fi, fe, eee » tn) ~0 


D(u1, U2, +++ , Un) 





when the u; and the x; are all zero. Then the equations 
Slur, Ue, +++, Un5 21, 2, °°*, tm) = 0, *¢ = 1,2, von 
define the u; as analytic functions of the x; , 


“u;= Fi(x1 , 22, 8° Dm), 
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where 
F,(0, 0, --- ,0) = 0, += 1,2,---,h. 
(4) (Cf. Lutz, [14].) A system of differential equations 
dy;/dt = fi(t, yr, Yo, ++ Yn); t= 1,2,---,n, 


where the f; are analytic functions, has, in some neighborhood of t = y; = 0, one 
and only one solution in the form 


yi = g.(2), 7=1,2,---,n, 
where the g; are analytic functions with the initial conditions 
gi(0) = 0, ¢m17---.a, 


(5) If x is an element of K and v(x) < p?~”, the series 
exspxr=1lt+a2rta’/2!i+---+2"/n!i+--- 


converges, and v((exp x) — 1) = v(x). We have, as in ordinary analysis, exp 
(x + y) = (exp x)(exp y), when all of these exist. 
(6) If x is an element of K, the series 


log x = (x — 1) — (wn — 1)°/2+ --- + (-D""“(@— D)"/n +: 


converges when v(x — 1) <1. 

(7) If v(x) < p/®”, log (exp x) exists and is equaltox. If v(x — 1) < p!””, 
exp (log x) exists and is equal to x. To prove the second statement, we need 
only show that v(log x) < p/®-”. We have 


v(log x) S max (vz), Where wv, = v[(x - 1)"/n]. 


If v(n) = p*, then n = p*, and we have 

as p'' +p +--+» +p+1 = (p*— 1)/(p — 1) S (rn — 1)/(p — I). 

liaer.<ig fee” her Q.E.D. 
(8) If an analytic function f(t) is equal to zero for a sequence of values of t 

approaching zero and f(0) = 0, then f(t) is identically zero. (The proof is as in 

ordinary analysis.) 


3. Matrices in a p-adic Field 


Given a field K, we shall denote by K, the full matric algebra of n-rowed square 
matrices over K, and by Kn: the Lie algebra obtained from K,, by defining the 
commutator by 


[x,y] = zy — ye. 


This will be called a pure commutator of degree 2 in z and y. If c” is a pure 
commutator of degree m in x and y, then by definition, [c”, x] and [c”, y] are 
pure commutators of degreem + linzandy. The full linear group of order n 
over K we shall denote simply by Gx , since will be fixed throughout. 
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A sequence of matrices is said to converge, if for each fixed pair i, j, the ele- 
ments in the 7*” row and j column of these matrices form a convergent sequence, 
The limit matrix is the matrix whose elements are the limits of these sequences, 

Given a matrix A = || a;; || in K, , there can be defined a weak type of valua- 
tion V in K,, by putting V(A) = max v(a;;)._ This valuation satisfies the con- 
ditions 


(a’) V(A + B) S max V(A), V(B), 
(b’) V(tA) = v(t)V(A), tin K, 
(c’) V(AB) Ss V(A)V(B). 


Now a sequence of matrices Am = || a§7” || with elements in a p-adic field K 


converges if and only if 
lim v(a$” — af"*?) = 0 for all i, j. 


mo 
We have, however, 
(m) (m+1) 
v(aij; — aij) S ViAm — Amy) 


for each 7 and j, and there exists for each m a pair of integers 7 and j such that 
the equality sign holds. We thus get the same condition for the convergence 
of a sequence of matrices as for a sequence of elements in K, using now the 
valuation V. It can be seen, therefore, that in dealing with sequences and 
series of matrices, we get automatically the same theorems for commutative 
matrices with the valuation V that are proved for elements in K with the valua- 
tion v, provided these theorems are proved using only the fact that the valuation 
v satisfies the conditions (a’), (b’), (c’). 

In particular, we have the following theorems. 

TuroreM 1. If X is in K, and V(X) < p'””, the series 


exp (X = J + tX +.-+-+ ¢°X"/n! +--+ (I the identity matriz) 


converges for v(t) S 1 and we have V(exp tX — 1) = V(tX). Also for any matrix 
Y there exists a real number r > 0 such that exp tY converges for v(t) S r. 
THeorEM 2. If V(A — I) < 1, the series 


mgd = (4-1-4 =< R4 FO eh & fe + -- 


converges. If V(X) <p”, then log (exp X) is defined and equal to X. Also if 
V(A — I) <p”, then exp (log A) is defined and equal to A. 

If X and Y are commutative matrices, it can be shown in the usual way that 
exp (X + Y) = (exp X)(exp Y) when these exist. We shall need the following 
generalization of this fact for non-commutative matrices: 

THEOREM 3. Let X and Y be matrices in K,, such that 


V(X), V(Y) < p/?, 
i) There is a matrix Z defined by exp Z = (exp X)(exp Y). 


wl 
nl 


po 


ha 


Sel 


co 
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i)Z=X+VY+ ]iM moo fm, Where the fm are linear combinations of higher 
commutators of X and Y with rational coefficients. 

Proor. i) By Theorem 1, V((exp X) — I) = V(X) and V((exp Y) — J) = 
V(Y). Hence 


Vi(exp X)(exp Y) — I] = V[(exp X — I)(exp Y — J) 
+ (exp X — I) + (exp Y — J} 
<= max V(X), V(Y). 


By Theorem 2, therefore, Z = log [(exp X)(exp Y)] exists and exp Z = 
(exp X)(exp Y). 
ii) If X and Y are real matrices, it has been shown by Hausdorff, [7], that 


i) ar 


Z=X+Y+ dX p> a”f"(X, Y), 
where f” is a pure commutator of degree r in X and Y and each a” is a rational 
number. Each a, is finite. 
It follows that 


Z=X+YV+ilim > Dd af"(X, Y). 
m2 r=2 s=1 
Each f* can be expressed as a polynomial which is homogeneous of degree r 
inX and Y. , Let us now put 


ar 


F(X, Y) = > a”f"*(X, Y). 


Then Z = X + Y + lim, >, F’(X, Y), where each F” is a homogeneous 
r=2 ‘ 


polynomial of degree r in X and Y. 
Expressing this series as n’ series in the elements of the matrices therein, we 
have 


Lij _ Xi; + Yi; + lim de Fis(Xu, a > eas Yu, oer Fn), 
4,7 = 1,2,---,n. 
It is also true, however, that for sufficiently small values of the elements, the 
series 


Zi; = {log [(exp X)(exp Y)]}i;, i,j =1,2,°+:,n, 


converge. These may be written 


Zig = Xi + Yo + lim D> Pij(Xu, «++, Xnn3 Yu, °° » Yann) 


mo r=? 


iij= 1,2,°°° «8 
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A sequence of matrices is said to converge, if for each fixed pair 7, j, the ele- 
ments in the 7** row and j** column of these matrices form a convergent sequence, 
The limit matrix is the matrix whose elements are the limits of these sequences, 

Given a matrix A = || a;;|| in K, , there can be defined a weak type of valua- 
tion V in K,, by putting V(A) = max v(a;;)._ This valuation satisfies the con- 
ditions 


(a’) V(A + B) S max V(A), V(B), 

(b’) V(tA) = v(t)V(A), tinK, 

(c’) V(AB) S V(A)V(B). 

Now a sequence of matrices Am = || a{7” || with elements in a p-adic field K 


converges if and only if 


lim v(as” — af?*) = 0 for all 7, 7. 


mo 
We have, however, 
(m) (m+1) 
vais, — ais) S VAm — Amy) 


for each 7 and j, and there exists for each m a pair of integers 7 and 7 such that 
the equality sign holds. We thus get the same condition for the convergence 
of a sequence of matrices as for a sequence of elements in K, using now the 
valuation V. It can be seen, therefore, that in dealing with sequences and 
series of matrices, we get automatically the same theorems for commutative 
matrices with the valuation V that are proved for elements in K with the valua- 
tion v, provided these theorems are proved using only the fact that the valuation 
v satisfies the conditions (a’), (b’), (c’). 

In particular, we have the following theorems. 

TurorEM 1. If X is in K, and V(X) < p'!?~”, the series 


exp (X = IJ + tX +--+--+ ¢°X"/n! +--+ (I the identity matriz) 


converges for v(t) S 1 and we have V(exp tX — 1) = V(tX). Also for any matrix 
Y there exists a real number r > 0 such that exp tY converges for v(t) Sr. 
THEorREM 2. If V(A — JI) < 1, the series 


log A = (A — 1) — (A — 1/2 4++-- + (-1)""(A-D*/n +=: 


converges. If V(X) <p”, then log (exp X) is defined and equal to X. Also if 
V(A — I) <p”, then exp (log A) is defined and equal to A. 

If X and Y are commutative matrices, it can be shown in the usual way that 
exp (X + Y) = (exp X)(exp Y) when these exist. We shall need the following 
generalization of this fact for non-commutative matrices: 

THEOREM 3. Let X and Y be matrices in K,, such that 


V(X), V(Y) < p!?”. 
i) There is a matrix Z defined by exp Z = (exp X)(exp Y). 
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i) Z=X+ Y + limn., fn, where the fn are linear combinations of higher 
commutators of X and Y with rational coefficients. 

Proor. i) By Theorem 1, V((exp X) — J) = V(X) and V((exp Y) — J) = 
V(Y). Hence 


Vi(exp X)(exp Y) — I) = V[(exp X — D)(exp Y — J) 
+ (exp X — I) + (exp Y — J)] 
<= max V(X), V(Y). 


By Theorem 2, therefore, Z = log [(exp X)(exp Y)] exists and exp Z = 
(exp X)(exp Y). 
ii) If X and Y are real matrices, it has been shown by Hausdorff, [7], that 


i) ar 


Z=X+Y+ p> p> a”f"*(X, Y), 
where f* is a pure commutator of degree r in X and Y and each a” is a rational 
number. Each a, is finite. 
It follows that 


Z=X+V+lim d Yaf(X, Y). 


mo r=2 s=1 
oe 


Each f* can be expressed as a polynomial which is homogeneous of degree r 
inX and Y. , Let us now put 


ar 


F(X, Y) = a a"f"(X, Y). 


Then Z = X + Y + limn.,, > F(X, Y), where each F” is a homogeneous 
r=2 ‘ 


polynomial of degree r in X and Y. 
Expressing this series as n” series in the elements of the matrices therein, we 
have 


Zi = Xig + Vig + lim Do FG (Xu, +++» Xan; Yu, +++» Yon), 


mo r=2 


,j = 1,2,°+:,n. 
It is also true, however, that for sufficiently small values of the elements, the 
series 
Zi; = {log [(exp X)(exp Y)]}i;, i,j = 1,2,°--,n, 
converge. These may be written 


Zij - Xy + Yy + lim Zz Pi; (Xu, » ia > Xan} Yu, eek Yun) 


mo r=2 


i,j= 1,2,°°*,n 
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where P’ is the sum of terms of degree r in the expansion. We now have the 
equivalent of two power series expansions for Z;; in terms of the n’ real variables 
X;;, Yi;. The two series must therefore be identical term by term. 

If now X and Y are p-adic matrices, it follows from i) that 


Zizi = Xii + Yi; + lim Z, Pa, i,j = 1,2,---\n, 


mo r=2 


and so 


Zi = Xi + You + lim D Fi, t, J, = 1,2, ++, 0. 


mo r=2 


Returning to the matric expressions, we have 


Z=X+Y+ lim >, F(X, Y) 


mo r=2 


=X+4+/Y-+ lim > Sa" f(X, Y), 


mo r=2 s—l 


since for any finite value of m these are identical. Q.E.D. 


4. p-adic Lie Groups 

We make the following definition as in the theory of real and complex Lie 
groups: 

Derinition. A p-adic Lie group G is a topological group equipped with a 
homeomorphic mapping of a neighborhood N of its identity element onto a neigh- 
borhood of the origin of K” which satisfies the condition: If X, Y, Z are in N, 
XY = Z, and X is mapped on (x , %2, +++ , Lm) in K”, etc., then 


Zi = fila, te, °** > Lm3 Yi, Y25°** > Ym); i= 1, 2, --+,m, 


where the f; are analytic functions. G is then said to have local analytic coordinates. 

The group Gx can be shown to be a p-adic Lie group. We introduce a metric 
topology by defining the distance between two elements A and B as V(A — B). 
Then if we put each matrix A in the form A = J + || a;; || , we can define the n’p- 
adic numbers a;; as the coordinates of A. There clearly exists a real number 
q > O such that for any set of a;; in K satisfying the inequality v(a;;) < q, the 
matrix whose coordinates are these numbers is non-singular and in Gx. It 
follows that there exists a neighborhood of J in Gx homeomorphic to a neigh- 
borhood of the origin in K". Since multiplication is a polynomial operation 
in this group, these coordinates are analytic. Since K is locally compact, 
so is Gr. 

A complete system of neighborhoods of J is furnished by the set of spheres 
S, consisting of those matrices whose coordinates satisfy for some fixed real 
number r the inequality 


v(aij) Sr. 


Since v is a discrete valuation, these spheres are both open and closed. 
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For r < 1, S, is always a subgroup. From the nature of the valuation, the 
product of two elements in S, is again in S,. The existence of inverses follows 
from the fact that the determinant of any matrix in S, has value 1. These 
spheres form an infinite descending chain of open and closed subgroups whose 
intersection is J, so Gx is totally disconnected. It is the existence of these open 
subgroups which creates most of the difference between the theory of p-adic 
Lie groups and that of real Lie groups. 








5. The Lie Algebras of G, and its Subgroups 





The Lie algebra (infinitesimal group) of a p-adic Lie group may be defined 
exactly as in the case of real Lie groups (cf. Pontrjagin, [15]). Many relations 
here may be proved exactly as in the ordinary case, and so their proofs will be j 
omitted. We shall depart from the usual procedure, however, by using the Lie 
algebra to obtain conditions for the subgroups of a Lie group to be themselves 
Lie groups. 
An analytic curve in Gx is an analytic function 


Fi) = I+ Xt + Xt +--- 


where the X; are matrices in K,,. The series converges to a non-singular matrix, 
that is, to an element of Gx , for all ¢ such that v(t) is less than some fixed real 
number g. The expressions f;(t) denote the coordinates of f(t), and the tangent 
(at I) of f(t) is the matrix X, , as usual. 

f(t) is a one-parameter-subgroup if f(t: + t) = f(t)f(). The analytic curve | 
exp tX for any matrix X is such a subgroup. The one-parameter subgroups 
here differ from those of ordinary Lie theory in the following respect: If gq > 0 
is any real number, then those values of ¢ for which v(t) S gq and for which f(d) 
is defined give values of f(t) which form an entire group, not merely a local group. 
The fact that products exist in this group follows from the fact that v satisfies the 
condition (b). 

From Theorems 1 and 2 it is seen that there exists a neighborhood of J in 
(x in which for every element A, the matrix X4 = log A is defined and exp tX 4 
is a One-parameter subgroup which is defined for v(¢#) S 1 and passes through A 
fort = 1. All functions of the form exp tX are one-parameter subgroups in 
their region of convergence. A converse to this statement is contained in the 
following theorem. 

TazorEM 4. In Gx there exists a neighborhood of the identity in which there 
lies one and only one one-parameter subgroup with a given tangent. 

Using the uniqueness theorem for differential equations, (4), this can be 
proved exactly as in the theory of real Lie groups, (Pontrjagin, [15], pp. 185- 
187.) It follows that there exists a sphere S about J in which the only one- 
parameter subgroups are the exponential functions. Given any subgroup H of 
Gx and any sphere S, contained in S we shall denote by H, the subgroup Ha S,. 

Derinition. The Lie algebra L of a subgroup H of Gx is the set of tangents 
fo analytic curves lying in some H,. This is clearly independent of the choice 
of the number r. 
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The commutator of two elements X, Y in the Lie algebra of Gx is defined as 
in Pontrjagin, [15], p.:238, and it can be shown that [X, Y] = XY — YX. The 
Lie algebra of Gx is then the Lie algebra K,; , since any X in K, is the tangent 
to an analytic curve exp ¢X inGx. From the definition it follows as usual that 
the set L associated with a subgroup of Gx is a subalgebra of K,,; ; it also follows 
from the definition and Theorem 3 that it is an ideal (invariant subalgebra) if 
and only if H, is an invariant subgroup. 


6. Analytic Subgroups and Subalgebras 


DeriniTIon. Two subgroups H' and H” of Gx are equivalent if there exists a 
sphere S, around I such that H (= H.’. 

It can be shown that this is the same identification that is used in the theory 
of real local Lie groups, where H’ and H” are identified if their intersection js 
open in each. It is the object of this section to use this equivalence relation 
in obtaining a one-to-one correspondence between classes of equivalent sub- 
groups of Gx and subalgebras of K,;. 

It has been shown that every subgroup of Gx has a Lie algebra which is a 
subalgebra of K,;. Conversely, it will now be shown that if L is any subalgebra 
of K,,, there is a closed subgroup of Gx whose Lie algebra is L. Let H be the 
totality of elements of Gx of the form exp X, where X is an element of L, and 
such that V(exp X -- I) < p”?-* By Theorem 1 we must have V(X) < 
p/?). Tf Xand Y are in Land V(X), V(Y) < p!””, we have from Theorem 3 
that (exp X)(exp Y) = exp Z; here V(exp Z — I) < p?” and Z is in L be- 
cause L is locally compact and Z is a limit of elements of L. H is therefore 
closed under multiplication. H must clearly contain the identity and the 
inverses of all its elements, since exp 0 = 1 and exp (—X) is the inverse of exp X. 
Hence H isa group. 4 is closed since it is a homeomorphic map of a bounded 
and closed subset of the locally compact space L. 

Derinition. A subgroup H of Gx is analytic if it is equivalent to a subgroup 
constructed from a subalgebra as above. 

THEOREM 5. If H is an analytic subgroup of Gx and f(t) is any analytic curve 
in H with tangent a, , there exists in H a one-parameter subgroup with tangent 4; . 

Proor. Let L be the subalgebra from which H has been constructed, and 
let S, be a sphere contained in S. Let 


f® =I+at+at+.--- 


be the given analytic curve. Let f(t) be some point on this curve in H,. We 
can then define 


Xi= log f(t) 


and the one-parameter subgroup 


gi(u) = exp uXi/t; 
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passes through f(i) for wu = & and lies in H, for all values of u such 
that Vigi(u) — I] S r. The matrix X; is in L since the group H is defined by 
Land exp X; is in H. 
The tangent to the curve g;(u) is 

Xt = Xi/t = (1/h) log f(a) 


(1/ti)[(aiti + aati + +++) — (ath + arti + +++ )?/24+ +++] 


= + the 
where € approaches zero with ¢,. Let us now consider a sequence of parameters 
f;, 2, °*: Which approach zero. The corresponding one-parameter subgroups 


qi(u), g2(u), ++ have tangents Xi = a, + the, Xz = a + he, «> 

H is closed, and so for any fixed value of wu, lim,.,, gn(u) isa pointin H. The 
set of these points for all values of wu under consideration can be shown to form 
a one-parameter subgroup g(u) which is clearly not merely the identity. From 
Theorem 4, g(w) must be an exponential function, so it is clear that its tangent 
must be the limit of the tangents X’, , which is a;. The element a; must be 
in L, since L is locally compact. Q.E.D. 

It follows from this theorem that if H is an analytic subgroup defined from 
a subalgebra L, then the Lie algebra of H is L. We thus obtain a one-to-one 
correspondence between the subalgebras of K,,, and the classes of equivalent 
analytic subgroups of Gx . 

TurorEM 6. Let H be an analytic subgroup of Gx with Lie algebra L of order m. 
There exists in Gx a system D of local analytic coordinates a; in a neighborhood 
S,of I such that an element A of Gx is in H, if and only if 
a; = 0, t=m+1,---,n’. 
The system D arises from the original system by an analytic transformation, and so 
by (2), we may say that H is defined by analytic functions. 

Proor. Let X be any matrix in K,,, such that exp X existsinGx. We define 
the functions 


h(X) = hia. , te, +++, %n2) = (exp X);, += 1,2, vee on’, 


where the x; are the elements of the matrix X in K, and the (exp X); are the 
coordinates of this element in Gx. We have then h,(0, 0, ---,0) = 0 and 
(dh;/Ax;)o = 6; , so the Jacobian of these functions is not zero at the origin. It 
follows from (3) that the equations 
a; = hi(a; , a2, +++ , Qn2), ¢=1,2,---,n, 
can be solved for a; in terms of the original coordinates a, d2,°+:,@n2. By 
(2), therefore, the numbers a; furnish a new local analytic coordinate system 
in Gx. 
What we have done is to assign to each element A of Gx near J the elements 
of log A as its coordinates. Now given a subalgebra L of Kn, we can change 
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the basis of K,; so that a matrix of K,, is in L if and only if its last n? — m 
coordinates are all zero. Such a transformation is algebraic, and analytic, 
and has a non-vanishing Jacobian at the origin. Relative to this basis, log 4 
has n’ new elements, and the last n’ — m of these are zero if and only if log A 
isin L. We assign these as coordinates in Gx and the conditions of the theorem 
are satisfied. Q.E.D. 

It follows from this theorem that an analytic subgroup H of Gx has a loral 
analytic coordinate system of dimension m and so is a p-adic Lie group. 

THEorEM 7. Let H be an analytic subgroup of Gx with Lie algebra L. Let 
X', X°,--- , X” be a basis for L and f,(t) be analytic curves in H with tangents 
X' respectively (i = 1, 2,---,m). Then there exists a neighborhood of I in H 
all of whose elements may be put in the form 


Silt) -Fo(te) -- + fm(tm). 


Proor. Let us define the functions 
Fit ’ to Pee tm) — [fi(t) -fo(t2) SP, Sm(tm)]i ’ i= 1, 2, =, ae n, 


i denoting the coordinate of the expression in brackets relative to a coordinate 
system as described in the last theorem. These give an analytic mapping of a 
neighborhood of the origin of K” into a neighborhood of J in H. From the 
independence of the tangents to the f; it can be shown that the Jacobian of these 
functions does not vanish at the origin. Hence we can solve these equations 
for the ¢; in terms of the f; and so by the last theorem the mapping defined by 
these functions covers an entire neighborhood of J in H. Q.E.D. 


7. Analyticity of Subgroups 


We have seen that an analytic subgroup H of Gx is closed and defined by 
analytic functions. It is now desirable to determine whether these two condi- 
tions are sufficient for analyticity. It will be shown that if K = R, , any closed 
subgroup H is analytic and so is a p-adic Lie group. If K # R,, however, 
this fact does not hold, as in the case of complex Lie groups. The subset of 
elements with coordinates in R, is a closed subgroup but is obviously not analytic. 
We must therefore divide our argument into two parts. 

Let H be a closed subgroup of Gx and let L be its Lie algebra. Let H’ be an 
analytic subgroup corresponding to L and H’. , H, be intersections of H’ and H 
respectively with some S, contained in S. 

Lemma. Let A be any element in H, and let X, = log A. If K = Rp, 4H, 
contains exp tX 4 for all t in K such that v(t) S 1. If K ¥ Rp, but H is defined 
by analytic functions, the same holds. 

Proor. i) Suppose K = R,. If n is any rational integer, 


exp nX4 = (exp X,)" 


and so the expression on the left is in H, , since exp X, isin H,. By (1), how- 
ever, if ¢ is any element of R, such that v(t) .< 1, it is a limit of a sequence of 
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rational integers tm. Hence 
rtic 





exp tX4 = lim exp t,X4 


mo 










- and is in H, since H is closed. 

D ii) Suppose K # R, but that H, is defined by analytic functions, that is, 

nn there exist analytic functions F(z, , %, +++ , 2,2) such that a point A in Gx 
with coordinates (a; , @2, -+* , @,2) isin H, if and only if F;(a; , a2, --- ,a,2) = 0 






for alli. By the above argument, exp ¢X, is in H, for all ¢ in R, such that 
o(t) $ 1. Hence we have 






vH Fif(exp tX4)1, (exp tX.)2,-+-, (exp tX4)u] = 0 
for all i, and tin R,. By (2) the F; are analytic functions of t, and by (8) ; 
they must be zero for all ¢ in K. Q.E.D. 





THEoREM 8. Let H satisfy the conditions in the lemma. Then H is analytic. 
Proor. It follows from the lemma that H; contains H,. By Theorem 7, 
a neighborhood of J in H;, can be defined by analytic curves in H,. This 
neighborhood is completely in H,, so H is equivalent to the analytic sub- 
group H’. Q.E.D. 










fa 

‘he This theorem completes the setting up of the one-to-one correspondence be- 
ane tween subgroups of Gx and subalgebras of K,.. 

ms 





8. Some Special Groups 

















“4 Before discussing the special groups, it will be necessary to prove a theorem ( 
which occurs in the ordinary theory of Lie groups. 

THEOREM 9. Let H be an analytic subgroup of Gx with subalgebra L. Let 
by H; be an invariant subgroup of H with subalgebra L; , an ideal in L. Let H be 
i an analytic subgroup with Lie algebra L and such that there exists acontinuous 
ad homomorphism of H onto H with H, being the set of elements mapped on the iden- 
ar, tity I. Then L = L/Iy ° 
of Proor: We must first show that any continuous homomorphic map of a one- 
c. parameter subgroup is an analytic curve. It is sufficient to prove that any 

continuous homomorphic map of the ring Ex of integers of K into Gx is analytic. 
n We need only prove this for Ex, since Ex is a direct product of a finite number 
H of the Ey. Let t — f(t) be such a mapping into some S, € S in Gx. We 
know that there exists an X such that 
5 f(1) = exp X, 





and so f(n) = exp nX 





for any rational integer n, since f is a homomorphic mapping. Since f is con- 
tinuous, we have, by (1), 






f(t) = exp tx 


for any ¢ in Er,. This mapping is analytic. 
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It follows that if f(t) is a one-parameter subgroup in H,, its map is an ana- 
lytic curve and one-parameter subgroup in H, and all one-parameter subgroups 
in H, are so obtained. This establishes a homomorphism between L and [. 
Clearly, L; is the set mapped onto the zero element and so L = L/L, . Q.E.D. 

Given a Lie algebra L in K,;, we know that there is an infinite number of 
analytic subgroups of Gx whose Lie algebra is L. We are interested in finding, 
for a given L, an analytic subgroup H, defined by algebraic conditions, whose 
Lie algebra is L. 

Let %{ be an associative algebra of order n over K and D() be the Lie algebra 
of derivations of %. Let H be the group of automorphisms of %. H and D(%) 
may be imbedded in Gx and K,, respectively. 

THEOREM 10. The Lie algebra of H is D(). 

Proor. Let X be an element of D(%) such that exp X is defined. Let a 
and b be any two elements of A. Then 


n=0 p=0 


D3 t"/n! | Cus (x7a)(x0) 


> t"/n! X"(ab) * 


n=0 
= (exp tX)ab. 


Hence exp ¢X is an automorphism in % for every ¢ for which it is defined. 

Conversely, let A be an element of H near J so that A = exp X for some 
matrix X. H is analytic, being algebraically defined, so exp ¢X is in H and hence 
is an automorphism in % for all values of ¢ for which it is defined. We have, 
therefore, 


[(exp tX)-a][(exp tX)-b] = > e| > (1/p!(n — p)1)(x%a)(x"™%) 


(exp tX)-ab = [(exp tX)-a][(exp ¢X)-b]. 
Expanding these series in powers of ¢ and multiplying out, 
ab + (tX)-ab + te, = ab + ta(X-b) + t(X-a)b + te 
and 
X:-ab + « = a(X-b) + (X-a)b+e. 


The quantities « , « approach zero with ¢. Taking the limit of both sides ast 


approaches zero, we find X is a derivation. Q.E.D. 
Let 9% be an associative algebra over K and J be an involution (involutorial 
anti-automorphism)’. An element a in % is called J-skew if a” = —a. Itis 


called J-orthogonal if aa” = a’a = k-1, where k isanelement of K. Theset ©, 
of J-skew elements is a Lie algebra over K and the set G, of J-orthogonal ele- 
ments is a multiplicative group. 





2 For this step, see Jacobson, [10], p. 207. f 
* For the required results on involutions, see Jacobson, [9], and Albert, [3], ch. X. 
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TuzorEM 11. The Lie algebra of G; is S = S, @ K. 

Proor. The elements of © are in the form z = a + k, where ais in G, and 
kisin K. When exp z exists, it is in Yl, since % has a finite basis and is closed. 
Hence (exp z)” is defined. Any finite number of terms of the series exp z’ is 
equal to the corresponding number of terms of (exp z)’, so exp 2” exists and is 
equal to (exp 2g”. Hence when exp (a + k) exists, 


[exp (a + k)][exp (a + k)]’ = [exp (a + k)][exp (—a + k)] 
= exp 2k « K, 


and so exp (a + k) is in G,. 

Conversely, if (exp tz)(exp tz)” = (exp tz)’(exp tz) = k eK, for all ¢ insome 
neighborhood of zero, then zz’ = z’z and (exp z)(exp z)” = (exp z)(exp 2”) = 
exp(z +2") =k. If zis sufficiently small, log k exists and z + 2” = logk =k’. 

It is known that any z in %& can be written uniquely as 


z=b-+d where b’ = -b, d’ = d. 


Hencez +27 =b+d+b’ +d’ =2d=k'. It follows that d =k’/2. Hence 
zmust be in the form a + k and so the Lie algebra of G, is S. Q.E.D. 


9. Groups of Simple Lie Algebras 


A simple p-adic Lie group is defined as usual as a group with no invariant sub- 
group which is not discrete or equivalent to the whole group. These, of course, 
are the groups with the simple Lie algebras. 

A simple Lie algebra over any field K of characteristic zero has been shown 
by Landherr, [13], to be normal simple over its extended center, which is a 
finite algebraic extension of K. We shall, therefore, restrict ourselves to the 
p-adic Lie groups whose Lie algebras are the ‘‘non-exceptional” normal simple 
Lie algebras over K. The normal simple associative algebras over a p-adic 
field K have been classified by Hasse, [6]. The Lie algebras which are normal 
simple over any field K of characteristic zero are shown by Jacobson, [12], to 
arise, except for the finite number of exceptional cases, from associative algebras 
over K in one of the following ways: 

1) (Type Ay) Let % be a normal simple associative algebra over K, and let 
Yi be the Lie algebra obtained in the usual way. The derived algebra %; is 
normal simple. 

2) (Types B, C, D) Let & be a normal simple associative algebra over K 
with an involution J of first kind. Then ©, is a normal simple Lie algebra. 

3) (Type Ayz;) Let & be a simple associative algebra over K with center 
~ = K(q), where q’, but not q, is in K; J is an involution of second kind. The 
derived algebra G; is a normal simple Lie algebra. 

Using the results of Hasse, Jacobson has classified the normal simple Lie 
algebras over K and determined their automorphism groups. Any simple 
Lie algebra over K may be imbedded in K,,; and its automorphism group in Gx . 
The automorphism groups are analytic, being algebraically defined. 
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We wish to find for each normal simple Lie algebra L an analytic group H 
in Gx whose Lie algebra is L. Any other group in Gx with the same Lie algebra 
is equivalent to H. 

We must consider separately the three cases: 

1) The group H of automorphisms of XL has a Lie algebra isomorphic to %; in 
Case 1. e 

Proor. Since % is the enveloping algebra of %, , and is simple, we have 


X= CO YU, 


where C is abelian and hence must be the center of Y&,. (cf. Jacobson, [8].) 
C is then the center of 9{ and so is isomorphic to K. Hence 


M, & ,/K. 
It is known, however, (Jacobson, [10]), that when %& is normal simple, 
D(A) = %/K. 


By Theorem 10, therefore, the Lie algebra of H is isomorphic to %;. Q.E.D. 

2) The group H of automorphisms of S,; has Lie algebra S; . 

Proor. Let K represent the abelian Lie algebra of scalar matrices. Let 
S = SG, @ K and let G, be the group of J-orthogonal elements of Y%. 

We have shown that the Lie algebra of G,is©@. Now G,is continuously homo- 
morphic to H with Ko being the set of elements mapped onto J. (cf. Jacobson, 
[9]; Ko is the multiplicative group of K). It is easily seen that the Lie algebra 
of Ky is K, so by Theorems 9 and 11, the Lie algebra of H is isomorphic to 
S/K=G&,. Q.E.D. 

3) Let H be the group of automorphisms of S; induced by inner automorphisms 
of A. The Lie algebra of H is S; . 

Proor. The enveloping algebra of G, is A. (ef. Jacobson, [11], p. 182). 
We have, therefore, as in Case 1), 


S6,=COG, 


where C is the center of the Lie algebra G;. The elements of C must commute 
with those of S, in the associative multiplication, and hence with all of 2, so 


C = Gn, 


since > is the center of Y. 
We have proved that the Lie algebra of G, is 6 = G, @ K, and we have 


S = 6, @ (Gnd) OK. 
It is known (Albert, [3]) that 
be K ® (Sra 2). 


We have, therefore, © = G; ® 2. It has been shown by Jacobson, [11], (Pp. 
185), that G,; is homomorphic to H. This can easily be seen to be continuous 
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and the group 2 is the group mapped on the identity. It follows that H has 
Lie algebra G; . Q.E.D. 

Although we have treated these cases separately, the result is the same in 
each case. Let L be the Lie algebra arising from Y in one of these three ways. 
From the results of Jacobson, [12], (pp. 339, 340), and from the fact that all 
automorphisms of a normal simple algebra are inner, the group H of auto- 
morphisms in L induced by inner automorphisms in % has Lie algebra L in 
each case. 









PRINCETON UNIVERSITY 







BIBLIOGRAPHY 


. Apo, I. Bull. de la Soc. Physico-Math. de Kazan, 6 (1935). 5 
_ AvBert, A. Modern Higher Algebra, U. of Chicago Press, 1937. 
. AtBert, A. Structure of Algebras, Am. Math. Soc. Colloquium Publications, vol. 
XXIV, New York, 1939. 
. Cuapauty, C. Sur les équations diophantiennes, etc., Annali di Matematica, 17 (1938), 
pp. 127-168. 
. CHEvALLEY, C. Sur la théorie du corps de classes, etc., Journal of the Faculty of ; 
Science, Tokyo, 2 (1933), pp. 365-474. 
. Hasse, H. Uber p-adische Schiefkérper, Math. Annalen, 104 (1931), pp. 495-534. 
. Hausporrr, F. Die symbolische Exponentialformel, etc., Ber. der Ges. der Wiss. zu 
Leipzig, 58 (1906), pp. 19-48. 
. Jacopson, N. Rational Methods in the Theory of Lie Algebras, these Annals, 36 (1935), 
pp. 875-881. 
9, Jacopson, N. A Class of Normal Simple Lie Algebras of Characteristic Zero, these 4 
Annals, 38 (1937), pp. 508-517. 
10. Jacopson, N. Abstract Derivation and Lie Algebras, Trans. Am. Math. Soc., 42 (1937), 
pp. 206-224. 
ll. Jacopson, N. Simple Lie Algebras of Type A, these Annals, 39 (1938), pp. 181-188. 
12, Jacopson, N. Simple Lie Algebras over a Field of Characteristic Zero, Duke Math. 
J., 4 (1938), pp. 534-551. 
13. LanpHERR, W. Uber einfache Liesche Ringe, Hamb. Abhandlungen, 11 (1935), pp. 
41-64, 
14. Lutz, E. Sur lV’equation y? = 
177 (1937), pp. 238-247. 
. Ponrrsacin, L. Topological Groups, Princeton, 1939. 








— 






oo bo 







~ 






or 





fr) 





~I 






ao 













xz? — Ax — B, etc., J. fiir die reine und angew. Math., 























ANNALS OF MATHEMATICS 
Vol. 43, No. 4, October, 1942 


ON THE MODULAR REPRESENTATIONS OF THE SYMMETRIC 
GROUP 


By R. M. THRAuut ann C, J. NESBITT 


(Received December 11, 1941) 


1. Introduction 


The purpose of the present paper is to determine all modular (matrix) repre- 
sentations of the symmetric group, S,,, of degree m, where m < 2p. The 
elements of the representing matrices are to be chosen from any field, f, of 
characteristic p. Every indecomposable (modular) representation of G,, is 
equivalent to a rational one (i.e. to one in which f is the prime field) so the nature 
of the field, f, is of no particular interest in what follows. 

In the last several years considerable progress has been made in the theory 
of modular representations of finite groups.’ This theory is especially well 
worked out in case the order of the group is divisible by only the first power of 
p; hence our requirement m < 2p. (Actually we treat here only the cases 
p =m < 2p since for m < p the ordinary theory applies, leaving no problem.) 

Any representation of a group (or of an algebra) is completely characterized 
by its indecomposable constituents. In general there are an infinite number of 
inequivalent indecomposable modular representations of a finite group. One 
ofthe main results of the present paper is a proof that the symmetric group of 
degree less than 2p has only a finite number of inequivalent indecomposable 
representations. In sections 2-4 we determine the structure of the regular 
representation of S,, (or of its f group ring %,,). In section 5 we show how any 
indecomposable representation can be built up from ‘elementary modules” 
(see section 3 for definition and references) of the group ring. 

In section 6 we state Nakayama’s results’ on the modular representations 
of ©, and add a discussion of the behavior of representations of ©,, when 
considered only for elements of G,,_1. 

The final three sections are devoted to specific determination of all representa- 
tions of S, with indications of generalization to S,41 , Spice. 


2. Preliminaries 
Let m = p+ 1,1 < p, and let 
(1) Mm = ay + 2ag + --- + man 


be a partition of m. Corresponding to this partition (a) there is a class C(a) 
of conjugate elements of S,, such that if s e C(a), then sis a product of a 1-cycles, 





1 See the bibliography at the end of the paper. 
2 See [8] especially part II. 
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ay cycles, +++ , &m m-cycles. The number of conjugate classes, and hence the 
number of ordinary irreducible representations is P,, , the number of partitions 
of m. 

Sincem = p +1, apin (1) may beOorl. The class C(q) is p-singular (that 
is, the order of the elements of C(a) is divisible by p) if and only if a, = 1. 
Then the number of p-singular classes is equal to P;. It follows that the 
number of modular irreducible representations which is equal to the number of 
p-reguiar classes 18 P.. — P;. 

Corresponding to the decomposition of the group ring ®,, into a direct sum 
of directly indecomposable invariant subalgebras there exists a classification of 
the ordinary irreducible and the modular irreducible representations, and their 
characters into blocks.* A block %, is said to be of type 8 if all the ordinary 
irreducible representations which belong to 8, have degrees = 0 (mod p’*), 
but at least one of these degrees # 0 (mod p®™’). In our case we have just 
blocks of type 0 or lowest kind, and blocks of highest kind (here of type 1). 

Theorem II of [1] states that the number & of blocks of lowest kind is equal 
to the number of p-regular classes of conjugate elements where the number 
of elements in the class is prime to p. The number of elements in the class C(a) 
is m!/n(w) where n(a) = ay!ay!2% --+ am!m" is the order of the normalizor 
of any element s in C(a). To determine é for our case, we count the partitions 
of m where a, = 0 (that is, C(a) is p-regular) and m!/n(a) # 0 (mod p). Since 
for? > 1, a; is less than p, and a, is here 0, then n(a) = 0 (mod p) only if a, = p. 
One easily sees a 1-1 correspondence between the partitions of m with a; 2 p, 
and the partitions of 1. We thus obtain & = P,. 

We denote by z,, y, the numbers of ordinary and of modular irreducible 
characters which belong to a block S,. If %, is of highest kind x, = y, = 1; for 
%, of lowest kind z, = y, + 1.° But, by the above, au = ~y = 
Pn — (Pm — P;) = P1, and there are P, blocks of lowest kind, so the only 
possibility is that for each block of lowest kind xz, = y, + 1. We shall show 
below that x, = p for blocks of lowest kind. 

In the theory of modular representations of groups two sets of numbers play 
leading roles: the decomposition numbers describe the splitting of the ordinary 
irreducible representations (when taken in the modular sense) into modular 
irreducible constituents; the Cartan invariants give the multiplicities of the 
modular irreducible representations as constituents of the indecomposable parts 
of the modular regular representation. If D,, C, denote the matrices of de- 
composition and Cartan numbers for the block B, , then a main theorem is that* 


(2) C, = DiD,. 





* Cf. Brauer-Nesbitt [1], §8 for proof that the number of p-regular classes is equal the 
number of modular irreducible representations. 
* Brauer-Nesbitt [1], §9, and Nakayama [9], Theorem 5. 
* Brauer-Nesbitt [1], §19, Theorem 5. 
* Brauer-Nesbitt [1], §§4, 5 and 9. 
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From Brauer’s work (in particular, see Theorem 14 of [2]) we have in our cage 
that for a block of lowest kind 
1 


11 
(3) D,= || 1 














Here D, has x, rows, y, columns. Then C;, has y, rows, y, columns, and from 


(2), (3) 


(4) C,= || 121 |, 














It follows from (4) that det C,is y, + 1 = 2,. 

We consider now the set M of n(a)’s corresponding to the p-regular classes 
C(a), and form the product [] n(a). For each of the P; partitions (a) with 
a, = 0, a 2 p, n(a) is divisible by p, and all other n(a) of the set M ¥ 0 (mod p). 
Then p”’ is the highest power of p which divides [] n(a). By Theorem I of [3] 
the determinant of the complete matrix C of Cartan invariants is then equal 
to p*' , that is, 

det C = [J det C, = p”. 


But for blocks B, of highest kind det C, = 1, and for blocks of lowest kind 
det C, = x, , and there are P; blocks of lowest kind; hence for each such block 
zt; =p. To each block of lowest kind there belong p ordinary irreducible representa- 
tions and p — 1 modular irreducible representations. 

It follows also that there are P,, — pP, blocks of highest kind and that the 
total number of blocks is P,, — (p — 1)P;. 


3. Loewy form 


Let %& denote any matrix representation of R,,. We consider the algebra 
as a system of linear transformations of a vector space ¥ of suitable dimension. 
Let 2, N’, --- , N,N’ = (0) denote the powers of the radical of 2%. We form 
the upper Loewy series of %, namely’ 


(5) VONVOINB--- DNR "BDO. 





7 For a discussion of Loewy series see §§2, 5 of [4]. That (5) is the upper series for 8 
follows by proving Theorem 12.3A of [4] for vector spaces having & as operator system 
rather than for ideals of Wf. 
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Here 2” 'G/N’S is the unique maximal completely reducible factor group that 
may be obtained from NP Vio = 1, 2,---, 2). If we adapt the coordinate 
system in B to the series (5), then % appears in upper Loewy form, 


& (2M) | 


case 








6) %~ Paste | 





@(M) | 


where the %,(2{) are the upper Loewy constituents of %{, and are completely 
reducible. ¢may be called the Loewy length of .° 
We consider now the Loewy form of the indecomposable parts of the regular 
representation R of Rm. Let Hi, Fe, +--+, F, denote the modular irreducible L 
representations of Jt, . It follows from [6] (see, in particular, Theorems 2, 3, 
and 8) that we may denote the indecomposable parts of 2% by lh, --- , Us 
where, if Ul, is written in the form (6), &(U,) = &(U) = ¥ 













































Oe | ' 
{| 
2(U,) ! 
(7) u. = 7 |. 
* Ga.) | 
| 
ses &, | 
ith . ‘| 
»). We have considered here only the upper Loewy forms. We might similarly 
(3] have discussed the lower Loewy forms. For the indecomposable parts U, of 
ial Mn (see below) the upper Loewy forms coincide with the lower Loewy forms. 
In the following we shall use the notation c,, to denote the multiplicity of §, 
as constituent of U, ; ¢,, is a Cartan invariant. 
nd 4. Elementary modules 
- Let % denote the modular regular representation of the group ring R» of Sm . 
It is well known that ® is a faithful representation of R,,. Then instead of 
"a considering elements of ®,, we shall for the time being speak of the corresponding 
elements of R. We assume § to be in reduced form, that is 
Ru 
a Ror 
nN. " 
m 
where the 9;; denote irreducible constituents of %. We may further assume 
that R = H* 4+ N, where R* is the semi-simple algebra obtained from ® by 
B replacing the %,; with ¢ > 7 by 0, and where %, the radical of #, has 0 in place 








*Cf. Brauer, [4], §5. 
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From Brauer’s work (in particular, see Theorem 14 of [2]) we have in our case 
that for a block of lowest kind 
1 


1l 
(3) D, = || 1 














Here D, has x, rows, y, columns. Then C, has y, rows, y, columns, and from 


(2), (3) 


(4) C,=|| 121 |, 


eeeeee 














12 


It follows from (4) that det C, is y, + 1 = 2,. 

We consider now the set M of n(a)’s corresponding to the p-regular classes 
C(a), and form the product [] n(a). For each of the P; partitions (a) with 
a, = 0, a; 2 p, n(a) is divisible by p, and all other n(a) of the set M ¥ 0 (mod p). 
Then p”’ is the highest power of p which divides Il n(a). By Theorem I of [3] 
the determinant of the complete matrix C of Cartan invariants is then equal 
to p’' , that is, 

det C = [J det C, = p”’. 


But for blocks B, of highest kind det C, = 1, and for blocks of lowest kind 
det C, = 2, , and there are P,; blocks of lowest kind; hence for each such block 
x, = p. To each block of lowest kind there belong p ordinary irreducible representa- 
tions and p — 1 modular irreducible representations. 

It follows also that there are P,, — pP, blocks of highest kind and that the 
total number of blocks is P,, — (p — 1)P;. 


3. Loewy form 


‘Let % denote any matrix representation of %,, . We consider the algebra 2% 
as a system of linear transformations of a vector space ¥ of suitable dimension. 
Let 2, N’, «++, N*, N* = (0) denote the powers of the radical of A. We form 
the upper Loewy series of ¥, namely’ 


(5) VORVIOINMV--- DRY DO. 





7 For a discussion of Loewy series see §§2, 5 of [4]. That (5) is the upper series for B 
follows by proving Theorem 12.3A of [4] for vector spaces having % as operator system 
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Here 2” 'B/N’B is the unique maximal completely reducible factor group that 
may be obtained from N°" BV(p = 1, 2,---, 2). If we adapt the coordinate 
system in B to the series (5), then 2 appears in upper Loewy form, 


wm | 
() a~ | S| 


g(a) | 


where the &,(21) are the upper Loewy constituents of %{, and are completely 
reducible. t may be called the Loewy length of %.*° 

We consider now the Loewy form of the indecomposable parts of the regular 
representation Rt of Rm. Let %1, Fe, --- , F, denote the modular irreducible 
representations of 9, . It follows from [6] (see, in particular, Theorems 2, 3, 


and 8) that we may denote the indecomposable parts of 9% by lh, --- , Us 
where, if Ul, is written in the form (6), &(U,) = &(U.) = F. 
iy | 
&(U,) 
(7) u, = a || 
' @_a(U,) | 
Oe | 











We have considered here only the upper Loewy forms. We might similarly 
have discussed the lower Loewy forms. For the indecomposable parts U, of 
Rn (see below) the upper Loewy forms coincide with the lower Loewy forms. 

In the following we shall use the notation c,, to denote the multiplicity of ¥, 
as constituent of U, ; ¢, is a Cartan invariant. 


4. Elementary modules 


Let t denote the modular regular representation of the group ring R» of Sm . 
It is well known that ® is a faithful representation of R,,. Then instead of 
considering elements of 9, we shall for the time being speak of the corresponding 
elements of R. We assume ¥ to be in reduced form, that is 


Ru 
Ror Fee 


| 
| 
| 


| 
| 


Rar a Rss | 


where the 9;; denote irreducible constituents of %. We may further assume 
that IX = R* + N, where R* is the semi-simple algebra obtained from KR by 
replacing the %,; with ¢ > j by 0, and where &, the radical of R, has 0 in place 














*Cf. Brauer, [4], §5. 
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of the R;; in the main diagonal. Let, as before, §1, J, --- , §, denote the 
distinct modular irreducible representations of Rm , and fi , fo, --+ , fi; their de- 
grees. We mean by 9? the simple subalgebra of * which has 0 in place of all 
Rs; except those which are equivalent to §, . Let e,(a) (7,7 = 1,2, --- , f.) bea 
set of matrix units for 2? . We denote the unit element of the simple algebra 
Rr by e, = D4; c(i). An element a of R we say is of type (x, d) if eae, = a, 
In [6] it was shown that a system of primitive elements 


(8) bi, be oe Biss m= } Cer 


could be chosen so that these and their right and left products with suitable 
e,(tj) gave a basis for #. More fully, for each type (x, \) there are ¢,, elements 
b in the set (8) of that type. If b, is of type (x, 4) then we take all the elements 


(9) e,(71)b,en(17) (7 =1, 2, ne te ? j = 1, 2, Per Jy) 


for part of our basis of R. Doing this for each b, we obtain what has been called 
the Cartan basis of 3t. This Cartan basis can be so arranged that the regular 
representation with respect to this new basis is split into indecomposable and 
irreducible parts. 

The Cartan basis system is the starting point for the definition recently given 
by W. M. Scott of elementary modules.” An element a of Rt, expressed in terms 
of the Cartan basis elements will have the form 


a = Dipij h?(a)e,(i1)b, (17). 


Scott arranges the coefficients h{,(a), for a fixed p, in a matrix H,(a) = 
|| A2,(a) ||. The Abelian additive group generated by the matrices H’(a), 
ae, Scott has called an elementary module. The significance of these for us 
here is that the representations of ®,, , in particular, the regular representations, 
may be expressed in simple form by these elementary modules. 

We have two cases to consider: 

(1) Blocks of highest kind. Let %, be a block of highest kind and §, be the 
unique modular irreducible representation belonging to 8,. Then c,, = 0 for 
\ ¥ uw, Cy, = 1, and the elements e(7) (7,7 = 1, 2, --+ , fy) may be taken as the 
Cartan basis for 8,. The corresponding elementary module is just §,. Fur- 
ther, §, = Uy, where U), is the unique indecomposable part of St corresponding 
to AN ° 

(2) Blocks of lowest kind. Let %, be a block of lowest kind, and let us choose 
our enumeration of the modular irreducible representations so that %:, &:, 

 , §p-1 belong to B, , and further so that the matrix C, of Cartan invariants 
for %, is in the form (4). 

Then for « ¥ 1 or p — 1, Cxe = 2, Cea, = 1 = Cy41,,, and all other cy, are 
zero. Corresponding to these invariants there exist primitive elements ¢,(11) 
and by. of type (x, x), bet. of type (x — 1, «) and by41,. of type («x + 1, Kk). 





® Scott, [10]. 
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The Cartan basis elements 





e.(j1) j= * Se 







(a) 1, 2, - 
C—1(k1) bei k=1,2,+++, fra 
(10) (b) €c41(11) bx +41, l= 1,2, +++, fers 
(c) €x(1) Dax m=1,2,°-°:, fi 
form a basis for an indecomposable {-left ideal 1, = Me,(11) which is a summand 
in the expression of as a direct sum of indecomposable left ideals. [, may be 





considered as the representation space of the indecomposable part Ul, of ®. 
The form (7) of U, shows that the Loewy length ¢ of U, = 3. It cannot be 
greater than 3 for then 2°l, ~ 0, that is, there would have to exist primitive f 
elements of type (*, x) belonging to 2°. Then ¢ must equal 3, and again from (7) 
it follows that Nl, is generated by the elements (c), b,. belongs to N’, and that 
b,-1.2, Octi,x belong to 9. We may assume the primitive elements so chosen 
that De. c1Oe-tee = Oecett Dette = Oe,~ (here by, .-1, D¢..41 correspond to the 











Cartan invariants C,,.-1 = Cx,.41 = 1). We denote by §,, Of", Sf", HE the 
elementary modules corresponding to ¢,(11), Byi.., Oeii,, and b,,,. Then 






following the method of [6], §3, taking in our basis of [, first the elements (a), 
then those of (b) and lastly those of (c) we calculate U, to be 






















oi | 
6 Ga 
(11) u, = |. 
Clie Ba. | 
6 Gia Gin & | 
We similarly can compute 
| ay | 
th = | Si ke 
lot 9} &:| 
| Up-2 
Ui=|$ F | 
| ae yee $1 | 






5. Indecomposable representations of Jim 


We set out now to determine all indecomposable representations of Rn 
A first clue is that the Loewy length l(M) of any representation M of R» < 3. 
This follows from our above result that J(U,) = 1 or 3 according as U, belongs 
toa block of highest or of lowest kind, and Theorems 6.6C, 11.5B of [3]. 

A second simplification comes from observing that 9)? may be taken in upper 








2 pk ate me taenees 
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Loewy form and at the same time have its simple parts expressed in terms of the 
elementary modules §. Let us picture Jt in reduced form 

Mn 


M = Me Moo 
aoe Se tre | 





and denote by Mt* the subalgebra of Mt obtained by replacing in M the parts 
Mi;,7 <aiby 0. It follows from Scott’s results,” that if in the representation 
M, the semisimple algebra MR* of Mt is mapped into Mt*, then the simple parts 
M,; are expressible as linear combinations of the elementary modules §. Let 
% be the representation space of I, and suppose the Loewy length of M is 3. 
We take the Loewy series 8 DNV DN’B DO. Here RM may be considered 
as an §* space, and as such is a direct sum of irreducible R* spaces, N’S = 
BP”? @®--- ®@ VS. Further NY as an M* space is a direct sum of N° and a 
complementary space which may also be written as a direct sum of irreducible 
M* spaces. By continuing the argument, we obtain that as an R* space 


B= BO---@BV? OV oe---@ VX @ VP @--- © B®. 


Adapting the co-ordinate system to this decomposition of %, we obtain SR* 
mapped on 9t* in Yt, and simultaneously have Mt in Loewy form. 

Let now ¥t be a modular indecomposable representation of KR, and let Rn = 
I, © T; ®--- © FT, denote the decomposition of R,, into indecomposable 
two-sided ideals. Since the representation space may be written 


B= RV = TV eS TV O---O TB 


and Yt is indecomposable, we find that only one T,¥%, say T;%, can be different 
from zero. This implies that only T; is mapped on something different from 
zero in the representation I, and that Nt contains only modular irreducible 
representations belonging to the block corresponding to T; . 

We use the Loewy length (QM) of M to distinguish three cases. 

1) UM) = 1. Then M is both completely reducible and indecomposable, 
and so 3t must be equivalent to a modular irreducible representation §,. We 
observe that if 2% contains a modular irreducible constituent belonging to a 
block of highest kind then 1() = 1.” 

2) UM) = 2. Then the modular irreducible constituents of Pt must belong 
to a block 8, of lowest kind. Let $1, St, G2, 62, Fe, G2, H3,-++, Ha, 
Fr-1, 2-1 denote the elementary modules of %, » here $1, °**, @p-1 are the 
modular irreducible representations of 8,, 5., 4 * «, are the elementary 
modules of 8, which belong to the first power N of the radical, and the %; 
are those which belong to %”. As here the Loewy series for M is B DNB > (0), 





10 Cf. Scott, [10]. 
1 For a modular irreducible representation belonging to a block of highest kind is also 
an indecomposable part of the regular representation. Then apply Remark 3 of [7]. 
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the Of will not appear in 9%. Our notation for the elementary modules is 
based on the form (4) of the matrix C, of Cartan invariants. From the above 
considerations, we may suppose that 2 in Loewy form is written (denoting 
the unit matrix of degree f by E,) 


| En, X O21 
En; X Bs 


Ei,» x ps 
En, X &e 
En X ® 


Ai X $1, A3X $3 
A; X 93,. 





Aj-2 X O52 En,-; X Bra 
or in a similar form with the even §, in the top Loewy constituent and the odd 
¥, in the bottom constituent. If we assumed that both even and odd con- 
stituents §, appear in the same Loewy constituent, then by permutation of the 
rows and columns in 9 a decomposition of Jt would be obtained. 

From Schur’s lemma it follows that a matrix P which commutes with M 
has the form 
Pi X En, 


(13) P; x Ei, 











| P p-1 x En,- 
where P; is a square matrix of h; rows. In addition in order that P commute 
with 2 the following relations must be satisfied 

Ai P; = P2Ai 


(14) A; P; = P2A3 


A373 Py-s = P,1At-2 ° 
Here A? has h, rows, h, columns. 

We assume first that all h; (¢ = 1, 2, --- , p — 1) are different from 0. Then 
the relations (14), together with the theorem” that a matrix P commuting with 
an indecomposable representation Jt can have just one distinct characteristic 
root, are sufficient to show that each h; = 1. 


In outline the argument is this. We take P with P2 = P3 = --- = Ppi = 9, 
then the only relation (14) remaining is 





” Cf. Brauer-Schur, [11]. 
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If now the rank of Aj were less than h; we could find a P, with characteristic § 


root ~0 to satisfy (15), contrary to the Schur-Brauer theorem. Then the rank 
of Aj = h,,andsoh, =h,. Nowtaking P; = P, = --- P,1 = 0, and choosing 
P, to satisfy A}P,; = P2,Aj, the remaining relation (14) is P24} = 0 and by the 
same angel as before the rank of Aj is he, and hs = he. Next, we take 


Py, = Ps = -:: = Pp. = 0, choose P;, P2 to satisfy the first two relations 
(14), and inline A3P; = 0. We obtain in this manner that 
by She Shp S++ Shou. 


If, however, we had started at the other end of the relations (14), we would 
obtain 


ns HR E* 2S 


so that hy = he = +--+ = hp1 = c, say, and further the A? are all of rank c and 
so are non-singular. It follows that the relations (14) are satisfied when P, 
is arbitrary, Pp = (Aj) "P,Aj, Ps; = (A3)'P2Aj, etc. Then P; must be of 
degree 1 (for otherwise P; could have two different characteristic roots) and so 
c=1. 

The second step in this argument requires some elaboration. Since we have 
seen Aj is of rank h,, we may find non-singular matrices X and Y such that 











XAiY = | rs | = Aj, and setting P; = Y"P,Y, P, = XP2X~, we have from 
(16) AiP, — P.Aj 
that P, has form 
‘. Pi Px! 

* 0 Px | 
We take P3 = Py = +++ = P,-1 = 0, assume that the rank of A} is less than 
hz , and seek P, , P2 such that (16) ‘is satisfied, and 

P,A; = 0 


where A; = XA3. Under our assumption that the rank of A; < fx, we can 
find a vector x = (0,0, --+ ,0,%:, 2:41, +++ Lh), 1 ¥ O which is annihilated by 
A;. Choose P, to have the vector z in its i” row, and zeros in the other rows. 
Then trace P, = x; , so that P, has a characteristic root ~0. Further, for this 
choice of P, we can always find P, so that (16) is satisfied. Thus our assump- 
tion that A} has rank less than h, would lead to a matrix P which commutes 
with I and has x; and 0 for characteristic roots, which gives a contradiction. 

For the case that not all §, belonging to the block %, appear in the inde- 
composable representation study of the relations (14) show that the §, which 
do appear have multiplicity 1 and form a sequence 


Ba, Fatt» kas Sete» 
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3) UM) = 3. Here again the modular irreducible constituents of M must 
belong to a block of lowest kind. We have also here that N° # 0. Then there 
isa Cartan basis element b,, C NM such that b,.B ¥ 0, suppose that b,x ¥ 0, 
reB. Since Dee = Dee—-10c1.. we have that b.1,.7 ¥ 0, similarly }.4:,.2 # 0, 
and from Dy, = Dxx (11) we have also that e,(11)z # 0. Let, as above, I, denote 
the indecomposable left ideal generated by the elements (10). Then it may 
be shown that I, contains no left annihilators of x other than 0, so that 















a-— ax, a el, 






isan isomorphic mapping of |, upon the invariant subspace B, = [,2 of B. It 

follows that I contains a constituent equivalent to the indecomposable UU, of 

which corresponds to [,. This implies that the indecomposable representation 

M is equal to U, .”° 
We gather these results in 
TueorEM I. An indecomposable representation Wt of Rn» has Loewy length 

(MN) < 3. If UM) = 1, Mi ts equivalent to a modular irreducible part of Rm . 

For (MN) = 2, Mt has the form (12) with h; = 1 for a sequence of consecutive values ' 

of i, and the remaining h; = 0, or M ts of the similar form but with the positions of 

the odd and the even constituents reversed. When l(M) = 3, M is equivalent to an 

indecomposable part of the regular representation of Rm . 


6. Nakayama’s results 


We have seen above that the number of blocks of lowest kind is P; , and that \ 
the number of blocks of highest kind is P, — pP;. Nakayama (8 IT) has shown 
how to relate blocks and partitions more precisely. In the present section we 
state his results and give a slight extension of them. 

Associated with the partition (A):A1 + --- + Ax = m, (i 2 +++ 2 A > O) 
of m is a diagram T' consisting of k rows of fields, ); fields in the i row, the j™ 
elements of the rows being arranged in a column. ‘The field in the i‘ row and 
j" column will be denoted by (i,j). By the (7, j)-hook H = H(t, j) of T we 
mean the set of fields (7, v) with v = 7 together with the fields (v, 7) with v > 7. 
We call the number, h, of fields in H its length. If just r rows of 7 contain 
elements of H we call r the height of H. By T — H we mean the diagram 7” 
obtained from 7’ by deleting the fields of H and then moving each field (7’, 7’) 
with 7’ > 7, 7’ > j one row up and one column to the left. 

We next divide the partions (A) of m into classes according to the following 
rules. If the diagram, 7’, of (A) has no hook of length p, then (A) is put in a 
class by itself, called a class of highest kind. If T has a hook, H, of length p 
and height r, we denote (A) by A"(u) where (x) is the partition whose diagram 
isT—H. Forr =1,--- , p there is exactly one partition \'(u) for each partition 
(u) of (= m—p). The p partitions \’(u) defined by (x) are put into a class 
which we call a class of lowest kind. We can now state Nakayama’s results. 


































* Cf. Remark 3, Nakayama-Nesbitt, [7]. 
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TuroreM II. Let U(A) denote the ordinary irreducible representation of &,, 
defined by (A) and let §(A) be the modular representation induced by U(r). If () 
belongs to a class of highest kind, then §(A) is trreducible and constitutes a block 
of highest kind. The p representations X(r'(u)) r = 1, --- , p, are the ordinary 
irreducible representations belonging to a block of lowest kind, which we accordingly 
denote by B(u). We can enumerate the modular irreducible representations §,(u), 
-++ , ¥p-1(u) belonging to B(u) so that 


RA (u)) <> Flu), FOA'(u)) <> Flu) + Felu), ---, 
BA” "(u)) <> Fr-e(u) + Fralu), F(A" (u)) > Fralu) 


(<> denotes ‘‘has same irreducible constituents as” not “is equivalent to”), 

Let (u) = (m1, °+:, ue) (where wy: 2 we 2 +++ 2 we > O = wey = -:-) be 
a partition of 1. If wu; > wiz: we denote by (u | 2) the partition (uw, --- , uw; — 1, 
-++ ux) ofl — 1. In the course of proving the above main theorem Nakayama 
showed that 


(17) (X’(u) | 2) = (uw | 4) 


except when (a) 7 = 1 and uw; = wj4: or (b) 2 = 7 — Landy; = wz. (In other 
words successive removal of hooks is almost a commutative process). This fact 
enables us to prove the following corollary“ to the main theorem. If we con- 
sider a representation § of S,, only for permutations omitting the letter m we 
get a representation of S,_1 which we denote by §*. 


Corouuary I. 
Fiw)* Oo De Fw] 2) + Gy juju Ges +O —5m+1,-°:, 


Mea + 1, war, +++, oe) 


(18) 


The sum is over all i for which uw; > wisr. 

Proor. It is well known” that %(A)* < ).; (A | 7) where the sum extends 
over all ¢ for which \; > Aj4:. Applying Theorem II and equation (17) to 
the induced modular representation §(A)* for (A) = A°(u) we get 


BA" (u))* Dei Foa(u |) + Fo(u | 2) 
F Supper 8 (A'(u) | 1) + by, 80H) |p — 1), p=l-'D 


(The sum is over all 7 for which np; > y;41.) We have also from the main 
theorem that 


(20) Fu) > FA) — FA) --- (—Y)™OA') 


The corollary now follows at once by starring both sides of (20), substituting 
from (19) in each term on the right hand side and simplifying. 


(19) 





14 Aside from this corollary everything in the present section is a restatement of Naka- 
yama’s results. 
15 [13] p. 215. 
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Observe that the terms on the right hand side of (18) all come from different 
blocks and so we can strengthen the corollary by the additional statement that 
<(u)* is a completely reducible representation of Sm-1. 







7. Definitions and notation 


In the next section we will consider the decomposition of representations of 






S,, when considered as representations of various subgroups S,,_,. To facili- 
tate this we introduce the following calculus of partitions. 
Let (A) be a partition of m (as in §6 above) and let (7) = (41, ---, 7%) bea 





sequence consisting Of yw; 1’s, we 2’s,---,urk’s. By (A|i) = (Alu +--+ t) we 

mean the partition’® (Ay — 1, °-* , Ax — we) Of m—v. The sequence i,, --- , ty 

is said to be (A)-proper if for each » from 1 to v the partition (A | i; --- 7,) of 

m — v has non-negative terms in non-increasing order. Otherwise (7) is called 

(\)-improper. 
In this and the following sections we shall understand by Y%(A):s — A(AX%s) 

Young’s rational semi-normal form™ of the irreducible representations of S, 

defined by (A). : 
If the sequence (7) is (A)-proper we define (A | 7) to be the corresponding 

representation s — A(A| ifs) of Gm». If (z) is (A)-improper we shall mean 

by UA | 7) a zero rowed square matrix. An important property of the semi- 

normal form is that %(A) when considered as a representation of S,—,» (the 

symmetric group on the first m — v letters of S,,) is already in completely re- 

duced form with the (A | 7) as diagonal constituents. In other words each t 

(\)-proper sequence (7) of length v contributes an irreducible constituent. If (7) 

and (7’) are two (A)-proper sequences of length », then %(A | 7) appears above 

%(A | 7’) if the first nonvanishing difference 7; — ij, --- ,% — i, is positive. 
We recall that the rows of %{(A) are in 1-1 correspondence with the regular 

diagrams belonging to (A). The representation (A | 7) occupies the (consecu- 

tive) rows whose corresponding diagrams have m in the 7," row, m — 1 in the 

i" row, +++ ,m — v + 1 in the 7," row. By A(A |z|j%s) we mean the rec- 

tangular submatrix of A(A¥s) whose rows are those of %(A| 7) and whose 

columns are those of %(A|j). By the v™ refinement of U(X) we mean that each 

A(\ts) is to be considered as a matrix whose elements are the submatrices 


(\| @ | Js). 






















8. The representations of S, 

For m = p every A(AXs) is p-integral. There is just one block 8 = %(0) of 
lowest kind. From Theorem II it follows that %(A) belongs to B if and only 
if the diagram of (A) is a hook, i.e. one of the partitions (p — p, 1°), p = 
0, ee-5 : p - S l. 


a 











‘* Note that \; 2 uw; is not required since for some purposes partitions with negative 
summands are useful. 
7 [14] pp. 217-88 or [12]. 
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Let (A) = (p — p, 1°) whereO0 <p <p-—1. There are just four (\)-proper 
sequences of length 2. These are (in order) (’) = (9 +1, p), (”) = (o + 1,1), 
(*) = (1, p + 1), (*) = (1, 1). Note that the diagram of (a | 2”) is a hook of 
length p — 2. We denote by (A) the partition (p — p — 1, 1°") of p-2, 
and by g’ the degree of the representation (*) of S,-2. In this notation we 
have A(A| 2) = AA"), AWA] 7?) = AWA a) = AA’), and Aa | 7) = a(n), 

For elements of S,-2 the non diagonal parts of the second refinement of 9(\) 
all vanish and along the main diagonal we have %(A’"), A(d’), Ar’), 4(\?*7) 
in the order named. Let ¢, denote the transposition (r — 1, r). Then 
A(a| a7] @Xtpa) = 0 for j ¥ k unless (j, k) = (1, 2), (2, 1), (3, 4) or (4, 3): 
and A(d | i’ | itp) = 0 for j ~ k unless (j, k) = (2, 3) or (3, 2), the non zero 
parts being scalar; say A(d | 7’ | @Xt,) = ajE j where E ;, is the identity matrix 
of suitable degree. For the aj, we have ay = +1, a2 = —1/(p — 1), ay = 
(p° — 2p)/(p — 1)”, a2 = 1, a3 = 1/(p — 1), ag = 1. 

Now consider the induced modular representation §(A). Since (A) is p-in- 
tegral we are justified in keeping the same refinement notation, i.e. we write 
F(\%s) = || F(A | 7’ | 2*Ys) || where each submatrix of F(A%s) is obtained by con- 
sidering the corresponding submatrix of A(A%s) mod p. For s eS,-1 we have 


| 


| F(A |p + 1 Xs) 
F(A Ks) =| 


| 
| 0 0 
aA, 


. F(A | 1 Xs) 


| 


| 








where F(X |p + 1%s) occupies the first two sets of rows and columns and 
F(A | 1%s) the last two sets. F(A | p + 1) is (as the notation implies) A(A | p + 1) 
taken mod p. 

Furthermore, we have 


—Ey 0 0 0 
0 Ex 0 0 
0 Ex —E;3; 0 
0 0 O Eu) 


Since S, is generated by S,_1 and t, , the forms of these matrices show just 
how to write down the irreducible constituents (¥,(0), §,41(0)) of F(A). (For 
p = Oand p = p — 1 the situation differs only in that certain indicated parts 
of the refinement do not appear, and of course there are no representations 
%,(—1) and §,(p)). Summarizing we see that %,(OXs) = §(p — p, 1” Xs) if 


seS,1 and F,(OXt,) = | Pi 0 


Ex 
degree g’. 
This completes the determination of the irreducible representations of >. 


y 4 
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But we can get still more information from the above process. For by Theorem I 
it follows that the lower left hand corner (last two sets of rows first two sets of 
columns) of (A) must be a numerical multiple of 55"'(0). We may, and do, 
suppose that the Cartan basis for $t, was so chosen that this numerical multiple 
(which is obviously not zero) is unity. Then we have H}"'(O\s) = Oif s eS) 
and Hy” *(OXts) = | : = 

To calculate £4:(0) we 1eplace the above used form of Young’s semi-normal 
representation by the one generated by the transposes of the matrices A(A\t,) 
r = 2,+--,p; and we get H/4:(O%t,) = | Pf ; | (ie. the transpose of 
He” '(O¥t,)), and H}4:(O%s) = Oifse Sp. 

The final step in our program of determining all representations of ©, is the 
calculation for the elementary modules $/(0) of unmixed type. This calcula- 
tion is based upon the form (formula (11) above) of U,(0) and the following two 
facts: (1) @ = 1 and (2) ¢t, commutes with every element of S,-2. It follows 
at once from ¢; = 1, H$**(OXt,) = H%4:(OXt,) = 0 that H2(OXt,) = O for r < p. 
Since S,_; is generated by & , --- , tp-1 this shows that H((Ofs) = Oifse Spi. 
It remains therefore only to calculate Hé(O0¥t,). 

Considered as a representation of Sp», U,(0) takes the form 


BN) 


(Ex of degree g’). 








ae 
| BA") 

| BO") 

| 5(0”) 

| 5A") 

| 5(0”) 


Since t, commutes with 9,-2 it now follows from Schur’s Lemma that H;(0%t,) = 














| " 7 oe a | , (Ey and Ex as above). Now apply the condition (} = land 
we get a1 = —a, = 1/2. 


9. Further specific results 


The above methods can be applied without serious additional complications 
(save in notation) to obtain similar results for Spi and Spy2. For Sp+: there 
is again just one block of lowest kind and the ordinary representations belonging 
to it are p-integral (i.e. when put in rational semi-normal form). For Gp+2 there 
are two blocks of Jowest kind, and although some of the ordinary semi-normal 
representations belonging to these blocks fail to be p-integral, they become so 
after a simple transformation which does not irreparably upset the refinement 
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Let (A) = (p — p, 1”) whereO < p< p-—1. There are just four (A)-proper 
sequences of length 2. These are (in order) (i') = (9p +1, p), (2) = (p + 1, 1), 
(*) = (1, + 1), (*) = (1, 1). Note that the diagram of () | 2”) is a hook of 
length p — 2. We denote by (A) the partition (p — p — 1, 1°") of p- 2, 
and by g’ the degree of the representation %(A°) of S,-2. In this notation we 
have A(A| 7) = AA’), AA] 7) = AA 7) = U(r’), and Aa | 7) = w(n?™), 

For elements of S,-2 the non diagonal parts of the second refinement of 9{()) 
all vanish and along the main diagonal we have %(d’"), A(r’), A(r’), mn?) 
in the order named. Let ¢, denote the transposition (r — 1, r). Then 
A(\ |i? |itp1) = 0 for j # k unless (j,k) = (1, 2), (2, 1), (3, 4) or (4, 3); 
and A(A|7|7*Xt,) = 0 for j ~ k unless (j, k) = (2, 3) or (3, 2), the non zero 
parts being scalar; say A(A | 7’ | 7*Xt,) = oj jx where E y, is the identity matrix 
of suitable degree. For the aj, we have ay = +1, a2 = —1/(p — 1), ay = 
(p° i 2p)/(p ne 1)’, a2 = 1, a33 = 1/(p To 1), ay = 1, 

Now consider the induced modular representation §(A). Since (A) is p-in- 
tegral we are justified in keeping the same refinement notation, i.e. we write 
F(A%s) = || F(A | 7’ | 2*¥s) || where each submatrix of F(AXs) is obtained by con- 
sidering the corresponding submatrix of A(A¥s) mod p. For s ¢ S,_; we have 

\| 
| 
| FA|e + 1X3) 
| oa 
F(\ Ks) = || 
| 0 


| 0 





FO| Ks) 


where F(A |p + 1%s) occupies the first two sets of rows and columns and 
F(A | 1fs) the last two sets. F(A | p + 1) is (as the notation implies) A(A | p + 1) 
taken mod p. 

Furthermore, we have 


|-z» 0 0 o| 
| 0 Ez 0 01 
| 0 Es —Es 0 
| 0 0 O Ea 


Since S, is generated by S,_1 and ¢, , the forms of these matrices show just 
how to write down the irreducible constituents (¥,(0), §,+1(0)) of F(A). (For 
p = Oand p = =p — 1 the situation differs only in that certain indicated parts 
of the refinement do not appear, and of course there are no representations 
§.(—1) and §,(p)). Summarizing we see that %,(O%s) = §(p — p, 1” fs) if 


seS,1 and F,(OXt,) = | pis 0 


Ex 
degree g’. 
This completes the determination of the irreducible representations of ©, . 
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But we can get still more information from the above process. For by Theorem I 
it follows that the lower left hand corner (last two sets of rows first two sets of 
columns) of (A) must be a numerical multiple of §2*7(0). We may, and do, 
suppose that the Cartan basis for 8, was so chosen that this numerical multiple 
(which is obviously not zero) is unity. Then we have H?*'(0¥s) = Oif se S,-1 

| | 
and Hy "(Ots) = | : oy 

To calculate $4:(0) we replace the above used form of Young’s semi-normal 
representation by the one generated by the transposes of the matrices A (A{t,) 
r= 2,---,p; and we get H?f,,:(O%t,) = | rg : | (i.e. the traaspose of 
He"(O¥t,)), and H%4:(O0%s) = Oif se Sp1. 

The final step in our program of determining all representations of ©, is the 
calculation for the elementary modules $/(0) of unmixed type. This calcula- 
tion is based upon the form (formula (11) above) of U,(0) and the following two 
facts: (1) @ = 1 and (2) ¢, commutes with every element of S,-2. It follows 
at once from ¢; = 1, H2**(OXt,) = H24,(OXt,) = 0 that H2(OXt,) = Oforr < p. 
Since S,_1 is generated by #2 , --- , tp_1 this shows that H}(O%s) = OifseG,i. 
It remains therefore only to calculate H}(OXt,). 

Considered as a representation of S,-», U,(0) takes the form 


| BN") 
| &(A’) 
| 







(Ez of degree g’). 








' 














22 


| #(d"”) 





| B(A”) 
| BN") 
| 








BN") | 
| 
| 








Since ¢, commutes with R>-2 it now follows from Schur’s Lemma that H}(O%tp) = 


|| oy E ie 
a ” - P’ | , (Ey and Ex as above). Now apply the condition t = 1 and 
2 4422 | 


we get ay = —a, = 1/2. 















9. Further specific results 


The above methods can be applied without serious additional complications 
(save in notation) to obtain similar results for Sp and Gp42. For S41 there 
is again just one block of lowest kind and the ordinary representations belonging 
to it are p-integral (i.e. when put in rational semi-normal form). For S,42 there 
are two blocks of lowest kind, and although some of the ordinary semi-normal 
representations belonging to these blocks fail to be p-integral, they become so 
after a simple transformation which does not irreparably upset the refinement 
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into submatrices. But for ©,4, with 1] > 2 no such simple transformation jnto 
p-integral form has yet been found. 

One might hope to get further information by starting with one of the known 
integral forms for the irreducible representations of ©,,, rather than with 
Young’s semi-normal form. The drawback to such a procedure is that these 
integral forms are not adapted for descent to the subgroups S,,_, of S,,. So 
when they are taken mod p their decomposition seems to be almost (if not fully) 
as difficult as that of the regular representation, and so there is no particular 
point in using them. 
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ON THE DECOMPOSITION OF MODULAR TENSORS (I) 


By R. M. THraty 
(Received December 11, 1941) 


1. Introduction 









This paper is a companion to the preceding one’ [5], so we number formulas, 
theorems, etc., consecutively from those in that paper, and preserve the same 
notation unless a change is specifically indicated. 
Let B, be a vector space over a field f of characteristic p. We are interested 
in the decomposition of the space %,, of all tensors of rank m, relative to the 
Kronecker m*» power representation II,, of the group © of all non-singular linear ; 
transformations of %, into itself. In this paper we determine the structure of 
¥,, subject to the two limitations: I. m < 2p; II. f has at least m elements. 
The first limitation is due to the incomplete state of the theory of modular 
representations of the symmetric group. The second limitation is less serious, 
although the decomposition is actually different if f has less than m elements. 
We hope to treat this case in a later paper. 
The principal results about %,, are contained in Theorems III and VII, 
together with formula (38). The problem is attacked by exhibiting the en- 
veloping algebra of II, as the commutator algebra of a certain permutation 
representation of the symmetric group of degree m. A main tool in this process ; 
is application of Remark I, below, which states that the order of the commu- 
tator algebra of a group of permutation matrices is independent of the under- 
lying field, i.e. is even the same characteristic 0 as characteristic p. 




















2. The commutator algebra of a monomial group 


An n-rowed matrix is called monomial if it has exactly one non-zero element 
in each row and column. A permutation matrix is a monomial matrix in which 
each of the n non-zero elements is 1. A diagonal matrix is a monomial matrix 
whose non-zero terms all lie on the main diagonal. 

Let %: s > A(s) = || a;;(s) || be a monomial f-representation of degree n 
of a group @; f being any field. (We call 2% monomial when each A(s) is 
monomial.) The set % of all {matrices B such that 


(21) A(s)B = BA(s) 


is called the commutator algebra of the representation %. We are interested in 
determining the nature and order of 8%. 

We first treat the case in which 9% is a permutation representation. Suppose 
that 











for all s in G 










‘Brackets refer to the bibliography at the end of the paper. 
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(22) A(s) 


| ! 
Ln(s) || 











| En || 


then (21) in the form A(s)BA(s) = B is equivalent to the equations 
(23) bits) 5s) = 6:3 1,7 = 1, +--+, n, forall sing. 


We divide the index pairs (7, 7) into systems of transitivity according to the 
equivalence relation: 


(24) (i,j) ~ (’, 7’) <— there is an s in & for which 7’ = i(s); 7’ = j(s). 
It is clear from (23) that B is a commutator of % if and only if 
(25) b;; = by » whenever (7, 7) ~ (7’, 7’). 


Lemma I. The order of the commutator algebra of a permutation representation 
(of a finite group) is equal to the number of systems of transitivity in the Kronecker 
square of the representation. 

Proor. We can consider the n’ numbers x,y; as coordinates of the general 
vector in the space on which % X Y operates. Then it follows from (22) that 
A(s) X A(s) sends the column matrix || zy; || into the column matrix 
|| LivsyY x) ||. Thus the systems of transitivity under % X are just the same 
as the systems of transitivity of the index pairs (7, 7) defined by (24) above. 
With a system of transitivity we associate the matrix B having b,;; = 1 if (i, j) 
is in the given system and b;; = 0 otherwise. The matrices thus constructed 
are clearly linearly independent; and it follows from (25) that they constitute 
a basis for B. 

A monomial matrix A can be represented uniquely as the product DP of a 
diagonal matrix and a permutation matrix. If A’ = D’P’ is a second monomial 
matrix, then the product A’ = AA’ = D”P” has D” = DPD’P™ and 
P’” = PP’. Returning now to the arbitrary monomial representation 9% we 
write A(s) = D(s)P(s); D(s) = || 6:;d;(s) ||. We have just proved that P(st) = 
P(s)P(t) and so s > P(s) is a permutation representation of © which we call 
the permutation representation belonging to Y. 

The equations (21) are now equivalent to 


(26) d;(8)b ice) is) /A (8) = bi; for all s in G, i,j = 1,---,m. 


We divide the index pairs (7, 7) into systems of transitivity according to ¥. 
Consider the subgroup § = §(i, 7) containing all s for which i = i(s), j = j(s)- 
We say that the system of transitivity containing (i, 7) is singular if for some s 
in §, d(s) ¥ d,s). [A simple computation shows that being singular is a 
property of the system of transitivity, independent of the representative (/, j) 
used to test for singularity.] If (i, 7) belongs to a singular system we have 
bs; = 0 by (26) and then by transitivity b; ;, = 0 for every (7’, j’) ~ (%, J). 
However, if (7, 7) belongs to a non-singular system then there is a commutator B 
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with bj; = 1, and by» # 0 af and only af (0’, 7’) ~ (i, 7). The equations (26) 
will never lead to relations connecting b,; and 6,» unless (7, 7) ~ (7’, 7’), so if 
there is any solution with b;; = 1, there is one with b;; = 1 and by; = 0 if 
(i’, j’) is not in the same system as (7, 7). Since the A(s) form a group, any 
equation in (26) connecting bj;s) ;¢.) and bi» is implied by those connecting 
p,; to bry with (a, 7’) = (e(s), J(s)), (e(t), J(D), (its), j(ts')). Hence our 
problem is reduced to showing that the equations (26) with b;; on the right- 
hand side, are soluble with b;; = 1. We know that for s in § they are con- 
sistent. If (i(s), j(s)) = (c(t), j(t)) then wu = tse and now calculating 
d,(t), d,(t) from the equation A(t) = A(u)A(s), we get d;(t)/d,(t) = dj(s)/d,(s) 
which establishes the consistency of the equations. We have now proved 
Lemma II. The order of the commutator algebra of a group of monomial ma- ‘ 
trices is equal to the number of non-singular transitive systems of index pairs. 
Let f and be any two fields. A group of permutation matrices can be re- 
garded as lying in either f or &, since 1 is an element of any field. Lemma I 
states that the order of the f-commutator algebra is equal to the order of the 
f-commutator algebra. We shall apply this fact below to the case where one ; 
field is of characteristic 0 and the other of characteristic p. For future reference 
we restate this (weaker) form of Lemma I as 
Remark I. The order of the commutator algebra of a group of permutation 
matrices is independent of the field of coefficients. 
The analogue to Remark I for monomial groups is not true. For consider 

















the group of order p generated by A(s) = na “ | where w is a p root of 
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unity (in a field of characteristic 0). Since w = 1 mod p, the modular image 
|1 0} 

}O0 iI" 
algebra has order 2 and the modular one order 4. 






of this group is generated by A(s) = The non-modular commutator 








3. Vanishing forms 


Suppose that f is the Galois field with qg elements. Let Yi, Yo,--- be 
indeterminants over f, and let y;, y2,~°-: be variables whose domain is f. 
Consider the ideal in f[Y:, Y2,--- ] generated by Y? — Y;,7 = 1, 2,---. 
Modulo this ideal every f-polynomial F(Y,, Y2, ---) is congruent to a unique 
polynomial F*(Y,, Y2,---) of degree less than g in each Y;, and 
Fy, yz, +++) = O is equivalent to F*(Y,, Y2,---) = 0. In particular, a 
polynomial F(Y;) of degree less than g cannot vanish over f (i.e. F(y:) = 0) 
unless every coefficient is zero. 

Lemma III. There is no non-zero ft-form P(Y;;) of degree m S q in the n 
indeterminants Y;;, such that P(y;;) det || yi; || = 0 where the y;; are n’ variables 
whose domain is f. 

Proor. If m < q — 1, then F(Y;;) = P(Y;;) det || Yi; || is of degree less 
than g in each Y;;, so P(Y;,) ¥ O implies F(Y:;) = F*(Yi) ¥ 0 and therefore 
Fy;;) # 0. This leaves the two cases m = gq — 1,m = q. The proofs for 
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these are similar, so we treat here only the harder case, m = g. Write P(Y;;) 
as a polynomial in Yy with coefficients P; = P;(Y;;) that are polynomials jn 
f[Yi2, --- , Ynnl, i.e. 


P(Y;3) = Po¥n + PiYiy’ +--+ + Pn. 
We also write 
det || Yi; || = QYu + Q. 
Then 
F(Y:;) = QoPoYit” + (QoP1 + QiPo) ¥ii +--+ + QPn. 


If we replace Y"*' by Y* and Y” by Y, F(Y;,) is replaced by the congruent 
polynomial (no longer a form) 


F'(Yi3) = (QoP2 + QP)Yit* + +++ + (QoPm2 + QPm—s) Vir 
+ (QoPo + QoPma + Q:Pm-2) Yi + (QoP1 + QiPo + QiPma)Yu + QP. 


Since F’(Y;;) is of degree g — 1 (or less) in Yy, we cannot have F’(y;;) = 0 
unless the coefficient of each power of Yi, becomes zero when Y;; is replaced 
by y:;. For i > 2 the coefficient of Yj, is of degree less than g in each indeter- 
minant and so vanishing for y;; is the same as vanishing for Y;; ; i.e. 


(27) OP: = —QPin @=2,---,m-—2. 


The lemma is trivial if n = 1. For n > 1, Q and Q, are relatively prime 
forms of degree > 1. (27) for 7 = 2 requires P; = P, = 0, for otherwise P;, 
of degree 1, would be divisible by Q) , of degree > 1. Hence, P; = P, = ::: = 
Pn» = 0. We can apply the same process to each Y;,; and conclude that 
F(yij) = 0 implies that P(Y;;) has no terms of degree different from m, 1, 0 in 
each Y;;. But then F*(Y;;) = P*(Y;,) det || Yi; || and P*(Y;,) is clearly not 
zero unless P(Y;;) = 0; this completes the proof for m = g. Observe that the 
form P(Y) = YiiYie — YuYf. shows that the lemma is false for m > q. — 

We use Lemma III as a modular substitute for what H. Wey! [6, p. 4] calls 
the “principle of the irrelevance of algebraic inequalities.” 


4. General program 


Henceforth f shall be a field of characteristic p. We are interested in the 
decomposition of the Kronecker m** power representation I,:A — Hm (A) = 
A X ::: X A (m-factors) of the full linear group © = G(n, f) of n-rowed non- 
singular f-matrices. We propose to effect this decomposition by exhibiting the 
enveloping algebra Y,, of I, as the commutator algebra of a certain permuta- 
tion representation of the symmetric group S,, of degree m. 

The order of %,, is the number of linearly independent monomials of degree 
m in N = n’ variables a;; which range freely over f save for the restriction 
det || a;;|| + 0. Hence, by Lemma III we have 
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? 


N+m-— ') 
m 
ie. is equal to the number of linearly independent monomials of degree m in N 
indeterminants. 
Let r(t1, °°* , tm)(t1, °°*y%m = 1, --- , mn) be the components of an arbitrary 
vector in the f-space %,, of all tensors of rank m; i.e. B,, is the representation 
space [6, pp. 96-98] for the Kronecker m* power representation of @. Let s 
be the permutation 1 — 1’, ---,m-— m’. We define s as a linear operator 
on 8, by the equation x’ = sx where x(t, +++, im) = (tv, +++ ,%m’). Let 
T,(s) be the matrix which describes this mapping. It is evident that 
t,:8— 7(s) is a permutation representation of degree n” of Sm . 
We call a f-matrix of degree n” bisymmetric if it commutes with every 7’,(s). . 
Since the set 8, of all bisymmetric f-matrices is the commutator algebra of a 
permutation representation, its order will be the same as the order of the set 
%, of all bisymmetric matrices in a field of characteristic 0. This latter order 


rane 
ks 


Lemma lV. Jf fhas at least m elements, then the order of Um is ( 













(6, p. 180] is known to be ( 





It is trivial to verify that II,,(A) is bisymmetric; i.e. Un C Bn. Now apply 
Lemma IV and we see that 

TueorEM III. Jf f has at least m elements, then the enveloping algebra of the 
Kronecker m* power representation of the full linear group of degree n is the set 
of all bisymmetric €-matrices of degree n”. 

Still paralleling the non-modular theory, our next step is to determine the { 
indecomposable constituents of T,,. Then we obtain the decomposed form 
of Xn, by starting with the commutator algebra of the decomposed form of T,, . 

When this is all accomplished we shall know the structure of the decomposed 
form of II ; i.e. we shall know the degrees of the irreducible constituents; the 
nature and multiplicities of the indecomposable constituents. But we shall 
still have no direct construction for the representations themselves, or much 
information about the characters of the representations. This is a general diffi- 
culty encountered when a representation of a group is studied by determining 
its enveloping algebra as a commutator algebra. The root of this difficulty is 
the lack of criteria for determining which elements of the enveloping algebra 
actually correspond to group elements. Attempts to remedy these deficiencies 
for the present theory are postponed to later papers. We also postpone any 
discussion of the case in which f has less than m elements. 






















5. The representations T,, 


We may regard &,, as a permutation group whose elements 7',,(s) are written 
on the “letters” x(i;,---,%m). Two letters x(t, +++ ,%m) and r(ji, -*+ , jm) 
belong to the same system of transitivity of Z,, if and only if the integers 
h,*++,jm are just the integers 7;,---,%m in some arrangement. We now 
arrange the basis vectors of %,, so that the letters of the several systems of 
transitivity are brought together. In the language of representation theory, 
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this exhibits the representation T,, as the direct sum [6, pp. 19, 20] of its transi- 
tive constituents. 

Let (A) = (Ar, -*+ , Ax) denote the partition m = A; + --- + ,A,>--. > 
Az > O, and let x(a1, --+ ,%m) have the first \; indices all 1, --- , the last %, 
indices all k. The permutations s such that sx(t, +--+ ,%m) = a(t, --- ,i,) 
constitute a subgroup of ©, isomorphic to S(A) = Gy, X «+: K G, (here x 
denotes group-theoretic direct product). Let S(A) denote the sum of the ele- 
ments of G(A), and suppose that s; = 1, s:, --- are elements, one from each 
coset of G(A) in S,. Then the elements s;S(A) constitute a f-basis for the 
left ideal 2(A) of R» (the f group ring of G,,) generated by S(A). Left multi- 
plication of &(A) by a permutation s merely permutes the basis elements s)S(d), 
and so &(\) is representation space for a (transitive) permutation representation 
[3, p. 110] Ta) a T «)(s) of Sm. 

It is obvious that, as left 9,,-space &(A) is isomorphic to the f-space made up 
of tensors whose only non-zero coordinates are x(% , +++ , 7m) and its conjugates 
sx(i1,°*+,2%m). Hence Tq) is equivalent to a constituent of T,, ; and, con- 
versely, it is clear that every transitive constituent of T,, is equivalent to one 
of the XT). So to know the decomposition of T,, we need only know the 
decomposition of each T,) ; or equivalently, to write each Q(A) as a direct sum 
of indecomposable left ideals of R, . 

We have S(A)” = n(A)S(A) where n(A) = Au! «== Ag!. Hence if A; (and there- 
fore every \;) is less than p, the ideal (A) has the idempotent generator e(d) = 
S(A)/n(A); and so” 2(A) = 2,,S(A) can be written as the direct sum of indecom- 
posable left ideals which are direct summands of Rp (i.e. which themselves have 
idempotent generators). Stating this in the language of representation theory 
we have 

TuororEM IV. If \i < p, Tq is a direct sum of indecomposable constituents 
of the regular representation of Sm . 

If m = p, Theorem IV covers all but one partition, the exception being 
4 = p. But TZ, is the identity representation, and so we have established 
the following theorem for m = p: 

THEOREM V. For m < 2p an indecomposable constituent of Tm is either an 
indecomposable constituent of the regular representation of Sm , or one of the irre- 
ducible representations’ $(u) of Sm . 

Proor. There is nothing to prove form < p. We proceed by an induction 
on m based upon the already verified case m = p. We suppose p < m < 2p 
and that the theorem is already verified for m — 1. Considered only for ele- 
ments of Sn_1, Tm is just T,,_1 repeated n times. Hence, any indecomposable 
constituent of T,, must, when considered only for elements of S,,-1 , split into 
indecomposable constituents of T,_1. 

Reference to Theorem I shows that Theorem V is false only if (I) Tn has 





2See Theorem I [1], p. 9. 
’The notation §:(u) is explained in [5], §6. 





5H 
com| 
to sl 

TI 
Thet 
woul 

Le 
irrec 
B et 
cons 

B 
kind 
is re 
any 
able 
som 
cons 
cons 
a di 
Thee 


Ir 
repr 
repe 
sent 


whe 
The 
of 
mut 











DECOMPOSITION OF MODULAR TENSORS 677 








*(u),j > 1, as an indecomposable direct constituent, or (II) T,, has an inde- 















nei composable direct constituent of Loewy length 2. We now apply Corollary I 
to show that either I or II contradicts our induction hypothesis. 
‘2 The application to I is immediate. For let (u) be a partition of 1 = m — p. 
st M Then since m > p, there will be some 7 for which yu; > ui; ; and so §,(u) in T,, 
» In) would require §;(u|7) in [1 , contrary to our induction hypothesis. 
eX Let B be an indecomposable representation of S,, of Loewy length 2, whose 
ele- irreducible constituents are §;(u),7 = jo, --+,jo + 7,7 2 1. Let B* denote 
each % considered only for elements of S,1. If B is an indecomposable direct 
: the constituent of T, , then B* is a direct constituent of Tp. . 
ulti- By Corollary I, the irreducible constituents of ¥* will be either of highest 
(2), kind or of the form §;(u | 2) for 7 in the range jo, --- , jo + r. Since no §,(u) 
tion is repeated in ¥, it follows from Corollary I that no §;(u | 7) can be repeated in , 
any indecomposable consistuent of B*; and so ¥* can contain no indecompos- ' 
st able constituent of Loewy length 3. Since r = 1 and m > p, ¥* must contain 
ates 


some F;(u| 2) for 7 > 1. This ¥,(u|7) must lie in an indecomposable direct 
constituent of B* of Loewy length 1 or 2. But then ¥* cannot be a direct 
constituent of Tm, , because of our induction hypothesis; hence ¥ cannot be 
a direct constituent of T,, ; i.e. II is impossible. This completes the proof of 
Theorem V. 









6. The commutator algebra of f,, 


Instead of studying T,, itself, we investigate the more general case of any 
representation which is the sum of any number of the representations T,) , ! 
repetitions permitted. Let % denote the decomposed form of any such repre- 
sentation. We group the constituents of ¥ in such a way that 


- 
wad 

















(28) Y= 









where B, consists of all the constituents of ¥ that belong to the block 8, of R» . 







an 

re- The blocks 8, correspond to two-sided ideals that are minimal direct summands 
of R,. Hence the commutator algebra Y of ¥ is the direct sum of the com- 

ion mutator algebras YW, of the B, i.e. 

» B, 

le- 

ble (29) Ww = Ws 

ito ms | 

1as If B, belongs to a block of lowest kind, it will just be an §(A) repeated, say, 





times. Then,‘ since §(A) is a total matrix algebra, YW, is equivalent to the 


—— 









*Cf. [6], p. 92. 
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total f-matrix algebra of degree 6 repeated f(A) times, where f(X) is the degree 
of F(A). : 

If B, belongs to a block B, = B(u) of highest kind, the situation is somewhat 
more complicated. For simplicity in notation we drop all arguments (u) from 
the letters denoting representations and matrices. According to Theorem V, 
¥%, has the form: 


E,, x oi 


E,, x UW 
(30) B, 














E,,-1 x Up, 


where E, is the unit matrix of degree vy and X denotes Kronecker product. To 
obtain uniformity in notation we set §:1 = Uo. Suppose that W;,;U;(s) = 
U.(s)W;;, for all s in S, , and denote by A;; any fmatrix of y, rows and 7; 
columns, 7,7 = 0,---,p— 1. Then 


Aw X Wo -++ Aop-a X Wop-1 
(31) W, = cay 











Ap-10 X Wy-10 +++ Ap-ip-a X Wo-1p1 


is an element of Y&, ; and, conversely, any element of Y&, can be written as a 
linear f-combination of elements of the form (31). 

To determine the number h;; of linearly independent W;,; we use the Cartan 
matrix for the block $ and apply the general theory of intertwining matrices.’ 
The result is that h;; = 0 (and therefore W;; = 0) unlessj is7 — 1,72, or7 + 1. 
ho = Lj hig = 2,0 = 1,-++,p — 13 Aig = hina = 1,7 = 0,---,p -— 1. 
Since the A;,’s are arbitrary this gives 


(32) yo + 2yov + Qi + 2yrye + ++: + 25-1 
= (yw +n) + (m+) +--+ + Yp-1 


for the order of %, . 

To determine the structure of %, we must know the form of all the Wij. 
We subdivide W;; so that the rows of its submatrices are the same as the rows 
occupied by the irreducible constituents of U1; and the columns of the sub- 
matrices are the same as the rows occupied by the irreducible constituents 
of U;. See formula (11) for the form of the U;. We omit the details of the 





5 See, for instance, Theorem 4 [4], p. 648. 
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le 
- computation. f; denotes the degree of §;, 0 stands for the zero matrix of 
what proper size. 
from Ww =||aZ;, ||, Wa=l|laz,, 0 Of, 
m V 
0 aE fi 0 0 0 
| Whe ie 0 aE fi-1 0 0 
bE fi 0 0 aE;, 
0 0 0 | | 09 0 0 O 
0 0 0] laE,, 0 O 0| 
Wiss _ e Wiss: = | | 
na aE;,,, 0 0 O] | 0 0 0 0 
™ 0 aE;,0 0} | 0 0 ak;,,, 0| 
The a’s appearing in different matrices W;,; are totally unrelated; for i = 1 
andi = p — 1 the rows and columns of the W;,; that correspond formally to 
jo) and §, are to be deleted. 
After a suitable shifting of rows and columns, 8, takes the form 
E;, X @ 
is a (34) | 
. 
‘tan E;,-. X B"| 
3 Le . . . : 
“ where Y' is the indecomposable matrix algebra given by 
“1. 5 | 
i—1 i—1 
fet g Pais) 
(35) Ww = iH 0 ait | +=1 ‘a = - 
$i fla Sia F'] 
‘p-l ; 
(For? = p — 1 the rows and columns of §” are deleted.) Each §° is a total 
f-matrix algebra of degree y; and the §} are total f-matrix sets of degrees indi- 
, cated by their positions in QW". 
WS It is of some interest to observe that if (I): y; + 0 implies y, ¥ 0 for all 
ib- » < i, holds for ¥, then the commutator algebra of YW, is just the enveloping 
nts algebra of Y. > 
the 






7. Multiplicities of the constituents of T,, 


We continue to regard Tq) , Tm, a8 permutation representations of S,, with 
the given f of characteristic p as underlying field. We shall denote by To» ; 
, the same permutation representations of S, , but now regarded as made 
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up of matrices in a field & of characteristic 0. The structure of the representa- 
tions Tin . $° is well known.° Denote by 6(A) the multiplicity of MA) in To: 
by 6(A¥X’) the multiplicity of 2{(A) in Tiny 

If the diagram of (A) has no hook of length p, i.e. if §(A) is of highest kind. 
then §(A) occurs 6(A) times in T,, and 6(Afd’) times in Ta. If the diagram 
of (A) has a hook of length p, say (A) = \*(u) then we set 6(A) = 5:(u) and 
5(AYA’) = 6:(u¥d’). We let yo(u), vi(u), +++ » Yp—1(u) denote the multiplicities 
in FT, of Fi(u), Ui(u), «++ , Upr(w) respectively; and let yo(uSN’), +++ , ypa(uiin’) 
denote the corresponding multiplicies in Tq). In formulas where they appear 
formally we set yp(u) = Yp(ubdA) = 0. 

We get relations between the 6’s and the y’s by counting the multiplicity of 
the modular irreducible constituents in two ways. Considering T,, as the 
modular representation induced by pe , it follows from the form of the decom- 
position matrix’ D(x) for the block B(u), that §.(u) oceurs 6;(u) + 4:4:(u) times 
in T,. On the other hand, using the Cartan matrix C(u) for the block 8(,) 
we see that §:(u) occurs y:is(u) + 2yi(u) + visi(u) times in T,,. Hence 


(36) 6i(u) + bi41(u) = yi-(u) + 2yi(u) + visr(u), fe i, +++ p— 1. 
The same reasoning applies to T,) giving 
Bi(u¥A) + Sizr(ulr) = via(u¥r) + 2yi(uhr) 
+ visi(uir), t 


We can now state the main theorem on multiplicities: 

TueoreM VI. If the diagram of (X) has no hook of length p then §(A) occurs 
exactly as often in Xm as A(r) occurs in T,. For a block B(u) of lowest kind 
we have: 


(37) 


II 


Listn p= 4. 


Yp—1(14) — 5p(u) 


(38) Yp-2(m) = 5p—1(u) 7 5p(u) 


Yr~i(M) = Spi4s(u) — Bp-s(u) + ++ + (—1)°6p(u). 


Only the second part requires additional proof. If we add to equations (36) 
the single equation 


(39) di(u) = yo(u) + (nu) 


then a simple computation shows that (38) is the only solution of the aug- 
mented system. Hence to prove our theorem it is sufficient to establish (39). 
We do this by showing that 


(40) b1(u¥A) = yo(utA) + yi(uXA) 





6 [3], Chapter IV, especially pp. 110, 128, 129; [6], Chapter VII, §§5, 6, 7. 
7 [5], formulas (3) and (4). 
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for every partition (A) of m, and then using the fact that T,, is a direct sum of 
constituents Ta). Of course (40) in the presence of (37) leads to the following 


analogue of (38): 
Yp-i(HIA) = Sp-i+i(u ir) 
= Bp i(uB) $v + (DMG), f= 1, ++. 


We arrange the partitions (A) of m and the partitions (u) of 1 = m — p in 
dictionary order (i.e. (A) precedes (A’) if the first non-vanishing difference 
\, — \; is positive). The verification of (40) is an induction argument, along 
the following lines: We suppose that (40) has been established for all T,) pro- 
vided (u) precedes a given (u’). Then we exhibit one (d°) (actually \¥(u°)) such 
that Fi(u’) is the only constituent of B(u") which appears in Tao). Let N(*) 
denote the order of the commutator algebra of any representation, *, of S, . 
Then by Remark I we have 


(42) N(B) = N(B’) 


where 8 stands for any sum of Tq) and &° is the sum of the corresponding 
Ti). We establish (40) by solving for 6,(u°SA) in the equations obtained from 
(42) by setting Y= Ta ’ Ta) ; Ta) + Tao) in turn, 

An important step in this process is the proof that a suitable (\°) exists. To 
accomplish this we analyze the character® of T%,-) , where (A’) is any partition 
of m, and obtain the following 

Lemma V. Y(A’) occurs exactly once as a constituent of Tix) , and A(A) cannot 
be a constituent of Xa) af (X’) precedes (X); i.e. 


(43) 5(\’ tA’) = 1, 5(AYA’) = O unless (dr) precedes (X’). 


We observe that if (u°) precedes (uz) then \!(u") precedes \'(u), and for any (y), 
M(u) precedes A‘(u) if 7 > 1. Then from (43) and (37) we get (since the y’s 
and 6’s are non-negative integers), 

Lemma VI. Let (°) = A(u°) = (ut + Dp, we, °°: ). Then (i) tf (u’) pre- 
cedes (u) Zo) contains no constituents from the block B(u), and (ii) F(u’) is the 
only constituent of Xo) belonging to the block B(u°) and it occurs with multiplicity 
one (i.e. yo(u MX) = 1). 

In §6 we saw that the commutator algebra of a representation 8 = > Tar) 
can be computed block at a time. Let N(%, (u)) denote the contribution to 
N(&) of a block of lowest kind and N(%, (A)) the same for a block of highest 
kind. Then (see formula (32)) we have 


N(&, (u)) = 2a (Hy via”) + y(uln’))’s 
N(B, (a)) = (3%, Sata’)? 


(41) 


(44) 


and for the total order 
(45) N(B) = © NB, (w)) + VL MB, 0), 


—_——. 


[2], pp. 71, 94; [3], p. 110; [6], p. 205. 
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where the first sum is over all partitions (u) of / and the second sum is over aj] 
partitions (A) of m whose diagrams have no hook of length p. 
For the corresponding non-modular representation B° we have analogously 


N(B, (d)) = (do, (atr’))’, 


and N(%°) = >> N(%’, (A)), the sum extending over all partitions (A) of m. 
For comparison with N(&%) it is convenient to group together those N(’, (,)) 
for which the representations §(A) belong to the same blocks. Thus we obtain 


(46) N(B’) = DNB’, (w)) + DNB’, A) 
where the summation ranges are the same as in (45) and 
(47) N(R’, (u)) = Dds N(R’, d*(u)) > Dr (> 5:(uXr’))”. 


By Remark I the difference N(%°) — N(%) is zero. Observe that the 
N(&%’, (A)) and N(&%, (A)) from (45) and (46) cancel. Furthermore, by our in- 
duction hypothesis, (40) holds for any (u) which precedes (u°); this in turn 
implies that N(¥’, (u)) = N(%, (u)) for any (u) which precedes (u’). Hence we 
have 


(48) 0 = 2 N(R’, (u)) — N(B, (u)) 


where the summation extends over all (u) (including (u°)) which do not 
precede (u’). 

Now let (A) be any partition of m. By (43), (47), N(Zox + Tro), (u)) = 
N(Zoy , (u)) if (u) follows (u’). By Lemma VI and (44), N(Za) + Tas) , (u)) = 
N(ZXq) , (u)) if (u) follows (u’). Hence if we subtract (48) for 8 = Ta) from 
(48) for 8 = Ta) + Tao) the only terms which do not cancel are those involving 
(u°’). This leads us to 


N(Zoy + To, (u’)) — N(Toy(u’)) 
= N(ZTa + Tay, (’)) — N(To, (u')). 


Now substituting in this from (44) and (47) and referring to (43) and Lemma VI 
for the values of 5;(u°SA°), y:(u°YA°) we have 


[(5x(w¥A) + 1)? + d0(uKA)? +--+ + 5p(u°KA)?] — [81(uKA)? +--+ + Sp(w'HA)’) 
= [Cro(u"Q) + i(wQ) + 1)? + (y(wQA) + yo(wQA))® Foes + yale)’ 
— [(yo(u’XA) + yi(u'hr))? + eee + Yp-1(w YA)’ 


(49) 


or 


251(u'¥A) + 1 = Wyo(u¥r) + yi(uHA)) + 1 


which is the same as (40). Observe that the argument above applies to the first 
partition, 4; = 1 of 1; hence our induction is complete and Theorem VI is fully 
established. . 


In 
to ad 
perm 
charé 
If we 
theo! 
Lem) 
woul 
plica 


only 
nota 


deno 
of | 


yi(u) 
all t! 


(i.e. 












ver all 


Isly 





of m. 


» (A)) 
btain 








the 
r in- 
turn 
€ we 
































DECOMPOSITION OF MODULAR TENSORS 683 





In words (49) says that the change in order of the commutator algebra, due 
to addition of one particular permutation representation to another particular 
permutation representation, is the same, block by block, characteristic 0 as 
characteristic p. Remark I states merely that the total change is the same. 
If we could strengthen Remark I to a block by block form, the proof of the above 
theorem could be much shortened, as then one could omit everything between 
Lemma VI and formula (49); and of course any such improvement of Remark I 
would be of interest in the general modular theory entirely aside from its ap- 
plication here. 


8. The Kronecker m*" power of the full linear group 


In order to describe the structure of the enveloping algebra %,, of II, we have 
only to put together the results of the preceding sections and introduce a suitable 
notation for the constituents. 

Let (A) be a partition of m whose diagram has no hook of length p. Then we 
denote by G(A) the total f-matrix algebra of degree 6(A). Let (u) be a partition 
of1=m—p. Then we denote by G;(u) the total f-matrix algebra of degree” 
yi(u), and by @}(u), for j =7— 1, 7,7 + 1, the set of all y:(u) by y,(u) f-matrices; 


all this for 7 = 0, --- , p — 1, with the usual conventions for 7 = 0,7 = p — 1 
(ie.,7 < 0,7 > p — 1 are excluded). Finally, we set 
G;(u) 
: Gi "(u) Gj (u) 
(50) U(y) = ; | ¢=e yp d. 


Gi *"(u) 0 G; .1(u) 
Gi(u) Gi-alu) Gisilu) Gu) 


We can now state the main theorem on the structure of Un . 
TaeoreM VII. Form < 2pand f any field (of characteristic p) containing at 
least m elements, the enveloping algebra Um , of the Kronecker m*” power representa- 
tion Im , of the full linear group G, of n-rowed non-singular f-matrices, has the 
following indecomposable (direct) constituents: (i) If (A) ts any partition of m 
whose diagram has no hook of length p, then @(A) appears f(r) times as an inde- 
composable constituents of Um ; where f(r) is the degree of the ordinary irreducible 
representation of Sm defined by (A). (ii) If (u) is any partition of | = m — p, 
then U'(u) appears fi(u) times as an indecomposable constituent of %Am, 
t=1,---,p—1, where f,(u) is the degree of the irreducibie modular representation 
Bi(u) of Sm. 

The theorem follows from Theorem III, the formulas of §6, and Theorem VI. 
The degrees f(X) are well known [6, p. 213], and for the ” f;(u) we have 


(51) flu) = fH) — fA) +2 + (-D FO) 


a 














* See formula (38) for the value of y;(u). 
"Cf. [5], formula (20). 
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where” \’(u) is the partition of m whose diagram T has a hook H, of length D 
and height (vertical length) j, such that 7 — H is the diagram of (uz). 

Any indecomposable constituent of %,, affords an indecomposable representa- 
tion of G. We shall consider the symbols G(A), U(u), G.(u) in two wavs: 
first, as they are defined above; and second, as denoting representations of 6: 
for instance (A) is the representation A — G(AXA), where G(A{A) is the matrix 
in @(A) assigned to II,,(A) considered as an element of %,,. We define the 
matrices U'(ufA), Gi(ufA) analogously. Then the G(A), G,(u) are all the ir- 
reducible representations of © which are induced in the space of tensors of rank m. 
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nta- 
ays: I. Fundamental Concepts and Isotopy 
f G; 
atrix By A. A. ALBERT 
the (Received January 5, 1942) 
“i 1. Introduction 
The study of non-associative algebras has already vielded much of interest 
and importance. Indeed those special theories” in which the associative law is 
replaced by a substitute have each been of an extent and of an interest almost 
comparable to that of the theory of associative algebras. 1 
The results on non-associative algebras in which one does not assume a type 
38), of partial associativity’ have almost* all been of a rather primitive kind and have 
heen scattered through the literature. They have, in particular, not emphasized 
tric adequately the important fact that many of the properties of arbitrary linear 






algebras are equivalent to certain properties of related sets of linear transforma- 
tions in which multiplication then does satisfy the associative law. The fact 
that there is a rather surprisingly large number of non-associative algebras of 
orders two and three has been noted’ but it has not been recognized before that 
this is at least partly due to the undesirable narrowness of the concept of equiva- 
lence for algebras other than associative algebras with a unity quantity. 

It is the purpose of that part of the study of non-associative algebras which 
we shall begin here to emphasize the facts noted above by providing an appro- 
priate formulation of the fundamentals of the theory of arbitrary linear algebras. 
Thus we shall devote the first portion of our present discussion to the process of 
relating the elementary properties of an algebra %{ to the corresponding proper- 
ties of three attached linear spaces of linear transformations on &. We shall 
then introduce the concept of isotopy of algebras, an extension of the concept of 
equivalence which coincides with the latter concept in the case of associative 
algebras with a unity quantity. Our discussion will conclude with an extensive 








— 












‘Presented to the Society September 5, 1941. Most of the results of this paper were 
announced also in lectures at Princeton and Harvard in March 1941. 

* We refer here first to the theory of alternative algebras for which see M. Zorn, Theorie 
der Alternative Ringe, Hamburg Abh., vol. 8 (1930), pp. 123-47, Alternativekérper und Quad- 
ratische Systeme, loc. cit., vol. 9 (1933), pp. 395-402. A second such theory is that of Lie 
Algebras for which see N. Jacobson, Simple Lie algebras over a field of characteristic zero, 
Duke J., vol. 4 (1938), pp. 534-51. Finally Jordan algebras are described in P. Jordan, 
J. v. Neumann, and E. Wigner, On an algebraic generalization of the quantum mechanical 
formalism, these Annals, vol. 35 (1934), pp. 29-64. The articles quoted contain bibliog- 
raphies of their subjects and it should be remarked here that the theory of Jordan algebras 
has been generalized by G. Kalisch in his Chicago doctoral dissertation. 

* Cf. L. E. Dickson, Linear algebras with associativity not assumed, Duke J., vol. 1 (1935), 
pp. 113-25. 

‘For a paper not of this type see footnote 6. 
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686 A. A. ALBERT 


consideration of the question as to what properties of an algebra are preserved 
when we pass to an isotope. 

It is the author’s hope that the study begun here may ultimately lead to a 
solution of the problem of determining all simple algebras with a unity quantity, 
at least in a sense like that in which we say that the corresponding problem for 
associative algebras has been solved. A fundamental part of the associative 
algebra theory consisted of the definition of the known types of algebras, that is, 
the cyclic algebras and the crossed products, and such definitions will also be 
required for the non-associative case. We shall provide at least a very extensive 
part of this requirement in Part II of the present study. There we shall define’ 
a class of non-commutative simple algebras with a unity quantity containing all 
such algebras which have been considered thus far in the literature as well as a 
very rich variety of new types. 


2. The multiplication spaces of an algebra 


A linear algebra of order n over a field § is, in particular, a linear space of order 
n over §. But all linear spaces of the same order are equivalent. Thus we may 
regard all algebras of the same order as having the same quantities but with 
different laws for forming products. In particular we may take our quantities 
to be vectors, that is, one by m matrices 


(1) @ = (a, +++ , Gn) (a; in §). 


An algebra 2 now consists of the linear space & of all the vectors (1) together 
with a set of n* quantities y;; in § such that the product 


(2) WU = ax = (a1, +++ On)-(E1, -++ y En) = (un, °° + 5 Mn) 


of any two quantities of 2 is defined in & by 


n 


(3) w= b Os Vigk &] (k = & eka n). 


i,7=1 


Define I” to be the n-rowed square matrix with yi in the i row and k* 
column, and write 


(4) T; -_ rs, +. ae 4 rs. . 


so that I” = I,, where e; is given by (1) with a; = 1 and all the other a; = 0. 
The customary row by column definition of a matrix product does not include 
the definition of ax and so a-x ¥ az. However it is clear that 


(5) a-x = aIr., 
where aI’, is computed as usual. Matrix multiplication is associative and so 


(6) (a-x)-y = (al .)T, = a(T.T,). 





5 This definition has already been presented by the author in a lecture at the University 
of Cincinnati, November 15, 1941. See also the author’s paper on Quadratic forms permil- 
ting composition, these Annals, this volume. 
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a-(x-y) = al., wu=ny=a%l,, 


and 9 is associative if and only if .T, = T, for every xand y. We shall obtain 


another criterion later. 
The linear transformation , on & whose matrix is I, is the correspondence 


(8) a— ak, = a-a, 


and is called a right multiplication of A. Its matrix I, depends upon our choice 
of the linear space equivalence between % and %. However the transformation 
R, does not depend upon this choice. We shall therefore study the properties 
of R, rather than of [,. However our present notation aR, for the result of 
applying R, to a has the advantage that aR, = aI, so that in computations 
we may replace R, by its matrix. We shall not use the author’s earlier nota- 
tion a®?, 
The set 


(9) R(X) 


of all right multiplications of % is a linear subspace of order at most n of the 
total matric algebra (%), (of order n’ over §) of all linear transformations on &. 


The correspondence 


isa linear mapping of 2 on R(Y), and R() is spanned by R., , --- , Re, . 

We may now state that any algebra % of order n over § consists of a linear 
space 2 of this same order, a linear space R(2) of order m S n over § consisting 
of linear transformations on &, and a linear mapping (10) of 2 on R(Y%). Con- 
versely let 2 and a subspace 9 of (%), be given such that the order of Jt is at 
most n. Then we may select any n transformations R“ which span Nt and 
define R, = RE, + --- + RE, . This then determines a linear mapping of & 
on Xt and hence an algebra Y with N = R(YW). It is particularly important to 
note that 9 is completely arbitrary save for the upper bound n on its order. 

The linear transformations L, given by 


(11) a—x-a= al, 


are called left multiplications of & and form the left multiplication space L(%) 
of Y. This space and the linear mapping 


(12) z—L, 


of £ on L(%) determine and are completely determined by R(Y) and (10). 
For the matrix of L, is Az = A%% +--+ + A’”:, , where A” is the matrix 
with 7; in the j** row and k column. Correspondingly L”& + --- + L&, = 
L; so that L(%) is spanned over § by L™, --- , L™. 

The right and left multiplication spaces of % generate another linear sub- 








OAR ORTEE 
eine 


oe 


= re ee 
Ae 


pant 
RNS A Gt 





TN ees 
tn a 






















688 A. A, ALBERT 


space of (§), which we shall call the transformation algebra of A. It is the 
algebra 


(13) T(X) = GU, R,---,R”,L”,---, DL 


of all polynomials with coefficients in § in the R® which span R(%), the L” 
which span L(%) and the identity transformation I of (§),. All three spaces 
R(%, L(2H, 7(20D will be used to describe properties of 2 and we shall call them 
the multiplication spaces of YF. 

The scalar extension %, of % by any scalar extension field & of § is the set 
of vectors (1) with the a; in & and with a-zx defined in Ye by the same 7; jx as 
define %{. Then clearly we have the same R and L“, and 


(14) R(Xe) = [ROW]e, LAs) = [LOW]e, Te) = [TMle. 


When we begin to discuss more than one algebra %{ defined for the same ¢ 
it will be necessary to distinguish 9 from the fixed linear space & of the quantities 
of 2{. However no confusion will arise if we speak of a linear subspace of 
as a subspace of 2 and this will be desirable, of course, in discussing subalgebras 
of %. 


3. Products of spaces 


In our study of the multiplication spaces of an algebra we shall need to use 
the notations for products of spaces of both the algebra 9% and the algebra (§), . 
We define the product 


BE 
of any two linear subspaces of an algebra % to be the linear subspace over § 
of 2% spanned by b;-c; (¢ = 1, ---,8;7 = 1,---,8, where bh, --- ,b, span 8 


and ¢,,--:,¢,span ©. Then the square 8” = %% is defined and we define 
the right power B**? = B*¥. 

If a is in %& the subspace (of order zero or one over §) of 2 spanned by a will 
be designated by a§. Then we write a$ for (a§)% and similarly Ba for B(a§). 
If c is also in %& we write (aB)c for (aB)(cF) and a(Bc) for (aF)(Be). If Wis 
associative and %, ©, D are linear subspaces then (GG)D = B(CD), bd is 
defined to be (b@)d = b( Gd) for every b and d in Y. 

The definitions above apply of course both to subspaces of any algebra 2 of 
order n over § and to subspaces of (§),. However let 8 be a linear subspace 
of & and © be a linear subspace of (§),. We define 


(15) BS 


to be the linear subspace of % spanned over § by the products bS for } in $ 
and Sin ©. Then we have defined the product operation (15) as an operation 
on 2%, (§)n to A. We also define bS = (b§)S, BS = BSG) for all linear sub- 
spaces B of % and S of (%), , and all quantities b in Y and Sin (§)n. Clearly 
(SS)X = B(ST) for all linear subspaces B of A and S and & of (§)n- We 


now prove N. Jacobson’s 
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Lemma 1. Let 9 be a nilpotent subalgebra of (§),. Then AN ¥ A or zero. 

For % + 0 and contains an S ¥ 0 of (§),, aS ¥ 0 for some a of A and is in 
gn ~0. If AN = Athen AN? = (ANMM = AN = A and AN* = Y implies 
that aN"? = (AN)R = Wt = A. Hence AN’ = A for every t. But 
y'' = 0 for some t, 21 = O which is impossible. 

If E is in (%), and © is a linear subspace of (%), the condition ES = ESE 
means that ES = EUE for every S of S where U in G is determined (but not 
necessarily uniquely) by S. However when £ is an idempotent, that is FE” = E, 
the property ES = EGE is equivalent to ES = ESE for every S of S. For 
ES = EUE = EUE’ = (EUE)E = ESE. 














4. Subalgebras 





If 8 is a linear subspace of an algebra % the set of all R, for y in % is a linear 
subspace of R(2), the set of ali L, is a linear subspace of L(%), and these sub- 
spaces, together with J, generate a subalgebra of 7(2(). We designate these 
three linear subspaces of 7'(2) by 


(16) R(B, WM, Li, W, 


respectively, where 7(%, 2) is the set of all polynomials with coefficients in § 
in the R, , the L, and I. 

If 8 has order m < n over § we may express % as the supplementary sum 
$+ € where € has order n — m. This means that every a of YI is uniquely 
expressible in the form a = b + c for bin S$ andcin ©. However C€ is by no { 
means unique. We now define a mapping 


E: 







T(%, W 























a=b+c-b=ak 





of {on B. Itis an idempotent lincar transformation of rank m, that is, H’ = E 
and m is the rank of the matrix of Z. We then have $ = YE where E£ is char- 
acterized by the property that a = a£ if and only if a is in 8, aE = O if and 
only ifaisin ©. A corresponding idempotent for € is] — E. We now have 

Lemma 2. Let % be a linear subspace of order m of UX so that B = AE for an 
idempotent E of rank m in (%)n. Then B is a subalgebra of A if and only if 
EIR(B, 0] = ELR(B, WIE. 

For % is a subalgebra of % if and only if aZ-y = (aE-y)E for every a of 
and y of B. Then aER, = aER,E, ER, = ER,E and we have our lemma 
since E” = E, 

Note that also y-aE = aEL, = aEL,E, E[L(%, %] = E[L(%, WIJF. Since 
EIE = E = EI we see that HU = EUE for every U of IF, R(&, 2), L(%, %). 
But if ES = ESE and EU = EUE we have E(S + U) = E(S + U)E, ESU = 
ESEU = ESEUE = ESUE. Hence E[T(%, 2] = E[T(S, WIE. The con- 
verse is trivial and we have 

Lemma 2’. Let 8 = AE asin Lemma 2. Then B is a subalgebra of U af and 
only if E[T(B, W] = E[T(B, WIE. 
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5. Ideals 


A subspace % of an algebra 2 is a right ideal of 2% if and only if y-z is in § 
for every y of $ and x of A. Then S = WE for an idempotent E of rank equal 
to the order of 8 over § and & is a right ideal of YU if and only if either of the 
following conditions 


(17) L, = LE, ER, = ER,E (x in %, y = yEin ¥) 


holds. For y-« = xl, = cL,E, y = ak, ak -x = aER, = aER.E. We may 
state this result as 

Lemma 3. Let 8 = YE for an idempotent E of U. Then B is a right ideal 
of U af and only if ER(Q) = ERQHE. This is equivalent to the condition that 
L(%, %) be contained in [L( MIE. 

In the theory of group representations the property FR(M) = ER(ME for 
E # 0, J is called the property that R() is a reducible set of linear transforma- 
tions. We shall not use this terminology again here. 

Left ideals are defined similarly and $ = YE is a left ideal if and only if 
EL(M) = EL(QE, and thus if and only if R(S, W% is in [R(WIEL. We call $ 
an ideal of 2 if it is both a left and a right ideal. This occurs if and only if 
8 = AE where EU = EUE for every U in either R(Y) or L(A). As in the 
proof of Lemma 2 we have EU = EUE for every U of T(2) and have 

Lemma 4. A linear subspace 8 = YE of A is an ideal of A af and only if 
ET(M) = ET(OE. 

We shall call a quantity a of Y right singular or right non-singular according 
as R, is or is not singular. We then have 

Lemma 5. Let 8 = YE be an ideal of A and a be a right non-singular quantity 
of U. Then E(R.) = E(R,)~E. 

For R, is in the associative algebra T(%) and so is (R,), ET(M) = ET(WE. 

We next prove 

Lemma 6. Let P be in (§)n and §[P] be a field of degree n over §. Then EP = 
EPE for an idempotent E of (§)n if and only if E = I or E = 0. 

For let EP = EPE and E ¥ 0. Then EP is in the total matric algebra 
E(§),E with unity quantity E, a total matric algebra whose degree m is the 
rank of E. If EP* = EP*E then EP**! = EP*EP = EP*EPE = EP*"E, 
EP‘ = EP'E for every t. But then (EP)' = EP'E since from (EP)" = EP'E 
we have (EP)*"' = EP*EEP = EP*"E. It follows that ¢(EP) = H¢(P)E 
for any polynomial ¢(P). But if ¢(A) is the minimum function of P it is an 
irreducible polynomial of degree n and ¢(EP) = 0. This is impossible when £ 
is singular since the minimum function of EP in a total matric algebra of degree 
m <n has degree at most m. Thus E = J. 


6. Divisors of zero 


If b is right non-singular the equation x-b = a has the unique solution _ 
a(Ry)*. However there exists a c ~ 0 such that c-b = 0 when b is right 
singular. We shall call b a right divisor of zero if it is a non-zero right singular 
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quantity. Left singularity and left non-singularity as well as left divisors of zero 
are defined similarly, and it is clear that an algebra contains right divisors of 
zero b if and only if it contains left divisors of zero c. 

A quantity b of an algebra % is called an absolute right divisor of zero if b ¥ 0 
and a-b = O for every a of A. But then R, = 0. This can occur only if the 
linear mapping x — R, of A on RY) is singular, that is, if and only if R(X) has 
smaller order than 2%. Similarly L(2{) has order less than the order of Y if and 
only if some quantity 6 in 2! is an absolute left divisor of zero, that is, L, = 0 
and b # 0. Each absolute right (left) divisor of zero spans a subalgebra 
¥ = b¥ of YA which is a zero algebra of order one and is a left (right) ideal of Y%. 
In fact we have 

Lemma 7. A linear subspace 8 = AE = b§¥ for an absolute right divisor of 
zero b of U if and only if EL(A) = 0, E has rank one. 

For 8 = b§ = WE where E has rank one. Then aE is zero or an absolute 
right divisor of zero if and only if z-aK = aEL, = 0, EL, = 0, EL(X) = 0. 

If T(4) = 1% then R, = al, L, = BI for every a of AX where a and @ are in §. 
If R, ¥ 0 for some a then x-a = aL, = tR, = ca X Oand L, ¥ 0. It follows 
that the mapping x — L, is one-to-one, n = 1. Similarly if L, ¥ 0 we have 
n=1. Thusn > 1 implies that 7(%) = J§ only if RW = LOA = 0, Aisa 
zero algebra. The converse is trivial and we have 

Lemma 8. The algebra T(X) = I§ of and only of A is a zero algebra or n= 1 
and A = &. 

We call b an absolute divisor of zero if it is both an absolute right and an abso- 
lute left divisor of zero. For algebras containing such quantities we have 

Lemma 9. An algebra % contains absolute divisors of zero if and only if there 
exists a non-zero idempotent E of (§)n such that ER(M) = EL(A) = 0. Then 


(18) T(X) = S + 8 


where S is the set of all transformations S of T(1) such that ES = 0 and is an 
ideal of T(2). 

For if b is an absolute divisor of zero the proof of Lemma 7 implies that there 
exists a non-zero idempotent E such that ER(Y) = EL(Y) = 0. Conversely 
if ER(X) = EL(M) = O the quantities of YH have the property aE -x = aER, = 

= aEL, = x-aE. Then AE ¥ 0 consists of zero and absolute divisors of 
zero. The quantities of 7(2) are sums of scalars al for a in § and products 
U = U, --+ U; for the U; in R(H) and L(Y). Then EU = 0. Hence every 
transformation of 7(2) is expressible as a sum S + al with ES = 0 and a in §. 
Since 7(2) contains 1% we have S in 7(%), and (18) holds. That © is an ideal 
of { follows from the property that if U and S are in S then E[U(S + al)] = 
EU(S + al) = 0, E[(S + al)U] = ESU + EUa = 0. 


7. Simple algebras 


An algebra % is said to be simple if % is not a zero algebra of order one and Y% 
is the only non-zero ideal of A. We define the %-centralizer of any set of 
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quantities of any algebra % to be the set of all quantities & in Y such that 
k-h = h-k for every h of © and see that this set is a subalgebra of 9 if 9 js 
associative. Then we may prove 

Lemma 10. The algebra T() is simple if and only if YU is either simple or 
T(%) = I§ and Y is a zero algebra. 

For let 7(2) be simple. By Lemma 9 if % contains an absolute divisor of 
zero we have S = 0 in (18) and Y% is a zero algebra, by Lemma 8. Hence 
let 2 be not a zero algebra and suppose that 8 = YE is a non-zero ideal of 9 
for an idempotent EF + 0 of (§),. We define © to be the set of all S in 7() 
such that S = GE. By (17) S contains L(%, %) and similarly contains 
R(S, 2X). Butif y ¥ Oand L, = 0 we have R, ¥ O since Y contains no absolute 
divisor of zero. Hence L(%, %) and R(%, %) are not both zero, S ¥ 0. If 
Sisin G and U isin T(20) we have SU = SEU = SEUE = (SU)E by Lemma 4 
while also US = (US)E. But then SU and US are in G, © is an ideal of 7(9), 
S = T(%X) contains J = JE = E, S$ = AL = Ais simple. 

Conversely let 2{ be simple. If 7(2) has a nilpotent ideal 2 we have NR(%) 
in N, NL(°A) in N so that if B = Wt we have BA = BR(°A) = ARR(°) con- 
tained in 8, AS = SL(W = ARNL(W in B. Hence Y is an ideal of %. But 
by Lemma 1 $ + 0, % contrary to hypothesis. Hence 72) is an associative 
semi-simple algebra and is either simple as. desired or is a direct sum. In the 
latter case the unity quantity of a component of 7'(2) is an idempotent £, in 
the (%),-centralizer of 7(2), which is singular and not zero. Then by Lemma 4 
8 = AE is an ideal of A, 8 ¥ O or A. This completes our proof. 


8. Central simple algebras 


A field © consisting of linear transformations over § on a linear space % of 
order n over % is called a subfield of (%), if the identity transformation of (§), 
isin ©. Then % may be regarded as being a linear space of order o over © and 
n = ot where 7 is the degree of © over §. The set of all linear transformations 
over © on Y% is the total matric algebra (€), and is clearly the (§),-centralizer 
of ©. The equations a-x = aR,, x-a = aL, then define the algebra % over § 
as an algebra over € if and only if every R, and L, is in (€),.. But then R(), 
L(%), T(M are in (C),. It follows that % is an algebra over a subfield € of 
(3%), if and only if € is in the (§),-centralizer of 7'(2). 

We define the transformation center of % to be the 7'(2)-centralizer of 7(2) 
and designate this subalgebra of T(%) by €(%). If T(Q) is simple the trans- 
formation center of 9% is a field of degree ¢ over § and n = st, T() is contained 
in the total matric algebra [€(2)], . 

An algebra over § is said to be central simple over § if Me is simple for every 
scalr extension of §. If then % is simple and 3 is any subfield of its trans- 
formation center € = €() the degree of 3 divides t = rp and Y is simple of 
order sp over 3, T(2) is simple over 3 and is contained in 3,,. But [T(W]e = 
T (Xe) for every scalar extension of 3 and thus % is central simple over 3 
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only if 7(20 is central simple over 8. This can occur only if 3 = €(%). We 
use this result and then prove® 

ToxorEM 1. An algebra % of order n > 1 over § is simple if and only if T( 
is the total matric algebra (©), where © = C(%) ts a field of degree t over § and 
» = st. Moreover % is central simple over a subfield 3 of (%)n if and only if 









- ney 
5S= Vv. 

For if 9 is simple so is % over its transformation center € and YY» is not a zero 
algebra for any scalar extension §{ of ©. Now 7'(%) is in (@), and is known’ 
to be a central simple algebra over ©. The (©),-centralizer of 72) is also a 














central simple algebra D of degree g over © and 7(%) = (CC), if and only if 

g=1. Ifqg > 1 we let & bea splitting field over € of D and see that the total 

matric algebra Dg contains a non-zero idempotent EF which is singular and in é 

the (€),-centralizer of 7(%g). Then by Lemma 4 %¢F is a non-zero proper 





ideal over R of Mg, whereas the proof above shows that %¢ is simple, a contra- 
diction. It follows that T(2) = (@),. The only subfields 3 of (§), in the 
(§),-centralizer of 7(20) are in the (§),-centralizer of © and hence in (@),. 
They are then in the (€),-centralizer of (€), and thus in G, Y is central simple 
over 3 only if 3 = ©. Conversely let 7(21) = (©), where n = st and (@), 
isa total matric algebra of degree s over ©, Cis a field of degree t over §. Then 
the order of 7'(%) is s*t > 1 since otherwise s = t = n = 1. Hence % is not a 
zero algebra and, by Lemma 9, % is simple. Also % is central simple over © 
since 7'(2{) is a total matric algebra over € and is central simple, %¢ is not a 
zero algebra over any scalar extension & of ©, 2%» is simple. Thus YI is central { 
simple over its transformation center: | 















9. Algebras with a left unity quantity 


Let e be a non-zero vector in a linear space of order n over § and © be any 
linear subspace of order m S n of (§)n. Then e@ is a linear subspace of ¥ and 


the correspondence 
(19) S—eS (Sin S), 









isa linear mapping of GS on eS. It follows that the order of eS over § is at 
most m. 







® Results essentially equivalent to this one and to Lemma 10 were given by N. Jacobson, 
A note on non-associative algebras, Duke J., vol. 3 (1937), pp. 544-8. The result was first 
announced for Lie algcbras by the author in the A. M. 8. Bulletin, vol. 41 (1935), p. 344, 
and the author feels that the present exposition is not only in a form better suited than that 
of Jacobson for later application but presents also a much clearer picture of the relations 
between an algebra 9% and its transformation algebra T(%). The idea of studying these 
relations was suggested to both Jacobson and the author by the lectures of H. Wey! on Lie 
Algebras which were given in Fine Hall in 1933. Note that if T is the algebra generated 4 
by the right and left multiplications of % then T = 7(%) unless T does not contain the 4 
identity transformation. But then & is an ideal of 7(%) and this cannot occur when 
is simple. 
’ For the properties used here see Chapters I, ITI, IV of the author’s Structure of Algebras. 
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Suppose then that (19) is one-to-one, and that m = n. Then (19) maps 
S on L such that x = eS = eT if and only if S = T. We may then define Rz 
as that transformation S for which eS = z and have defined an algebra 
without absolute right divisors of zero and such that S = R(Y), e-x = eR, =z 
for every x of Y%. 

The quantity e¢ is now a left unity quantity of &. Conversely every algebra 
% with a left unity quantity e has no absolute right divisors of zero and is such 
that the linear mapping R, — x = eR, is a one-to-one mapping of R(%) on 
4 = eR(A). Then multiplication in A is given by 


(20) eS-eR = eSR 


for every S of (§), and every R of R(Y). It may be seen, however, that (20) 
does not hold if R is not in R(). 

If e is given we say that b in Y is right regular with respect to e if c-b = e for 
cin Y&. Then c is a left inverse of b (relative to e). Such a quantity may exist 
even when b is right singular. 

The left inverse of a right non-singular quantity b may be expressed as a 
certain polynomial in b. We define b” = bb and then the right powers of b 
by b'** = (b')b for k > 0, b* = efork = 0. If \ is an indeterminate over § and 


(21) o(\) = A‘ + BAe? +--+ +B: (8; in §) 
we define the right polynomial 


(22) ge(b) = b' + Bb" +--+ + Burb + Be 
for any b in %& and right powers b*. Then it is clear from (26) that 


(23) oa(b) = eb(Ry). 


Hence ¢r(b) = 0 if ¢(R,) = 0. However ¢2(b) may be zero for ¢(R,) a non- 
zero linear transformation carrying the vector e into zero. Note now that in 
particular 


(24) fn(b) = gr(b) = 0 : 


where f(X) is the characteristic function and g(A) is the minimum function of R,. 

We define the right minimum function (with respect to e) of a quantity b of 
to be the polynomial (21) of least degree ¢ such that @2(b) = 0. Its uniqueness 
is then implied by 

THEOREM 2. The right minimum function $(d) of a quantity b of an algebra 
YW divides every ¥(d) such that Pe(b) = 0. 

For we write ¥(A) = @(A)p(A) + o(A) and have we(b) = ey(Rs) = 
elo(Ry)p(Rs) + o(Rs)] = eo(Rs) = on(b). But the degree of o(A) may be taken 
to be less than that of (A), o(A) is identically zero. 

We see in particular that the right minimum function ¢(A) of b divides the 
minimum and characteristic functions of R,. If b is right non-singular the 
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constant term of these latter functions is not zero and ¢(A) has the form (27) 
for 6 = 0. But then ga(b) = (6° + Bib** + --- + Brue)-b + Be = 0, 


(5) bb =e, bo = —B(O* + Bd? + +--+ Brie). 


Moreover if c-b = e we have (c — b’)-b = (c — b')R, = 0 if and only if 
c=b. 

Right singular quantities may be right regular and it may happen that, 
while (25) holds for 6; ¥ 0, R, may be singular. To illustrate this we consider 
the linear space 2 of order three over a field § of characteristic not two where & 
consists of all two-rowed symmetric matrices. Then a basis of % is given by 


1 0 1 0 0 1 
0 1 0 -1l 1 0 


We define an algebra % by 
(27) i ee : xa 


where products on the right are ordinary two-rowed square matrix products. 
Then % is a commutative algebra such that e-r = x-e = }(ex + xe) = 2. 
But also z-2 = 2” and thus 


(28) Uz*Uz = Uggs = @, 


while 


0 -1l 0 1 
(29) Que: Us = 2ug* Ue = +( = 0. 
1 0 -1 0 


It follows that ue and us are right and left divisors of zero and are right (and 
left) regular. The (right) minimum function of both wz and us is ” — 1 and 
the minimum function of R,, and R,, is M(” — 1). Here the matrices of these 
linear transformations with respect to the basis (32) are 


01 0 00 1 
T.. ={1 0 Of, Tu, =|0 O O}. 

0 0 0 1 00 
10. Algebras with a unity quantity 


A quantity f of Y is a right unity quantity of U if «-f = x for every x of Y, 
that is, Ry = I. Thus the mapping 


(30) Lz — fl. = 2 
of L(%) on Y% is one-to-one, and multiplication in % is defined by 
(31) eL-eS = eSL 
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for every S of (%), and every L of R(M). Left regularity and left polynomials 
are defined in the obvious fashion and every left non-singular quantity b has 
a right inverse which is a left polynomial in b. 

If 2% has both a left unity quantity e and a right unity quantity f we have both 
e-f =fande-f =esothate =f. Thene is the unique quantity of % such that 
e-x = x-e for every x of %&f and we shall call e the unity quantity of A. It has 
the determining property 


(32) kR,= LL, =I, 

and multiplication in % is defined by 

(33) eS-eR = eSR, eL-eS = eSL 
for every S of (§),, R of R(W, Lof L(W). Note that then 
(34) eL-eR = eRL = eLR, 


so that e(RL — LR) = 0 for every R of R(Y) and L of L(%). However we shall 
see that RL = LR for every such R and L if and only if YI is associative. 


11. Isotopes of algebras 


All algebras % of the same order n may be regarded as having quantities 
comprising the same linear space L of order n over §. If is given the space 
R(X) and the mapping x — R, of L on R(A) are thereby determined and con- 
versely. Thus if % is a second algebra we have a corresponding linear mapping 
a — RS of % on a linear subspace R(%o) of (%)n and we write 


(35) (a, x) ois aRy 


for products in %f). We shall now say that % is isotopic to Ao if there exist non- 
singular linear transformations P, Q, C such that 


(36) R©® = PR,.C, 


and shall call (36) an csotopy of % and %, . 

If % is isotopic to W%) then R{Y-1 = PR,C so that R, = P“'Rzq-1C? and % 
is isotopic to A. Also A is isotopic to itself under (36) with P = Q = C = 1. 
Finally if R:? = P,RSQ,C; then RY’ = P.Rzo,C2 where P2 = P,P, Q: = Q0, 
C, = CC,. Hence the relation of isotopy is a formal equivalence relation and 
we shall say that % and %) are isotopic as well as that 2% is isotopic to %o . 

All left multiplications L{° of % are determined when its right multiplications 
are given and conversely. Thus we shall determine the conditions relating 
L; and L, which are equivalent to (36). We observe that in % we have 
(37) a-z = aR, = zl, z-a = aL, = 2R,, 
and in % we have 


(38) (a,z) = oR? = cL, ° (2,4) = aL® = 2R®. 
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Define 
(39) b = aQ, 
and obtain 


(40) aL® = cR® = xPR,C = 2R,C = (z-b)C = bL,C. 


Then aL<” = aQL,C for every a and z of % and we have 
TurorEM 3. The conditions (36) which imply that A and %Ao are isotopic are 
equivalent to 


(41) LO = QL.»C. 


The relation of equivalence is an instance of isotopy. For two algebras 
y, and % are said to be equivalent if there exists a non-singular linear trans- 
formation a — aH on % to A which is preserved under multiplication. But 


then 
(42) (a, x)H = aH-xH, 


that is aRS°H = aHR.y,. Hence % and A are equivalent if and only if 
(43) RO = AR al". 

By Theorem 3 the equivalent algebras %) and Y are also related by 

(44) LY = HL.sH". 


It is usually more convenient to use simplifications of (36) and (41) obtainable 
by replacing % by an equivalent algebra. Thus we may apply (43) to (36) 
with H = Q and have RS? = HRS) HH” = (HP)R,CH™. This result together 
with Theorem 3 may be stated as 

THEOREM 4. Every isotope of an algebra A is equivalent to an isotope defined by 


(45) R® = PRC, LY = LC, 


for non-singular linear transformations P and C. 

The form above’ has the advantage that in %) we map x on PR,C but is so 
unsymmetrical that we shall prefer the principal isotopy obtained from (36) 
by the application of (43) with H = C. We state the result as 





* The concept of isotopy was suggested to the author by the work of N. Steenrod who, 
in his study of homotopy groups in topology, was led to study isotopy of division algebras. 
He concluded that algebras related as in (45) would yield the same homotopy properties 
and should therefore be put in the same class. The author then formulated the concept 
generally as in (36) and obtained Theorem 3 giving the corresponding property for left 
multiplications and Theorem 4 showing that Steenrod’s isotopes were actually equivalent 
to the more general type. However the principal isotopes of (46) are much more con- 
veniently handled. 
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THEOREM 5. Every isotope of an algebra % is equivalent to a principal isotope 
% , that is, an isotope with 


(46) RY _ PR ’ jg _ QLzp ’ 


for non-singular linear transformations P and Q. 

We observe that (46) implies that R, = P“R{Q-1, Lz = Q“Lzp-: and thus 
that if %> is a principal isotope of %f then YF is a principal isotope of %,. If 
also RS? = URS) we have RS” = (UP)Rzve, LS? = VL = VQLiur. Fi- 
nally % is a principal isotope of itself with P and Q the identity. Thus we shall 
again say that 2% and %) are principal isotopes as well as that %) is a principal 
isotope of Y. 

Let us note in closing this section that every automorphism of an algebra 9 
is an equivalence H of % and itself. Then (a,x) = a-x and RS” = R, , L = L,. 
We state this result as 

THEOREM 6. A _ linear transformation H on an algebra % defines an 
automorphism of % if and only if H is non-singular and such that either (and 
hence both) of the following conditions holds 


(47) Ren — H'R.H, Lin _ "LH (x in 9). 


12. Isotopes with a unity quantity 


If 2 has a unity quantity e and f is any non-zero quantity of 2 there exists 
a non-singular linear transformation H such that e = fH. Then (43) and (44) 
imply that R}” = HR.H™* = Li? = HL.H™ = I since R, = L, = I. It fol- 
lows that % is equivalent to an algebra %) with f as unity quantity. However 
we seek to discover what principal isotopes of %{ have f as unity quantity. We 
shall obtain the answer to this question in 

THEOREM 7. Let g range over all left non-singular quantities of UX, h range over 
all right non-singular quantities of A, so that the non-singular linear transforma- 
tions 


(48) P=(R)', Q=(L,)" 


exist for each g and h. Then the principal isotope of % defined by (46), (48) has 
f = g:has a unity quantity. Conversely every isotope of X with a unity quantity 
f is equivalent to a principal isotope determined as in (48), (46) for f = g-h. 

For if f = g-h we have f = gR, = hL, and g = fP, h = fQ where P andQ 
are defined in (48). Let %) be the principal isotope of % defined by (46) for 
this P and Q and put x = f. Then 


R;? = PR, = Lf = QL, = I, 


f is the unity quantity of %. Conversely let (46) define an isotope of % with 
f as its unity quantity so that if we define g = fP, h = fQ we have R{? =I = 
PR,, Li? =I =QL,. But thenhis right non-singular, g is left non-singular, 
(54) holds and f = gP™* = gR, = g-h as desired. 
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lope We now prove 

TazorEM 8. Let % and %y be principal isotopes and let each of these algebras 
hae a wnity quantity. Then the corresponding transformation algebras T(%) 
and T(%o) are the same. 


for we have (48) and hence have P and Q in 7(%), RS? and L{ in T(%M, 













hus 1(%,) is contained in T(%). The converse follows by symmetry. 
If 
F : 13. Ideals in isotopes 
all 
nal The mapping « — R, of 2 on R(Y) is one-to-one if and only if z > RY = 
PRC is one-to-one. Hence % contains no absolute right divisors of zero if 
I and only if every isotope of 9% has this property. In particular Y is a zero algebra 
a ifand only if every isotope of 2% is a zero algebra. We combine this result with ‘ 
those of Theorems 1, 5, 8 to obtain 
an THEOREM 9. Let Y and A be isotopic algebras each possessing a unity quantity. 






Then Y is simple af and only af Uo is simple. 
We also have the stronger result 
THEOREM 10. Let Y% and %o be principal isotopes and let each have a unity 

quantity. Then a linear subspace of % is an ideal of % if and oniy if it is an ideal 

of Mo . 

This follows from Lemma 4 and from Theorem 8. That it is desirable when- 

ever possible to restrict our attention to algebras with a unity quantity is strongly 

indicated by the remarkable , 
THEOREM 11. Let there exist a polynomial f(x) of degree n over § which is 

irreducible in §. Then every algebra % of order n over § and with a unity quantity 

chas a principal isotope which is simple and indeed has neither left nor right ideals. 

For by Lemma 6 if we take the linear transformation P of (§), such that 

{(P) = 0 the only idempotents E such that EP = EPE are 0,1. Define % 

by (46) for this Pand Q@ = P. Then R{?-: = PR, = P, Lip-1 = QL. = P and 

ER(%) = ER(%o)E is not possible unless EP = EPE, EL(%) = EL(%)E 

isnot possible unless EP = EPE. Hence in either case E = 0, IJ, the only 

right and left ideals of %) are zero and Y%p. 


















14. Associative algebras 





It is well known’ that if % is an associative algebra with a unity quantity the 
space R(2) is an algebra and the mapping x — R, defines an equivalence of % 
and R(%). Moreover L(%) is also an algebra and x — L, defines a reciprocal 
simple isomorphism of %{ and L(). ° However it is possible for R(2) to be an 
ilgebra without % being associative. We shall give an illustration of such an 
occurrence shortly. 

Let us now observe the known criterion for associativity which we state as 

Lemma 11. Let R(M) and L(M) be the right and left multiplication spaces 


a 










*Cf. the reference in footnote 7. 
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respectively of an algebra A. Then A ts associative if and only if RL = LR 
for every R of R(Y and L of L(Y. 

The proof of this criterion is rather immediate. We write (x-a)-y = a:(a-y) 
for every a, x, y of 2 and see that this equation is equivalent to 


(49) (aL,)R, = x(aR,) = aR,L, . 


Thus L,R, = R,L, as desired. 

We now derive the important 

THEOREM 12. An algebra % with a unity quantity is associative if and only if 
every isotope with a unity quantity of Xs associative and equivalent to %. 

For if % is associative R,R, = Ra, Lely = Lyz for every x and y of %. A 
quantity x of YY is right non-singular if and only if it has an inverse in YY and then 
x is also left non-singular. But then 


(50) Rear = (RB), Lew = (BE: 


Let now 2% be a principal isotope of % and assume that %> has a unity quan- 
tity so that (48) holds. Then P = R,-1,Q = L,-1 and we have 2Q = xL,-1 = 
g +x, PRiqg = Ri-1Riqg = Ri-1.9-1.2. However f' = (g-h)* = h'-g! and 
we have proved that 


(51) RO = Ry-1,. 
Similarly LS? = L,-:.Lep = L,-1Dza-1 = Ler-t-¢-1, 
(52) LP = L751. 


It follows that R(%) = R(W, L(%) = LW, ROLE = LOR for every x 


and y of . By Lemma 11 the algebra %) is associative. Since it has a unity 
quantity it is equivalent to the algebra R(%o) = R(2) which is equivalent to 
Y, Wand > are equivalent. 

Observe that if H = Ry-: then tH = x-f", HR.yH = Ry-1R,s-1R; = 
R;-1... Hence 


(53) RS = HRs * 


and the principal isotopy of 2% and % which we are studying is induced by the 
linear mapping 


«— 2H = af" 


of % on %f. This map is an equivalence of %) and %{ obtainable as the product 
of the equivalence x — R;” of % on R(%) = R(2), the automorphism R;” = 
HR.inH* — Ry of R(%) and the equivalence Rzy — xH of R(M) on A. Ob- 
serve also that the only principal isotopy of an associative algebra with a unity 
quantity e which carries e into the unity quantity of the isotope is that given 
by RS? = R.. For (51) holds with f = e, f7-2 = e-x = 2. 
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It is natural to consider at this point whether the property that R() is an 
algebra implies that Mf is an associative algebra. This is partially true in view of 

TuzorEM 13. An algebra A with a left unity quantity e is associative if and 
oly f R() ts an algebra. Moreover the mapping x — R, then is an equivalence 
if Cand R(2). 

For we have e-x = eR, = x, the mapping R, — eR, = zx is a one-to-one linear 
napping of % on R(W). Now (e-x)-y = x-y = eRR, = e-(x-y) = eRry 
and R,., is in R(W). It follows that R,., = RR, , A is equivalent to R(A) and 
is associative. The converse has already been mentioned. 

We may also prove the simple generalization 

TaeorEM 14. Let % and R(Y%) be algebras and let there be a left non-singular 
quantity fin XU. Then X has an associative principal isotope Xo which is equivalent 
to R(X) and has f as left unity quantity. 

For we define % by RS? = Ree, Q = (Ly). Then LS” = QL, = (Le) Le 
and hence Li” = I, (f, x) = xL{ = x, % has f as its left unity quantity. But 
R(X) = R(%c) and our result follows from Theorem 13. 

It remains to consider the general question as to the existence of non-associa- 
tive algebras 2{ such that R(Y) is an algebra. Such algebras do exist and we 
prove this as an immediate consequence of 

THEOREM 15. Let % be an associative algebra of order n > 1 over an infinite 
field § and let A have a unity quantity e so that R(M) ts an algebra. Then there 
cists @ non-associative isotope Ay of A with R(%) = RA). 

For it is known® that L(9) is the (%),-centralizer of R(2), L(Q) is a proper 
subalgebra of (%),. Then there exists a linear transformation U not in L(%), 
UR, - RU ¥ 0 for some a in &. Every linear transformation has the form 


U= : £8; (é in §) 


fora basis S; of (§), , and UR, — R,U ¥ 0 implies that there exist ; in § such 
that Q = }* 4,8, is non-singular, QR. ~ RaQ. We define % by R& = R.o and 
have R(%>) = R(W, LO = QL,, L = Q is not commutative with Ri¢-1, 
is not associative. 

It is important to observe that there exist associative algebras (without unity 
quantities) which are isotopic but not equivalent. For example consider the 
nilpotent algebra % with basis e, , 2, es such that e1:-e. = —é2-e: = és and all 
other products are zero. Then we write a@ = (a, a2, a3) fora = 
m1 + aes + ages and have a-x = a-(&, &, &) = (0,0, aie — afi) = a-T., 
ta = (0, 0, f:a2 — £01) = aA, where 


£2 
(54) as = —A,; = 0 0 —& 
0 
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This algebra is associative since 


00 & 0 0 —m 


(55) r.A,=|0 0 -&]}]}0 0 m |} =O0=A4,T.. 
00 O 00 O 
We let 
0 -1 0 
(56) A=j{1 0 0 
e 8 f 
and define 
00 & 00 & 
(57) r®=ar,=(0 0 &], AYP =44=][0 0 &]. 
00 0 00 0 


Then PAS” = AL’r’? = 0 as before. But we have then defined an isotope 
% of MW with (e:, ) = ales” = e;. It is not equivalent to % since in % the 
square of every ais alg = (0, 0, aiaz — a2ai) = 0. 


15. Isotopes with a prescribed unity quantity 


Let 2 be a linear subspace of order n over § of (§), and J bein 9. Then we 
have seen that if f is any non-zero vector of 2 and the linear mapping 


(58) R—-fR 
of Jt on & is one-to-one the algebra % with R(M) = N and which is defined by 
(59) fS:fR =f-SR (S in (§),, Rin N) 


has f as left unity quantity, L; = I. But also if fR = x we have R = R:. 
Since Jt contains J we have fl = f, ] = R;,f is the unity quantity of 2. 
Conversely if { has f as its unity quantity we have f-x = fR, = x and the 
linear mapping R, — fR, is one-to-one and is such that J = R; isin N = R(w). 
Let us now assume that % is a prescribed algebra with a unity quantity e¢ so 
that R(M) contains J. We now let P and C be non-singular linear transforma- 
tions and G in R(2{) have the property that 


(60) PGC = I. 


Then % = PR(2)C contains J and if we let f be any vector such that the linear 
mapping 


N—-JfN 


of Non 
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oft on Cis one-to-one we define an algebra Yo with R(%) = N by fS-fN = fSN 
or every S in (%), and N in 9 and have seen that f is its unity quantity. It 
is then desirable to have 

TuporEM 16. The algebra Ay with unity quantity f defined above is an isotope 
of { with f as unity quantity. 
‘for {N = 2 implies that N = R” = PR,C. Write g = fP and have x = 
gh,C = (g-z)C = 2L,C. If L, is singular so is L,C, that is the mapping of N 
m{N = zis singular. It follows that N — fN is non-singular if and only if 
) = fP is a left non-singular quantity of A. We put Q = C'(L,) * and have 
:= 2Q, RO = PR2oC as desired. 


16. Commutative isotopes 


An algebra % is commutative if and only if a-x = aR, = x-a = aL, , that is, 
(61) R, = L, 


for every x of %. ~ Let % be a principal isotope of an algebra %{ (which may or 
may not be commutative) so that % is commutative if and only if PR.g = 
QL,» for every z. Put y = xP and have xQ = yP''Q = yS where S = P™'Q. 
Thus % is commutative if and only if 


(62) Rys — SLy 


for every y of Y. 

Suppose now that 2% has a left unity quantity e, that is, e-x = x for every 
rof %,LZ,= I. Then (62) implies that S = R;. Thus/ isa right non-singular 
quantity of Y. Moreover yS = yR; = y-f and (62) is equivalent to x-(yS) = 
Rly = y+(x-f), that is, to 
(63) t-(y-f) = y-(a-f) 
for every x and y of Y%. 

Conversely let P be any non-singular linear transformation, f be any right 
non-singular quantity of 9% and put Q = PR, so that S = R; = P’'Q and (63) 
implies (62). We have proved 

TurorEM 17. Let % be an algebra with a left unity quantity, f range over all 
right non-singular quantities of % such that (63) holds for every x and y of Y. 
Then the principal isotopes of % defined by Rz = PRzpr, , for P any non-singular 
quantity of (%)n, are commutative algebras to one of which every commutative 
isotope of % is equivalent. 


17. Division algebras 


An algebra 9% is called a division algebra if it has no (right and hence no left) 
livisors of zero. Then every non-zero quantity of % is both left and right 
hon-singular and we apply Theorem 7 with g = h = 0 to obtain as an im- 
mediate consequence.” 


be: This result was also obtained by Steenrod. His proof was necessarily more com- 
plicated as he did not have Theorems 5 and 7. 
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TuroreM 18. Every division algebra is isotopic to a division algebra with q 
unity quantity. 

Non-associative division algebras do not have many of the properties of 
associative division algebras. In particular the right minimum function of a 
quantity of a division algebra may be reducible. Let us note now that a division 
algebra %& has no right ideals other than % or zero. For otherwise we would 
have b-x in a right ideal 8 for every b of B and x of % whereas b-x = a has 
the solution z = a(L,)' for every a of A. Similarly %f has no left ideals other 
than 9% or zero. 

If % is a division subalgebra of an algebra & and the unity quantity of ¥ 
is in 8 we may prove that if wu is any quantity in %& and not in % the linear 
spaces B, vB are supplementary in their sum. For otherwise u-b = by for 
non-zero b and by in B, u = bo(R;). But the equation rb = by has the solution 
a = bo(Rs)” in the division algebra % and uw is in %, a contradiction. 

The process above is used for associative algebras to prove the theorem that 
the order of 8 divides the order of 2{ under the hypothesis just stated. The 
usual proof of this result requires that if 18 + --- + u,B = %, is a supple- 
mentary sum of linear spaces not containing u then so is the sum of %, and u8. 
Thus in particular we need to show that if uv is not in vB no non-zero quantity 
of uB is in vB. But u-b = v-bo then u = (v-bo)R> = vR,,(Rs)'. However 
we cannot conclude that this latter quantity is in v8 and thus our proof breaks 
down. We leave the question as to the validity of this theorem as an unsolved 
problem. 

If % is a division algebra every R, defined for x ~ 0 is non-singular and 
fR, = Oif and only if f = 0. Thus the mapping R — fR of R(A) on Y is non- 
singular for every f ~ 0. Moreover so is the mapping PRC — {PRC for every 
non-singular P and C. By Theorem 16 we have 

TuHeoreM 19. Let f be any non-zero quantity of a division algebra YX and P 
and Q be any non-singular linear transformations such that PRQ = I for some 
R of RW). Then the algebra Xo defined by (a, fS) = aS for every S of PR(WQ 
is an isotope of YU with f as unity quantity. 

If ¢(A) is the right minimum function of a quantity b in a division algebra 
% with a unity quantity e and ¢(d) is reducible and of degree t > 1 it cannot 
have a linear factor. For otherwise ¢(A) = ¥(A)[A — a] and ¢a(b) = e¢(R;) = 
[eW(R.)|(Ry — al) = e(b)-(b — ae) = 0 which is impossible since Ya(b) # 0, 
b — ae #0. However it is possible that (A) = ¥(A)(A° + ad + 8B) since then 
oe(b) = ley(R,)|\(Ri — aR, + Bi) # [y(b)]-(b> — ab + Be) since in general 
R; ~ Riz. It then becomes of interest to ask whether or not any quantity of 
a division algebra has irreducible right minimum function. It is not easy to 
answer this but we may prove instead 

THEOREM 20. Let % be a division algebra with a unity quantity e over § and 
let b in % be not in §. Then there exists an isotope A of A such that %o has a 
unity quantity, R(%o) = RA), the right minimum function of b in Ap is irreducible. 
For it suffices to assume that the right minimum function ¢(A) of b is reducible, 
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(\) = 1(A)¥(A) where ¥(A) is irreducible and has degree t > 1. Then dx(b) = 
w(R) = ew(Ry)-W(Rs) = fy(R,) = 0 where f = ex(Ry) = me(b) #0. We pass 
to the isotope %> defined as in Theorem 19 for P = Q = J, R(%) = R(°A) and 
have f as the unity quantity of %. Then fy(R,.) = ye(b) = Oin MH. By 
Theorem 2 the right minimum function of b divides ¥(A) and must coincide 
vith this irreducible polynomial. 

The result just obtained implies that every division algebra of order n > 1 
over the field 9%’ of all real numbers is isotopic to a division algebra with a 
wity quantity e and containing a quantity b such that b> = —e. Moreover 
itis clear that every division algebra % of order n > 2 over ’ is central simpie. 
For otherwise we could write %{ as a division algebra over its center € # ®’, 
¢ must be 9’(2) for 7 = —1, M over € has an isotope %» over € such that b 
in % has X” + 1 as (right) minimum function. But ” + 1 = (A + a(A — 4) 
in € contrary to the proof above. 


18. Subalgebras of isotopes 


The problem of finding in a division algebra a quantity whose right minimum 
function is irreducible is an instance of the problem of determining whether an 
algebra 9 has a certain type of subalgebra. In particular we may ask whether 
or not a given algebra % has any proper subalgebras. A criterion that this 
be the case was given in Lemma 2 and we wish now to propose the question 
as to whether a principal isotope of % has subalgebras of the same order as 
those of %{. By Lemma 4 we have 8 = YE is a subalgebra of % whose order 
isthe rank of E ¥ Oif and only if ER, = ER,E, EL, = EL,E for y = xE and 
every c of Y. Now RS = PR.e, LY = QL.r and AK is a subalgebra of Wo 
if and only if BoRS? = EpRO Ey, EoLS = EvLS° Ep for every x of 2 where z = xEp. 

The problem just proposed does not appear to have a simple solution for 
arbitrary algebras. However we should observe that if %{) has a unity quantity 
then P = (Ry), Q = (Ly)™ and if g and h are in & the linear space % is a 
subalgebra of %o as well as of &%. For P and Q are in 7T(%, X%) = ET(B, WE 
and ER® = EPRyo = EPER,g = EPER,gE = ER since yQ = xEQ = 
tEQE = yQE is in B. Similarly ELS? = EL{°E. We shall not study the 
general question further except to note that if Z) has the same rank as £ it 
has the form H~'EH and it may be seen that 8) = WE is a subalgebra of Yo 
if and only if 8 is a subalgebra of the isotope %, defined by Rf” = H Rin 
and equivalent to %» . 


19. Special properties 


An algebra 9% is said to be alternative if (a-x)-2 = a-(x-x), x-(x-a) = (x-x)-a 
for every x and a of A. Then % is alternative if and only if 


(64) Ra = (R:), Las = (Lz) 


for every x of %. 
It follows from (64) that 2-2” = 2(R.)* = (2R.)R. = «+x. Suppose then 
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that Ru = (R,)* for all right powers k = 1, 2, --- , ¢ and that z-z* = ;! 
fork =1,---,t. Then we put y =2+2'andhavey’ = 2° + (r')? + x.z' 
vee = a + (2)? + 22°". But Ry = R. + Ru = Rz + (R,)', (R,) 
(R,)” + 2(R2)'" + (R2)" = Raz + Ret.ct + 2(R2)'™. It follows that 2R,.+. = 
2(R.)‘*' and that (R.)‘*’ = R+: if the characteristic of § is not two. But 
then z-a‘*? = 2(R,)'** = (aR)R, = x'’-x. This completes our induction 
and proves that R,. = (R;)* for every k. 

We see that consequently 2*-2' = 2R{*'* = so that all powers of z 
are right powers, (a*-2')-a* = a°t'** = 2"-(2'-2"). It follows that the algebra 
S[z] of all right polynomials ¢,(x) is the associative algebra of all polynomials 
$(x) = de(x) = $1(x) and Roz) = $(Rz), Lez) = o(Lz). 

We now propose the problem of determining the principal isotopes of an 
algebra % which are alternative. This occurs if and only if (R!)’ = Ro, 
(LY?) = L where z = «RS? = xL{. But then we must have 


RiePRre _ Rig ’ LzreQL zp = Lzp. 


Replace xQ by x and thus zQ = zQL.rQ by (xQ™P-x)Q and similarly replace 
aP by x and thus zP = 4PR,9P by (xP'Q-)P. Then we see that %) is alterna- 
tive if and only if 


“ot 
a 


st+t 
x 


R-PR.=R.,  LQL. = Ly, 


for every x of %, where 
u = (tQ'P-2)Q, 


and the indicated products are those in %. It is of particular interest, of course, 
to study the case where we assume also that 9 is alternative. 

An algebra % is called a Lie algebra if a-x = —-2x-a, a-(x-y) + y-(a-x) + 
x:(y-a) = Ofor every a,x, yof A. Then L,= —R,,aR,., + aR,L, + aL,Lz = 0, 
al[R., — (RR, — R,R,z)| = 0, Wis a Lie algebra if and only if 
(65) L, = —R., R.., = RR, — R,R. 


We propose again the question as to whether a principal isotope of an algebra 
% is a Lie algebra and see that this occurs if and only if 


PR.zg = —QLzp ’ PRiePRyg — PRyePRzq = PR: 


where z = (2, y)Q = yQL.eQ. Replace zQ by x, yQ by y and thus zP by «0 
for C = Q’P, z by yLizcQ = (cC-y)Q. Then % is a Lie algebra if and only if 


(66) Lic= —CR., RzPR, — R,PRz = Recwe- 


The problem of determining the principal Lie isotopes of simple Lie algebras 
is being studied.” 


v = (xP'Q-2)P, 





11 This problem is the topic of study of a doctoral dissertation at the University of 
Chicago. We also wish to mention here that Mr. W. Carter in his Master’s dissertation 
has classified all real division algebras of order four and degree two into classes of algebras 


(x, y in OW). , 
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Let us conclude these remarks with some observations which will be im- 











































r be . portant for the study of simple algebras. We define the center” of any algebra 
R,)? = x over § to be the set 3 of all quantities z of % such that R, = L, is commuta- 
wd - tive with every R, of R(Y) and L, of L(W). Then zis in 3 if and only if 
But 2a = +2, 2:(a-x) = (z-a)-z, a-(2-x) = (a-z)-x, (a-x)-z = a-(x-z) 
aie for every aand x of A. It is easily shown that 8 is zero or an associative sub- 
8 of z algebra of 4. Moreover if %& has a unity quantity e the set Y) = e§ of all ae 
Igebra for a in § is a subalgebra of order one over § of 3, e§ is equivalent to § and is 
omials a field. ’ 
Let us define a new operation of scalar product on %9) to Y% by writing (a, y) = 
ie a-y = a-ae = aa for every a of UM and a of F. Then Y is an algebra over 9) j 
R® with respect to this operation. It is clear that this is a change in our representa- 
wis tion of 9 as a linear space over a field and is not a change in Y%. 
If % is a simple algebra of order n over § we have seen that % is a central 
simple algebra of order s over its transformation center GC, € is a field of degree 
splace tover §, nm = st. Let % have e as its unity quantity so that, as above, eC is 
ie, asubalgebra over € of % and is equivalent to €. But then eCis a field of degree 
tover ef, eC is a subalgebra of 9 of order t over §. Moreover it is easy to verify 
that e€ is contained in the center 3 of A. But the quantities of 3 are quantities 
zsuch that R, isin ©, e-z = eR, = zisine€. This proves that eC is the center 
of every simple algebra %{ with e as unity quantity and € as its transformation 
center. If we express % as an algebra over € it is central simple and conse- ; 
quently we may express 2% as a central simple algebra over the associative sub- 
urse, algebra of 9 which is its center 3. 
It is desirable to note that if 2{ and %) are principal isotopes we have T(%) = 
r) + T(%) and hence € = C€(M) = C(%o), Wand %> have the same transformation 
= 0, center. If e and e are corresponding unity quantities we have e€ equivalent 
over § to é9€ and thus we have shown that isotopic simple algebras with unity 
= quantities have equivalent centers. It is important to observe that, while the 
‘ie center of an associative simple algebra % is its %-centralizer, this may not be 
ebra the case when 9% is not associative. 
University oF CHICAGO 
with respect to isotopy. He has also shown that every real division algebra of order four is 
y «0 isotopic to an algebra of degrce four, that is, containing a quantity whose right minimum 
ly if function has degree four and is thus reducible. Moreover there exist real division algebras 
of degree and order four not isotopic to algebras of degree two. 
” We have now used the terms center instead of centrum and central in place of normal. 
_ A change of terminology of this kind has long seemed very desirable to many algebraists. 





‘Tn particular % may be commutative and may yet be a central simple algebra. For 
example the set of all r-rowed real symmetric square matrices forms a commutative central 
simple algebra with respect to the product operation a-z = }(axz + 2a), ax and za the or- 
dinary matrix products. 
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NON-ASSOCIATIVE ALGEBRAS 


II. New Simple Algebras’ 
By A. A. ALBERT 
(Received January 30, 1942) 


1. Introduction 


In the second part of our study of non-associative algebras we shall give an 
iterative construction of new simple algebras with a unity quantity. All 
previous constructions’ of this type have used groups of automorphisms or 
anti-automorphisms and the great generality of our definition will lie precisely 
in that we shall be able to use instead almost’ arbitrary multiplicative groups 
of non-singular linear transformation. 

We shall begin our exposition with a preliminary discussion of (non-associa- 
tive) separable algebras, that is algebras 2{ with a unity quantity e such that 
every scalar extension of %{ is a direct sum of simple algebras. Let © be any 
finite multiplicative group of non-singular linear transformations S on % such 
that eS = e and § be any subset of & containing the identity transformation. 
We define an extension set g to be a set of non-singular quantities gs,7 in % for 
every Sand J in G. Then we shall construct a corresponding crossed extension 
&€ = (A, G, H, g) which is a certain algebra having e¢ as its unity quantity. 

For every separable 2 we shall give conditions that the crossed extensions 
shall be simple (or central simple) algebras. If © is the identity group € is 
simple whenever % is, € is central simple whenever % is. These latter algebras 
include the so-called Cayley algebras. Our algebras are associative only when 
® = © is a group of automorphisms and our definition then includes that of 
crossed products.* 

The crossed products are associative central simple algebras of order 7’, 
and for each such algebra we may use an explicit process to give a set of cor- 
responding central simple algebras of order r’ for any integer t > 1. These 
algebras are not associative for ¢ > 2. In particular we then have generalized 
cyclic algebras. Another explicit construction will connect every central simple 





1 Presented to the Society February 28, 1942. 

? Automorphisms were necessarily used in the constructions of associative algebras of 
L. E. Dickson for which see my Structure of Algebras, Chapter V, Chapter XI, pp. 182-8, 
and bibliographical references [141], [145]. Cayley algebras were generalized in my ‘“Quad- 
ratic forms permitting composition” these Annals, vol. 41, pp. 161-77, to algebras of order 
2 obtained by the process given here where the group consists of the identity automorphism 
and an antiautomorphism of order two. 

The special restrictions will reduce to the property that the transformations leave the 
unity quantity unaltered in the most important cases. 

‘ For these algebras and the Cayley algebras see the references in footnote 2. 
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algebra of order n with a crossed extension of it by a group @ equivalent to any 
mutation group on m letters. 
We shall close our discussion with a list of fundamental unsolved problems 
in the theory of these new algebras. 


2. Decomposition of algebras with a unity quantity 


An algebra 2% is said to be decomposable’ if it is expressible as the supplementary 
am % +--+ + Y,, of at least two subalgebras Y; of A, such that aja; = 0 
for a; in U;, a; in W; and allz + 7. Then we say that % decomposes into the 
direct sum of its components A; (which are ideals of %), we write 


(1) A= %@--- @ YU, 


and we call (1) a decomposition of A. If % has no such decomposition we say 
that & is endecomposable. It is clear that a decomposition with r components 
becomes one with r + 1 components if we replace a decomposable component 
¥;= 8 ® Cby B @ Cin (1). The lowering of orders in such decomposition 
implies that every % has a decomposition (1) with the components indecom- 
posable algebras. It is then natural to ask (as in the theory of associative 
algebras) whether or not such a decomposition is unique apart from the order- 
ing of the components. We shall give a simple solution below for algebras 
with a unity quantity. 

The center of an algebra 9 has been defined’ to be the set 3 of all quantities 
zof Y such that the commutative and associative laws, for products in %, hold 
whenever z is one of the factors. Then 3 is zero or an associative and commu- 
tative subalgebra of 2. When % has a unity quantity e the subalgebra e§ of 
isinits center 3 and we call it a central algebra if 3 = e§. We may now prove 

Lemma 1. Let & be an algebra with a unity quantity e and 3 be the center of YA. 
Then has the form (1) if and only if e = e, + --- + e, for pairwise orthogonal 
idempotents e; in 3 such that A; = Ae; . 

For if 9{ has the form (1) we may write every quantity of % in the form a = 
4+ --- + a,, for the a; uniquely determined quantities of %;. Then if x = 
4+ ++» + 2, we have a-x = ay-%, + ++: + a,-2,. Taker =e = & + 
‘+ + e, and have e;-e; = Ofori ¥ j,a-e = ae, + --- +4,-e, = aif and 
only if a;-e; = a;. Similarly e;-a; = a;, A; has e; as its unity quantity, A; = 
Ye. Now (a-x)-e; = (a;-2;)-e; = aya; = (a-e;)-2; = a-(xe;) and similar 
other verifications imply that e; is in 3. Conversely if e = @ + -*: + e,, 
for pairwise orthogonal idempotents e; in 3, we have A = % + --- + A, for 
Y; = We; and we have (1). 

As a consequence of this result we have 


* This term seems much preferable to the term reducible which causes so much confusion 
if representation theory and linear algebra theory be considered together. 

‘This was defined at the end of part I of this paper. We shall use the concepts given 
in that part without any reference. 
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Lemma 2. The algebra % of Lemma 1 has a decomposition (1) if and only if 
its center 3 has a corresponding decomposition 


(2) Z=3t+--- + 3. 


Then 3; is the intersection of UX; and 3 and is the center of A; . 
For e is in 3 and Lemma 1 implies that from (1) we have (2) with 


(3) Bi = Bei 


and conversely (2) and (3) imply (1) with & = %e;. Then 3; is in both 3 
and %{; , and is the intersection of 3 and %; by (2). If z; is in the center of \; 
then z;-a; = a;-z; = Ofor a;in M;andj ¥ 7, z;isin 3;, 3; is the center of Y;. 

Lemma 2 clearly implies 

Lemma 3. An algebra Y with a unity quantity 1s indecomposable if and only 
if its center is indecomposable. 

We then have 

Lemma 4. The decomposition of an algebra with a unity quantity as a direct 
sum (1) of indecomposable components is unique apart from the arrangement of 
the components. 

This follows from Lemmas 2, 3, and the associative case of the result we are 
proving. This latter result is proved by the use of the following lemma which 
may then be used to prove Lemma 4. 

Lemma 5. Let an algebra A with a unity quantity have a decomposition (1) 
so that A; = We; with e; an idempotent of A. Then every right, left or two-sided 
ideal B of A is the direct sum 


(4) $¥=%@--- OS, 


where 8; = Be; is the intersection of B and A; , B; is correspondingly a right, left, 
or two-sided ideal of %; . 

The proof of this result involves the use of the associative law only for prod- 
ucts a-b-c with a factor in the center, and thus the proof which has been given 
in the associative case is valid without change. We shall not repeat it here. 


3. Absolute indecomposability 


If 3 is the center of an algebra % over § and & is any scalar extension of § the 
center of Xe is Ze. For it isclear that 3¢ is contained in the center 3p of We. 


Let then z be in 39 so that we may write z = z£ + --- + 2,€) where the 2; 
are in % and &; in & are such that a sum a;{; + --- + a,£, = 0 for the a; in 
only when the a; are all zero. Then if a is in % we have a-z — z-a@ = (@-4 — 
wa)i&i + +++ + (a-z, — z,-a)E, = 0, and a-z; — z;-a = 0. If also x isin 


we compute a-(«-2) — (a-x)-z and other similar products, and see that the 
2 arein 8, 2isin Be, 3Bo= Be. 

An algebra % over § may be indecomposable but there may exist a scalar 
extension & of § such that %g is decomposable. Thus we call % absolutely 
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indecomposable’ if Xe is indecomposable for every ®. Moreover a decomposi- 
tion (1) of a decomposable algebra will be called an absolute decomposition if 
the components 9%; are all absolutely indecomposable. Lemma 2 and the 
restlt above then imply 

Lemma 6. An algebra % is absolutely indecomposable if and only if its center 
3 is absolutely indecomposable. 

Lemma 7. A decomposition (1) is an absolute decomposition if and only if 
the center of each component YX; 1s absolutely indecomposable. 

We may also use Lemma 4 to obtain 

Lemma 8. Let U be an algebra with a unity quantity, R and Ro be scalar ex- 
tensions of %§ such that 


(5) We = UW+--- +A, %e, = Bt+--- +3, 
for absolutely indecomposable A; and B;. Then r = s and, if we imbed R and 
§ in a scalar extension &, of §, there is a permutation ji, --- ,j, of 1,2, -++,7r 


such that (Mie, = (B ja) e, : 
For Ae, = (Me)e, —_ (M)e, ®--- © (,)2, = (Me,)e, = (Bie, @®-:> @ 
(B,)e,. Our result then follows from Lemma 4. 
The center of a simple algebra % with a unity quantity is a field and if sep- 
arable is indecomposable only if its degree is one, 2% is central. Thus we have 
Lemma 9. A simple algebra with a unity quantity over § and separable center 
is absolutely indecomposable if and only if it is central simple over §. 


4. Semi-simple algebras 


We shall call an algebra 9 over § a semi-simple algebra if it has a unity quan- 
tity e and is the direct sum (1) of simple components %;. Then we have seen 
in Lemmas 1, 2 that %; has a unity quantity e; such that e = e, + --- + .,, 
the center 3; of A; is a field, the center 3 of W is the direct sum of the 3; . 
We shall call 9 separable if Ug is semi-simple for every scalar extension &. 

Let the center 3 of a simple algebra 2% over § and with a unity quantity e 
be a separable field. Then if & is any scalar extension of § the algebra 3g = 
3:® --- ® B,, where 3; is a separable field over equivalent over § to a 
composite of 3 and &. If e; is its unity quantity the algebra 3; contains 
3e; which is a field over § equivalent over § to 3 under the mapping z-e; — z. 
We let uw, --- , ws be a basis of Mf over 3 and u,-u; = ria UZ, ix for the Zg jx 
in 3 and see that w-e;, «++ , Use; are a basis of We; over Ze; , (uy-ei)-(uj-e:) = 
Yiet (ux-e:)(2gjx-€:;). Then we have a corresponding decomposition %g = 
M+ +--+ + Of, where A; = (Mee: = (Mex)e. But the linear mapping a — a-e; 
is clearly an equivalence over § of A and %e;, Ze; is the center of We, , U; is 
asimple algebra with center 3; over &. 

Conversely let 9 be simple and separable. If 3 is not separable it is known 
that there exists a scalar extension & of § such that 3e contains a quantity 
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y ~ 0, y* = 0 for some positive integer h. But by hypothesis A», = y, ® 
-++ ® Y, where the center of Y%» is a direct sum of fields and is a separable as- 
sociative algebra 39. However y is properly nilpotent in 3, a contradicton. 
We have proved 

Lemma 10. A simple algebra with a unity quantity is separable if and only 
if its center is a separable field. 

We also clearly have 

Lemma 11. An algebra U with a unity quantity is separable if and only if it is 
a direct sum of separable simple algebras. 

By a well known property of separable fields we have 

Lemma 12. Let % be separable. Then there exists a scalar extension & such 
that Ag is a direct sum XU, ® --- ® A, of central simple algebras A; over KR. This 
is an absolute decomposition of Ug and r is the order above § of the center of Y. 


5. Extending groups of linear transformations 


If uw, °-* , Un is a basis of YW over F, any linear transformation G over § on Y 
has a matrix T such that G is given by. (ait + +--+ + Qntin)G = Buy + -:: 
+ B,Un where 


(6) (81, °°* Bn) = (a1, °°, Ge). 


Then if & is any scalar extension of § we may indicate by Gg the linear trans- 
formation on %» with the same matrix T. It is given by the equations above 
for the a; and B;nowin R. Conversely if the matrix T of a linear transformation 
G on %g with respect to a basis uw, +--+ , Un Of the original algebra 2 has elements 
in § then G) = Ge where the matrix of G in (§), is also I. 

As in the theory of groups with operators we shall consider algebras % over 
& with operator sets © of linear transformations G over §. If & is any scalar 
extension of § we shall designate by Gg the set of all Gx on Wy for G in G. 

A linear subspace $ over § of % will be called G-allowable if bG is in B for 
every b of Band Gof G. Then a G-allowable ideal of % will be called a G-ideal 
and we shall say that % is G-simple if it has no @-ideals other than itself and 
the zero ideal. Finally we shall say that % is G-central if every scalar extension 
We of MW is Gg-simple. 

We shall restrict all further attention to subgroups @ of the multiplicative 
group of all non-singular linear transformations on % and shall call such a group 
@ an extending® group for % if the unity quantity e of A has the property that 
eG = e for every G of G. Then every subgroup of an extending group for 
is an extending group for 2. Moreover @ is an extending group for 9% if and 
only if Gg is an extending group for %» where & ranges over all scalar extensions 
of §. We now prove 

THEOREM 1. Let & be an extending group for a semi-simple algebra UA = i @ 





8 We shall use this terminology in our theorems so as to diminish the size of the statement 
of the hypotheses we shall find it necessary to make. 
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.. ® U, with simple components A; , and let there exist an a; ¥ 0 in %; and a 
transformation G; in @ for each i = 1, «++, r such that a,G; is in Y;. Then A 
is G-simple, and is @-central if the A; are all central simple over §. 

For Lemma 5 states that every G-ideal B = B, © --- @ B, where the inter- 
section of B and Y; is the ideal B; of A;. If B + 0 some BY; ¥ 0, B; = A; 
contains a,G;. But @ is a group and & is a G-ideal only if (a,G,)G;" = a; is 
in %. Hence a; in % is in By, B, = %. Then YS contains every a; of our 
hypothesis and also every a,G;. These are non-zero quantities since a,G; = 0 
implies that aG;G;" = a; = 0. They are in % and in Y; and hence in %;, 
3,4 0,8; = AX, BV = Ais G-simple. If every Y%; is central every (A;)e is 
simple and our proof implies that %g is Gg-simple, A is G-central. 

TuEoREM 2. Let $ be a subgroup of an extending group & for A. Then if % 
is -simple it 1s G-simple, and if A is H-central it is G-central. 

The next result may be regarded as the trivial case § = [J] of Theorem 2. 

THEOREM 3. A simple algebra A is G-simple for every G. If Ais central simple 
itis G-central for every ©. 

Every G of an extending group © for an algebra 2 induces a linear mapping 
b> bG of a linear subspace $ of 2% on BG. If H is any subgroup of G such that 
$H is a subset of 8 for every H of then the mappings above are a group of 
non-singular linear transformations on $ induced by . We shall use this ter- 
minology in the formulation of 

THEOREM 4. Let the center of a simple algebra % over § be a (separable) normal 
field 3 and let an extending group © for A have a subgroup inducing in 3 its 
automorphism group . Then X ts G-central. 

For if 8 is any Ge-ideal of (%)e the set By is a Gy-ideal of An , where N is 
any scalar extension of § containing &. But it is well known that Jt may be 
s0 chosen that Bn = et + --- + eM for pairwise orthogonal idempotents e; , 
Yr = Y; ® --- ®© A, as in Lemma 12, A; = (An)e; central simple. Moreover 
¢; = eH; for H; in § and hence e; = eG; for G; in G. By Theorem 1 Wy is 
G-simple, By = 0 or An, B = O or Ay, A is G-central. 

Corottary I. A normal field % over § is G-central with respect to its (extend- 
ing) automorphism group ©. 

Theorem 4 may be extended to direct sums and the result stated as 

TuEorEeM 5. Let % be a G-simple algebra of Theorem 1 such that the center 
3: of U; is a normal field over §. Then if G has subgroups @; fori = 1, --- , 7 
such that G; induces in 3; its automorphism group, the algebra % is G-central. 

This generalization is a corollary of Theorem 4 and the following 

TuroreM 6. Let % be a G-simple algebra of Theorem 1 and & have subgroups 
G; inducing in A; an extending group S such that A; is G;-central for every i = 
l,-++, 7, Then & is G-central. 

To prove this result we see that every G-ideal of 2 has the form 8 = B, + 
‘*+ ® B, where %;As the ideal of (%;)~ which is the intersection of B and (W)e . 
Then $;(,)g is in B and in (Y,)¢e and is in B; , B; is an (G,)g-ideal. Since Y%; 
is central 8; = O or (%;)e. The remainder of our proof is exactly as in the 
proof of Theorem 1. 








omar. oie Tow wette ReE 


















714 A. A. ALBERT 


6. Crossed extensions 


A quantity g of an algebra 2% has been called non-singular if it is neither a 
right nor a left-divisor of zero. Then the right multiplication R, and the left 
multiplication LZ, are non-singular and we have 

Lemma 13. Let aand g be quantities of an algebra U such that g is non-singular, 
Then if an ideal B of A contains either a-g or g-a it contains a. 

For a-g = aR, is in $ and s0 is (aR,)-g = a(R,). If a(R,)* is in & s0 js 
[a(R,)*]-g = a(R,)***. Hence % contains a(R,)* for every positive integer k. 
Since % is a linear space it contains every a¢(R,) for ¢(R,) = oR, + a(R,)* + 
--+ + a,(R,)’ and the a; in §. But the constant term 8, of the characteristic 
function y(A) = \” + B.A” + --- + 8B, of R, is not zero, ¥(R,) = 0, the identity 
transformation J = —8,[8,.R, + --: + (R,)"] is ab(R,), B contains al = a, 
Similarly if 8 contains g-a it contains every ad(L,) and a. 

We now make the 

DerinitTion. Let % be an algebra with a unity quantity e and © be an ex- 
tending group for A. Then a set 


(7) @ = {gs,r} 


of quantities gs,r of XL will be called an extending set’ for X by G if g contains one 
and only one gs,r for every pair of transformations S and T of G, the gs,r are non- 
singular quantities of A, and 
(8) Gi.8 = Gs.7 = ¢, 
for every S of ©. 

We shall now proceed to our definition of new classes of algebras. We let % 
be any algebra with a unity quantity e, n be the order over § of Xf, G be a finite” 
extending group of order m for %, g be an extending set for &% by G. We let 


be a subset of G containing the identity transformation. Then we shall define 
an algebra 


(9) € = (x, G, §, 9), 


of order vy = nm over §, which we shall call the crossed extension of % by $ and 
@ with extension set g. We shall also call the integer m the extension index 
of % under &. 

We let Xt be a linear space of order v over § so that 2 is the supplementary sum 


(10) Mit --- +R, 





° The term extending set is preferable to that of factor set which we reserve for extending 
sets restricted so that the algebras we construct will be associative. 

1° It seems clear that if we take G to be an infinite group our construction will be valid 
if we take the corresponding linear space 9 to consist of vectors with finitely many non- 
zero coordinates. Moreover it seems that our hypotheses insuring that the result is a simple 
algebra will be also sufficient for the algebras of infinite order. It would be interesting to 
take the case where @ consists of the non-zero quantities of a division algebra, as well as 
that where 9 is a Hilbert space. 
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of linear subspaces Jt; each of order n over §. Then there exist corresponding 
non-singular linear transformations C,, ---, C, in (§), such that C, = J, 
is the identity transformation on J, 


(11) NM; = MWC; 

Thus every quantity of Jt is uniquely expressible in the form 

(12) a= aC; + eto + G0a (a; in M1). 
Observe next that the linear spaces % and 9 have the same order and thus 

that it is possible to take 2 = 9t,. We do this and have thus imbedded the 

algebra % in J as a linear subspace of Xt. We shail actually define € to be an 


algebra whose quantities are the vectors of Jt and we shall formulate our defini- 


tion so that 2% will be a subalgebra of €. 
Let us order the transformations of @ in any order such that the first trans- 


formation is J and thus have the notations 

(13) S =I, 82, --:,Sm 

for these transformations. We have then defined a one-to-one mapping 
(14) S:—C; = Cs, 


of G on the set of C; such that C, = C, = I,, the identity transformation on the 
space of order v. If S = S; we designate by as the coefficient a; of C; = Cs 
and may thus write every a of Jt uniquely in the form 


(15) a= > as Cs ’ 
8 
for the as in 9 where the sum is taken over all S of G. Write 


(16) cg = P 2 trCr ’ 


and define 


acc = di ywCu, 


for the xy and yy in & where the yo are to to be determined. Then the dis- 
tributive law holds only if 


(17) atx = z (asCs)-(trCr). 
ST 

We now let 

(18) asC s*X7C 7 = Ys,rC st ’ 


% that if we write U = ST, T = SU, then we have 
(19) Yo = > Ys,s-1v - 
8 
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We shall then complete our definition when we express the ys,r7 in terms of 
terms of as , x7 and g, and we do this by defining the function 


(20) w(S, T, a,x) = aT +x (S in §), 
(21) w(S, T, a,x) = x-aT (S not in §), 


for every ordered pair a, x of quantities of 2 where the products indicated are 
products in A of its quantities. We are then able to write the desired formulas 


(22) Ys,r = W(ST, I, gs,r, Ws,7); Ws,r = WS, T, ag, x7). 
In particular e = g:,r = gs,z for every S and hence we have 
(23) Y1,7 = W1,r = a,T'-27, Ys,1 = Ws,1 = WS, I, as, 27). 


Conversely let ys,r be defined by (20), (21), (22), so that the yy are defined 
uniquely by (19). Since % is a linear algebra it is clear that the ys,7 are linear 
in the x7 and thus also in the vordinates of x, the yp are linear in z, a-z is 
linear in x. Also every T is a linear transformation, the ys,7 are linear in asT 
and hence in as, a-x is linear ina. It follows that € is a linear algebra. 

We note that ys,r = 0 if either as or x7 is zero. Then if a and x are in 9 
we have a = @;,x = “7, all the ys,7 are zero except yz,1 = @7-X, by (23), Wisa 
subalgebra of ©. In fact we may prove 

THeorEM 7. The algebra € of (7)-(21) contains A as a subalgebra and the 
unity quantity e of U is the unity quantity of ©. Every quantity of € is uniquely 
expressible in the form 


(24) a= > ts-ds (S in G, as in X), 
8 

where us = eCs, us = €. The quantities us are non-singular quantities of E 

such that Usg*Asg = asC's and 

(25) Us'Ur = UsrGs,r, 

for every S and T of G. Then the definitive properties of E are completely given 

by (20), (21), (25) and 

(26) (Us-@s)+(Ur-tr) = (Us-Ur)-[w(S, T, as , x7)). 


For by (23) we have yz,r = %r = yrif a = e, @-x = «. Similarly ys, = 
w(S, I, as,e) = asif « = €, ys,r = Ounless S’U = T= 1, S = U. Then 
Yo = Youur = Av, y = «a = ae, € is the unity quantity of €. Now us-ds = 
eC's-sCr = ysirCs = [w(S, I, e, as)|Cs = asCs so that (15) is equivalent to 
(24). Also (18) becomes 
(27) (Ws:Qs)+(Ur-a7) = Usr'Ys,r- 


But (25) follows from (27) if we put as = x7 = e and use the property that 
eT =e. The definition (22) then states that (27) is equivalent to 


(28) (Ws-@s)-(Ur-Xr) = Usr:[w(ST, I, gs,7, Ws,7)]- 
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But (Us Ur) *Ws,r = (Usr-9sr)*(Ur-Ws,r7) = Usr-[w(ST, I, Js,r, Ws,r)] and 
(28) implies (26). Conversely (26) and (25) imply that (us-as)-(ur-rr) = 
lusr-Gs,7)"Ws,r = (Usr-Gs,r)*(UrwWs,r) and the fact that usr-uy = usr used 
with (26) implies (27). 

Since gs,r is non-singular we have us-(ur-%r) = UsrYs,r Where Ys,7r = 
sr°tr OF Lr-Gs,r iS not zero unless zy = 0. Then us-x = Dor Usr-Ysr ¥ 0 
unless « = 0, ws is not a left divisor of zero. Similarly ws is not a right divisor 
of zero and is a non-singular quantity of %. This proves our theorem. 


7. Anon-simple crossed extension 


The crossed extension € need not be simple even when Y is G-simple, nor 
need € be central when 2 is G-central. Let us give an example here of such an 
algebra. We take § to be a field of real numbers, % = %1 @ We. where e; and eg 
are the respective unity quantities of the quadratic fields 2%, and Y%, defined by 


u; = —-¢1, us = —-@2, % = af + ws, Ae = eo] + wif. 
Then every quantity of % is uniquely expressible in the form 
(29) @ = ayy + alle + argig + ally (a; in §), 


where Ug = €) — U1, Us = €2 — U2. We let & be the group of linear transforma- 
tions on % obtained by applying the permutations (13), (24), (13) (24), (12) 
(34), (14) (23), (1432), (1234) and the identity to the subscripts 7 on the u; in 
(29). Then @ is an extending group of order eight for %{ and is known” to be 
generated by the transformation S obtained by applying (13) and the trans- 
formation P obtained by applying (12) (34). We let 7 be the transformation 
obtained by applying (24) and have 


(30) ST=TS, S=T=I1, SP=PT, PS= TP. 


Here TP is the transformation obtained by applying the cycle (1234) to the 
subscripts of the basal quantities in (29), and PT is its inverse obtained by 
applying (4321). 

The algebra %& has the property that %~e = Bi © Be © Bs © B, where BY; 
has order one over the field & of all complex numbers, 8; = v,§ such that 
2 = uz + (1 + 4) Uy, 2v3 = Ug + (1 = 1) U1, Qve = Us + (1 + 7) Us, 204 = U4 
+ (1 — 7) uw are pairwise orthogonal idempotents. Any non-zero ideal % of 
Xe contains one of the v;. If B is a Gg-ideal it contains with v; the quantity 
us and then we apply P and its powers to get all the u;, 8B = Ae. If B con- 
tains vs and hence 2u,; + us we apply S to get 2us + w and hence the quan- 
tity 2(2u. + ws) — (2us + wm) = 3u:. Again B = Ae. Similarly if B 
contains either v2 or v4 it is equal to Ae, Ase is G-simple, A is G-central. 

Observe that S carries quantities of %; into other quantities and leaves e; 
as well as every quantity of %{. unaltered, 7’ carries quantities of % into other 


“ef. L. E. Dickson, Modern Algebraic Theories, pp. 145-6. 
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quantities such that e is unaltered and T leaves all quantities of %, unaltered. 
We form the crossed extension & defined above for all quantities in the extension 
set equal to the unity quantity of & and for 5 the identity group. Let 3 = 
Use, + Ure. Now 3:@ = Us-(G2-e2) + Ur-(a1-e:) for every a = a, + wy 
such that a; is in %, and az in %,. Also a-3 = ws-(@s-e2) + ur-(aT'-e) = 3-4 
since (aS) -e: = (aiS + d2)-€: = d2-e€2, aT'-e; = (G28 + a)-e1 = a-e,. More- 
Over Us°3 = Usr'@1 + C2 = §°Us = Urge: + C2, UreZ = Ursree + &y = fur. 
Finally wp-3 = Ups-e2 + Upr'€i, §°Up = Usps: + Urpse2 = Up-3 by (30). 
That (a-r)-y = a-(z-y) when one of the factors is 3 follows from the fact that 9 
is a commutative associative algebra and that ue-uwe = Ugr. Then ; is in the 
center of ‘our crossed extension €. But re = (use) + (ure)? + 
(ws-2)(wr-e:) + (wr-e:)(Us-e2) = e since (us-e)” = 2, (Wr-e:)’ = &, and the 
other two terms are equal to wsr-(€1-e2) = 0. It follows that € is a direct sum 
E = Gi © Cy, 231 = e€ — 3, 2 = e + 3, E is neither simple nor central. 


8. Simple crossed extensions 


We have just seen that 2 may be G-simple but its extension € not a simple 
algebra. Thus we shall have to make additional hypotheses if we wish every & 
defined for the given %, G, H to be simple. These conditions are really a part 
of the usual associative crossed product definition, but are hidden in the more 
explicit and special nature of those algebras. 

Let us call a linear transformation S on the linear space % an inner™ or an 
outer transformation for this algebra according as there is or is not a quantity 
b ¥ Oin A such that 


(31) b-x = «S-b. 


The identity transformation J is one of a class of inner transformations on % 
which have the property that (31) holds for b in the center of 2. We shall call 
any such transformation a semi-identity transformation for Y%. If S is semi- 
identical and %{ is semi-simple we may write b = b}, + ---+6.,% = % @ 
--- ® A, ® C for simple algebras Y; such that b; ¥ Ois in the center of %; and 
(31) becomes b-(z — xS) = 0. But there exist d,, ---,d, in the center of 
%1, +--+, X, such that d;-b; = e;,f =e + --- +e, is the unity quantity of the 
ideal 8 = % ®--- @ A, of A, f-(x — xzS) = 0. Then A = B® C such 
that y — yS is in € for every y of 8, CS = C, b-x = xS-b for every b in the center 
of B. 

We now have a terminology for the hypotheses we shall require, and we 
shall prove 

THEOREM 8. Let % be a semi-simple algebra, © be an extending group for X 
such that U is G-simple and I is the only semi-identity transformation for % in ©. 





12 If S is an automorphism it is inner in the ordinary sense only when the quantity } is 
non-singular. However we shall require the (only slightly) more general hypothesis we 
give here. 
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Then if there is any subset H of © such that H consists of I and outer™ transforma- 
tions for the crossed extensions € = (A, G, H, g) are simple algebras. 

For let p(a) be the number of non-zero coefficients as in the unique expression 
(4) of any a in € for ag in A. Then p(0) = 0, p(a) is a positive integer for 
every a ~ 0. Let B be a non-zero ideal of € and p be the least p(y) for any 
»#0in S. Then some b in & has the property p(b) = p and if we write 6 = 
¥, us-bs as in (24) there is an S) such that bs, ~ 0. Then ur-b = D's urs-crs 
where Crs is the product of bs by a non-singular quantity gr,s of % and is not 
pro if bs ~ 0. Take T = So’ and have a quantity cin B such that p(c) = p, 
c= \isus:Cs,¢r #0. We now let D be the set of all finite sums of terms of 
the form (x-c)-y, x-(y-c), for x and y in A. It follows that every ) of D has 
the form 


d=d,;+ 2, us; ds; 


for a fixed set J, Se, --- , S, in G and with the ds in A. Then c is in the set 
Dand D is a non-zero linear subspace of the ideal $8 such that p(d) = p for every 
non-zero ) of D. Moreover the quantities d; consist of all finite sums of the 
form (x-er)-y or x-(cz-y) for x and y in Y, the set I of all the d; is a non-zero 
ideal of YI. Leti fy be its unity quantity so that f; is in the center of % and 
there is a quantty f in D such that 


f _ fi + 2 Us, fs; (fs; in 1). 


Ifp < 1 and some 7 = S; is not in © it is not a semi-identical transformation 
and there exists a quantity x in % such that h; = z-fr — frxT = 
fr(e — aT) # 0. The corresponding h = x-f — f-xT ¥ 0 is in D so that 
oh) = p. But the term of § involving ur is x-(ur-fr) — (ur-fr)-aT = 
ur:(xT'-fr — xT -fr) = 0, a contradiction. Hence every S; is in § and if p > 1 
there is an S; = T which is an outer transformation, there must exist a quantity 
rin % such that hy = aT -fr — fr-x #0, 2-(Ur-fr) — (ur-fr)-@ = Urchr # O 
is the term involving uz in h = x-f — f-x. Then § ¥ Ois in D and p(h) = p. 
However f; is in the center of % and h; = x-f, — fr-x = 0, a contradiction. 

This proves that p = 1 and that the intersection U of 8 and Y is a non-zero 
ideal of %. If WU contains > and S is in @ we write 7 = S” and have 
ur:(D-us) = h where h = gr,s-dS or dS-gr,sisinU. By Lemma 13 so is dS. 
Thus ll is a G-ideal of % and U = A since A is G-simple. Then % contains e 
and is the unit ideal &, € is a simple algebra. 

We note that the example in Section 6 of a crossed extension which is not a 
simple algebra failed to satisfy our hypotheses precisely in that @ contained 
semi-identical transformations S + I. 

We shall not try to compute the center of a crossed extension € and so to 





3 In the case of ordinary crossed products G = § and Y is a field. Our hypotheses are 
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prove that a given € is central simple but we shall rather try to see that our | 


hypotheses are in a form such that they hold also when the field § is extended.“ 
Thus we prove 

Lemma 14. A linear transformation S on a separable algebra % is a semi- 
identical transformation or an inner transformation for % if and only if Sg has the 
corresponding property for Ag , where R is any scalar extension of §. 

For if (31) holds for a quantity b in & and every x of % we will also have 
b-2 = «Se-b for every x in Ag, Sg isinner when Sis. Also Sg is semi-identical 
when S is since if 3 is the center of 2 the center of We is 32. Conversely let 
y:x = xSe-y for every x of We and a fixed quantity yin Ae. Then we may 
write y = yiféi + --- + y.€ for y;in A where the £; are in & and are such that 
ag, + --- + a4,€, = 0 for a; in %& if and only if the a; are all zero. Take z in 
and so obtain zSg = 2S in A, y-x — tSe-y = D> (yj-4 — eSe-yjé; = 0, 
y;-« = xS-y. Henceif Sgisinner sois S. If Sg is semi-identical the quantity 
y may be taken to be in Be, y: is in 3, S is semi-identical. 

We may thus apply Lemma 14 to Theorem 8 and obtain 

TurorEM 9. Let % be a separable algebra,” © be an extending grvup for ¥ 
such that % is G-central and I is the only semi-identity transformation for A in G. 
Then tf S is any subset of & consisting of I and outer transformations for X the 
crossed extensions € = (A, G, H, g) are central simple algebras. 

If 2% is a simple algebra the only semi-identity transformation for % is J and 
we have 

THEOREM 10. Let & be an extending group for a simple algebra A, H consist 
of I and outer transformations for A in G. Then every crossed extension of 
is a simple algebra. 

If consists of J alone we shall write 


€ = (A, G, g) 


for the corresponding crossed extensions. These are surely the most interesting 
of our new algebras and we shall state the results of Theorems 8 and 9 for such 
algebras as 

THEOREM 11. Let G be an extending group for a simple algebra %. Then 
every crossed extension € = (%, G, g) is a simple algebra. Moreover if % 1s 
central simple so is &. 


9. Associativity 
A crossed extension € is associative if and only if & is associative and 
[(us:@s)(Ur-tr)]-Up-wp = (Us-As)+[(Ur-27)-(up-wp)] for every As, tr, Wr Of 


and S, T, P of G. If © # § we take S not in §, as = e, T = P = J and 
have us:(z-w) = (us-x)-w = us(w-x) which is possible in an associative 





4 This seems to be the best possible method of proof even for ordinary crossed products. 
18 In the associative case the simple components of 9% are necessarily equivalent, since 
%f is G-simple and © = § is composed of automorphisms. However this does not appear to 
be necessary here and this question should be studied. 
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algebra © if and only if & is commutative. But when % is commutative the 
algebras € = (A, G, G, g) are the same for every $ and we may take € = 
(f, G, g). Hence we have § = [I] in every case. We now compute 
(ug:@s)*(Ur- 27) = Usr‘(9s,r-GsT-xr). Similarly (uy-az)-(up-wp) = 
ure*(Qr,p°trP-Wp). Multiply the first of these products on the right by up-wp 
and the second on the left by ws-as. The resulting products each have the 
non-singular left factor wsrp , and if € is associative we have 


(32) 9s7,Pl9s,r*(As1'-Xr)|P-wp = 9s,rp*(AsI'P) -[gr,p-(a7P-wp)]. 


Put ds = 27 = Wp equal to the unity quantity e of Y& and obtain 

(33) 9sr,p*(9s,r7P) = 9s,rP9r,p (S, T, P in @). 
Next put S = T = J and wp = e and so obtain 

(34) (a-x)P = aP-zP, 


that is, G@ is a group of automorphisms of Y%. Put zr = wep = e, P = I, to 
see that the gs,r are in the center of 2. Conversely if (33) holds for an auto- 
morphism group © and the gs,r in the center of &% we have (32) and € is 
associative. 

We shall call an extension set satisfying (33) for an automorphism group @ 
of {a factor set. Then we have proved 

TuzorEM 12. A crossed extension € = (A, G, H, g) is associative if and only 
if U ts associative, G is a group of automorphisms of A, g is a factor set of A whose 
quantities are in the center of A, and G@ = H. 

We now have the consequent 

Corottary I. Let € = (A, G, gq). Then if A is not commutative the algebra 
€ is not associative. 

Corottary II. Let € = (A, G, g) where W% is a central simple algebra. Then 
€ is a non-associative central simple algebra. 

We have tacitly assumed in all of our work that the order n of %& is not one 
and that the order m of @ is also not one. Then € has order nm and Y is a 


proper subalgebra of &. 


10. Explicit construction 


Let us indicate some of the types of algebras included under our definition. 
The first of these are the ordinary crossed products and the special case of cyclic 
algebras. These are given by € = (Y, G, S, g) for G = H the automorphism 
group of a normal field, g a factor set. Then our construction Theorem 9 
implies that € is central simple and this seems to be a proof of that result which 
has been overlooked in the literature. The other algebras of Theorem 12 have 
been considered only in a rather special case. 

Let us restrict all further attention to the case where % is central simple and 
§ is the identity group so that € = (%, G, g) is not associative and is central 
simple. Then we shall define one very interesting type of algebra which is the 

























ee 


+ en copat mae 


722 A. A. ALBERT 


crossed extension of % by what is, essentially, a permutation group. We shall 
call such algebras permutation algebras and define them as follows. We let 
Me, °°", Unt be any basis of % over § and let « be determined by 


(35) Ut: +u, =e. 


Then wu, +++ , Un are a basis of 2 over § and we have a unique expression 


(36) a= ayy > oe + AnUn (a; in 3) 
for every a of A. We define 
(37) aS(P) = ai, + -+* + anti, 
for every permutation 
1 2---n 
(38) te: 
ty tg tn 


and thus have defined a group © of non-singular linear transformations S = S(P) 
on % such that eS = e for every permutation group Gp» of permutations P. 
Clearly © is equivalent to G and the algebra € = (Y, G, g) is central simple 
for every g. Moreover, this type of algebra is special since, while every finite 
group © may be represented as a permutation group, © may not’® permute any 
set of basal quantities of A. 

Let us give an iterative process next for the construction of a family of central 
simple algebras defined for what is essentially a single group. We let & = 
(2, G, H, g) be a given central simple crossed extension of order nm over § 
defined for an algebra % of order n and a group @ of order m. Then every 
quantity « of € is uniquely expressible in the form 


x = UA + + + Um'Om 


for the a; in & and u; = us, , Si = I, So, --- , Sm the transformations of @. 
Since € is central simple any 


G = (E, Go , go) 


will be central simple for any extending group @) and extension set go. We let 
@o be the set of linear transformations 


So: 7 x — «So = U14°as t+ eee + Um*AmS (S in @). 


Then @p is a finite group equivalent to @ and is clearly an extending group 
for &, the algebra © = (€, Go, go) is central simple for every go and we may 





16 It would be desirable now to prove the existence of examples of a simple algebra | 
and an extending group G such that no basis of & exists for which @ may be regarded as a 
permutation group. Observe also that for every field % of order n over § we have a simple 
permutation algebra. This is then a generalization of the crossed product concept where 2 
is a normal field, the crossed product is a permutation algebra defined for a normal 
basis of %. 
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indeed choose go in %f. This process may be repeated to obtain central simple 
algebras of order nm‘ for every G of order m. 
In particular we have the generalized crossed products 


E, = (MN, G, gi, +++, Gs); 


where Jt is a normal field of order r, G is its automorphism group, the g; are all 
factor sets (or merely any extension sets). This algebra has order r‘ over §. 
We thus have the generalized cyclic algebras 


(N, Sn, Aes Yt) 


for the y; ¥ O in §. 

Another process of iteration is that where we define S) by «S) = 
uy aS + Ug-Az + +++ + Um*Gm and there are other obvious variations. How- 
ever these may possibly give corresponding algebras obtained from the type 
given above by the use of a different @ and extension set. Thus we are led to 
the problem of determining when two crossed extensions defined for the same 
but with distinct groups and extension sets are equivalent, and also when they 
areisotopic. The solution of this problem will require a study of automorphisms 
of our algebras and also a solution of the simpler problem of determining condi- 
tions that (%, G, GS, g) shall equal (2%, G, H, f) for given distinct extension sets 
gand f. 

The associative algebra theory suggests for study many other fundamental 
problems regarding our new classes of algebras. For example let us call any 
algebra equivalent to a generalized cyclic algebra (Jt, S, 1, --- , 1) a generalized 
total matric algebra over §. Then we seek to study the nature of the simple 
subalgebras of all such algebras (as well as of all other crossed extensions) and 
in particular to prove that they are all generalized cyclic algebras if § is a p-adic 
or an algebraic number field. Such a study would probably require a study of 
splitting fields, direct products, the G-centralizer of a simple subalgebra of €, 
further extension of the concept of total matric algebra, similarity for crossed 
extensions, a theory of division algebras and a theory of exponents. It seems 
clear that our crossed extension definition includes many new varieties of simple 
algebras and it should lead to a host of new applications of modern algebraic 
techniques. 
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EXTENSIONS OF DIFFERENTIAL FIELDS, I 


By E. R. Kotucarn! 
(Received May 6, 1942) 


Introduction 


It is a well-known theorem of algebra that a finite algebraic extension of a 
field of characteristic zero K always contains a primitive element w: 


K(a, sai » Gn) we K(w). F 


Moreover, by means of the theory of Galois, it is possible to characterize those 
elements of the extension which are primitive.” The present paper treats the 
analogous problems for differential fields (ordinary or partial). 

A simple example shows that the precise analog is not true without further 
restriction. Let jo be the ordinary differential field of rational numbers, and 
let a; and a2 be two algebraically independent complex constants. Since a; and 
a. both have zero derivatives, fo(a1, a2) is set-theoretically identical with 
o(o1, a2), whence it is clear that there exists no number  € Fo(a1, a) such 
that Fo(a: , a2) = Fo(8). However, for the theorem in question to hold it suffices 
to place a mild condition on the differential field. In the ordinary case the condi- 
tion reduces to the requirement that the differential field contain a non-constant 
(that is, an element whose derivative is different from zero), in the general 
(partial) case, the condition is that the differential field contain a set of elements 
whose Jacobian does not vanish. 

In studying those elements of an extension @ of a differential field § which 
are primitive, a theorem presents itself which bears a similarity to results from 
Galois’ theory. However any attempt in this direction seems destined to but 
fragmentary results, as the concept analogous to a normal extension of a field 
is lacking, so that one must speak of isomorphisms instead of automorphisms, 
thereby abandoning the concept of group. 


1. Generic solutions 


Throughout this paper § will denote a differential field of characteristic zero 
with m types of differentiation 6,,---,5m,' and y,,--*, Yn Will denote un- 
knowns (m and n are positive integers). 


Let = be a system of differential polynomials in §{y:, --- , yn} with mani- 





1 National Research Fellow. 

* This is not, of course, the simplest characterization. 

* J(u, --- ) means the result of the differential field adjunction to § of the elements 
u, +++. &(u, +++) means, as usual, the result of the field adjunction to § (considered as 
a field) of the elements u, --- . The result of differential ring adjunction is indicated by 
curled brackets: §{u, --- }. 

‘This concept has been discussed by H. W. Raudenbush, Bulletin of the American 
Mathematical Society, vol. 40 (1934), pp. 714-720. 
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fold M. Aset m, +++, Of elements of a differential extension field of § will 
be called a generic solution of 2 (or of Mt, with respect to §) if a necessary and 
sufficient condition for a differential polynomial F(y; , --- , yn) in F{y:, «++ 5 Yn} 
to belong to = is 


F(m, +++ 5 1) = 0. 


It is easy to see that if = has a generic solution, then > is a prime differential 
ideal in F{y:, °°: , Yn}, SO that M? is irreducible over §. Conversely if = is a 
prime differential ideal other than the whole ring §{y:, --- , yn}, then has a 
generic solution. For example, if, in the differential ring of remainder classes 
Ky, °** » Yn}/Z, %: is the remainder class containing y; , then 7, --- , J, are 
eements of a differential field containing (namely, the differential field of 
quotients of &{yi,-°-:,Yn}/Z), and F(y:,---,yn) is in & if and only if 
Fiji, +++ ,9n) = 0. It is not hard to see moreover, that any generic solution 


n,***, Mm Of Z is equivalent to 9, --- , 9, that is, 7; > 9: (¢ = 1, +--+ ,n) 
generates an isomorphism: 
om *e5 5 In) = aH a? Gn)” 


Now, a prime differential ideal 2 in F{y:, --- , yx} may very well decompose, 
over an extension & of %, into several essential prime differential ideals: 


(1) {z=} = Ain 


Let f1, +++ , {n be a generic solution of some A;, say of A,. Then f%i,---, fh 
is a generic solution of >. Indeed, it is clear that F(y:,---,yn)€= 
implies F({;,---,f,) = 0, as © & A,. Conversely, suppose that F = 
Fly, +++, Yn) € lyr, °°*, yn}, and that F(f,---,¢n) = 0. Let 


GeAyn---m Api Angin::: 


Then FG vanishes for all solutions of 2, so that, by the Ritt analog of the 
Nullstellensatz, some power (FG)* is a linear combination, with coefficients in 
Gly1,--+, yn}, of differential polynomials in >: 


F’G’ = 0,8: + «++ + CS; (S; € 2). 


The coefficients of G*, C,,---,C, are in @. Letting w, --- ,, be, with 
respect to §, a linearly independent linear basis of these coefficients, we find a 
relation 


soe A,, in G{yi, --- , Yn}. 


n A,, GeAn. 


F* (Hy, + ‘2° + Hw) = Twit+::: + Ty, ; 


where each T;¢ D, each Hye ¥{y:, °°: , Yn}, and Hw: ++: + Hy = G". 
Equating coefficients, on both sides, of the linearly independent elements w;, 
We see that 


*The isomorphism indicated by the symbol ~ maps not only the sum and product of 
two elements onto the sum and product, respectively, of their images, out also the various 
derivatives of an element onto the corresponding derivatives of its image. 
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F*H; = T;«> (¢ = 1, +--+ ,9), 


But not every H; is in 2, for otherwise G would be in A,;. Hence, since 3 is a 
prime ideal, F ¢ 2. 

We use this result to prove that if the prime differential ideal 2 in §{y: , «++ , yn} 
has a generic solution m,---,1., tf G ts a differential extension field of 
&(m,-**, mn), and if no extension of © contains another generic solution of , 
then each n; € §. 

For, let (1) be the decomposition of {2} into essential prime differential ideals 
in G{y1,---, Yn}. Amy generic solution of A; is a generic solution of > and 
therefore is identical with m,---,,. The same holds for every A;, so that 
s = 1, {2} = [yi — m,--+, Yn — ma], and the only solution of Dis m,--- ,m. 
Assume, now, that m ¢%. For some k, 


(yi — m)* = CS, + +++ + CS, (S;€ 2). 


We suppose that k has been chosen as low as possible, so that 1, m,---, 
are linearly independent over §. Letting 1, m,--:,m, w,°°: ,@, be a 
linearly independent linear basis, with respect to %, of the coefficients in 
(y1 — m)*, Ci, ---, Cy, and equating coefficients of ni , we arrive at the contra- 
diction that le Z. Hence m ¢ §, similarly, every 7; € §. 


2. Relative isomorphisms 


Let & be a differential extension field of §. By an isomorphism of & with 
respect to § we shall mean an isomorphic mapping of G onto a differential field 
’ such that 

(a) &’ is an extension of §, 

(b) the isomorphic mapping leaves each element of § invariant, 

(c) &@ and GW’ have a common extension. 

By means of well-ordering methods it is easy to show that an isomorphism 
of & with-respect to § can be extended to an automorphism of the common 
extension of & and its map under the isomorphism. 

Concerning such relative isomorphisms we prove the following theorem: 

Let & be an extension of §, and let y ¢@. A necessary and sufficient condition 
that y €.& is that every isomorphism of & with respect to § leaves y invariant. A 
necessary and sufficient condition that y be a primitive element, that is, that 
G = Hy), ts that no isomorphism of © with respect to § other than the identity 
leaves y invariant. 

Proor: A. If y « §, then by condition (b), every isomorphism of @ with 
respect to § leaves y invariant. Now let y ¢ $, and denote by I the prime 
differential ideal of all differential polynomials in ${y} which vanish for y = 7. 
y is a generic solution of I. Since y ¢ §, we know by §1 that there exists 4 
differential field § 2 G in which [I has another generic solution 7’. Now, 
vy — ’ generates an isomorphism between §(y) and §(y’) which leaves invariant 
every element of §. This isomorphism can be extended to an automorphism 
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of 6, which automorphism in turn can be contracted to produce an isomorphism 
of @ with respect to § which does not leave y invariant. 

B. If © = Fy), every element of © is a rational function, with coefficients 
in §, of y and its various derivatives, so that an isomorphism of @ with respect 
to § which leaves y invariant leaves every element of G invariant, that is, is the 
identity isomorphism. Conversely, if G ~ §(y), there is an element a ¢ ® such 
that a ¢ (vy). By the part of the theorem already proved there is an iso- 
morphism of G@ with respect to §{y) which does not leave a invariant. This is 
an isomorphism of & with respect to §, other than the identity, which leaves vy 
invariant. 

The existence, in certain general cases, of a primitive element will be demon- 
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7 strated in §4, after the proof of a preparatory result in §3. 
2). 3. Non-vanishing of nonzero differential polynomials 
Th The following lemma will be used in §4. 
ea A necessary and sufficient condition that, for an arbitrary nonzero differential 
in polynomial A = Aly, -++, Yn) € B{Y1,°°* 5 Yn}, there exist elements m,--- , 
ra- mé § such that A(m,---,n) # 0, is that § contain m elements & , +++ , Em 
whose Jacobian is different from zero: 
dif: +++ Omes 

with J = . eee . gt 0. 
eld 51 Em ls 5m Em 

Proor: Necessity. If § has the property in question, then, in particular, 

there are elements & , --+ , £m which do not annul 
jy ets bm Y1 

m J(yi, °**> Ym) = ° coe e x 
on. | 14m .?* bm Ym 

Sufficiency. It obviously suffices to consider the case n = 1: A = 
m A(y) « §{y}. Now, since J ¥ 0 there exists an m X m matrix (a,j), with ele- 
A ments in §, such that (a;,)(6,é) is the unit matrix. Hence, if we introduce the 
at operators 
Ly : 

6; = and) + +++ + Gimdm 

h 


in terms of which, in turn, the operators 6; may be expressed 






8; = Babi +--+ + Bimdm (j = 1,---,m), 






we shall have 






, 1 if i = k, 
sie = 19 if i xk. 
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ae Moreover, since under 
Bi bp dq = Dy api ds } qj 9; wa 
| \! i j Let 
Pane = LL apteress8 + (apse) dy, 
ne i 1 7 + / 
| we see that ~ 
5,5, = d¢5p + p> vi?” by (ve? eS). BE ily 
Hence A(y) may be expressed as a polynomial, with coefficients in %, in the oe 
quantities bi! eo OMY: Let { 
A(y) = P( +++, 6:2 +++ diy, -++ ). ideal 
conti 
Letting the symbols ¢;,...:;,, denote constants in § such that Cons 
PU «++ 5 Oeste ) #0, gene 
fi - 
and letting a, --- ,@m be unknown constants (that is, indeterminates all of fy: 
whose derivatives are zero), form the expression with 
ees - a cont: 
9 Do py — a" + Gn — Gen). M(t 
By the above, 4 satisfies the congruences (i = 
i tee 5°" 5 TE Cj, ...45 (&) — Gi, +++, &m — Gn). élem 
Hence 
A(f) = P( pe: 9 Ciy---im 9 A ) (& _ a, Ray > £m — Gm); re 
with 
that is, A(#) is a polynomial in the indeterminates a7; = £; — a; (j = 1, --- ,m) of a 


with coefficients in §, and these coefficients are not all zero, Therefore we may 
choose rational values a; for the unknown constants d; so that, for 





Sine 

Ch, os. ' 
aaa } it. 7 oe (& sain a,)"! Ser (Em ae an)", tA 
is Co 
we have A(n) # 0, q.e.d. . 
4. Existence of a primitive element oa 
We are now in a position to prove our principal entic 
TuEorEM. Let § contain m elements whose Jacobian is different from zero. _ 
If §(a1, +++ , an) is a differential extension field of § such that each a; is a solution “ 


of a nonzero differential polynomial in §{y}, then there exists a primitive element y: 


O(a ers Qn) wee (7). 


By §2 we must show that there exists a y € §(o1, «++ , an) which is invariant 
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under no isomorphism of f(a, --+ , a.) with respect to §. We shall prove, 
as a lemma, a stronger result. 

Let A:(y:) € &{ys} have the solution y; = a; (i = 1, ---,n). We shall show 
that there exist elements ,---,t.€ & such that ry: + --- + tay, assumes 
diferent values for different solutions of {Ai(y:), --- ,An(Yyn)}.° Then certainly 
the element 7101 + +--+ + tna» will satisfy our requirements on y. 

To prove this lemma, let 21, --- ,2n, 4, +--+, tx be new unknowns, and, in 
HHyty °° Yrs 215 °° > 2nyh, +++, tn}, consider the perfect differential ideal 


Q= {Ai(y1), ae An(Yn), A;(a), ea An(Zn), ily _ 21) T°: + tr(Yn - 2n)}. 


Let 2 = % n --- a Q, be the decomposition of Q into essential prime differential 
ideals, and suppose the subscripts have been assigned so that Q,, --- , 2, each 
contains every y; — 2; , Whereas Q,4; , --- , Q, each fails to contain some y; — 2; . ‘ 
Consider an Q; with j > r. Let m1,---, fn, &1,°°*,&n, Ty ***, 7m DO A 
generic solution of Q;. Since 7:(# — &) + +++ + 7alfn — Fn) = 0, and some 
i: — §; is different from zero, 71, --- , 7, are dependent’ over ¥(m, --- , Hn, 
fi,:°+,&). But each 4; and each &; annul a nonzero differential polynomial 
with coefficients in §. Hence 71, ---, 7, are dependent over §,° so that Q; 
contains a nonzero differential polynomial L;« ¥{t,---,tn}. Now let 
M(t, +++ ,t) = Lryi--- L,. By the authority of §3 choose elements 7; , 
‘+, 7, for which M(7,---,7,) #0. For any two distinct solutions y; = 7; 
(i “ 1; + %, #) and ¥i = 5 (7 ie 1, ‘oe , n) of {Ai(y:), re A,(yn)}, the 3n 
cements 












ll of 
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cannot be a solution of 2. For, these elements cannot be a solution of any Q; ) 
with j S ras each such Q; contains every y; — 2; , and they cannot be a solution 
of an Q; with 7 > r as each such Q; contains M(t, ---,¢,). Consequently 


7i(m 4 Sg 6) + i + Tr( Nn ie fn) a 0. 


Since m, +++, , and {,,-°--, ¢, were chosen as any two distinct solutions of 
(Ai(y:), «++ , An(Ya)}, the proof of the lemma, and therefore of the theorem, 
is complete. 












InsTITUTE FoR ADVANCED STUDY 






*We lean heavily here on the proof for the ordinary case given by J. F. Ritt, Differ- 
ential equations from the algebraic standpoint, American Mathematical Society Colloquium 
Publications, vol. XIV, New York, 1932. See especially pp. 26-31. 

"See Raudenbush, loc. cit. 

*See Raudenbush, loc. cit. 
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LE CORRESPONDANT TOPOLOGIQUE DE L’UNICITE DANS 
LA THEORIE DES EQUATIONS DIFFERENTIELLES' 


Par N. ARONSZAJN 
(Received December 13, 1940; revised July 25, 1942) 


Dans la théorie des équations différentielles, aussi bien ordinaires qu’aux 
dérivées partielles, on a pu établir des théorémes d’existence et des théorémes 
d’unicité. Il est apparu dans beaucoup de cas que, si pour les théorémes d’exist- 
ence il suffisait d’admettre pour les membres de |’équation des hypotheses de 
régularité trés faibles, se réduisant parfois a la continuité seule (comme dans le 
cas de systémes d’équations différentielles ordinaires), il était nécessaire d’ad- 
mettre des hypothéses de régularité plus fortes pour assurer l’unicité, 

La question se pose de caractériser dans les cas de multiplicité provenant de 
l’affaiblissement des hypothéses de régularité, l’ensemble des solutions multiples. 
I] apparait immédiatement que cette caractérisation doit tenir compte des 
propriétés topologiques de l’ensemble en question et que pour cela il est néces- 
saire d’introduire une topologie dans cet ensemble. 

Sur cette voie nous sommes arrivé 4 établir une classe d’ensembles & laquelle 
appartiennent tous les ensembles des solutions multiples correspondant aux 
équations en question. I] nous semble probable que tout ensemble de cette 
classe est homéomorphe & |’ensemble des solutions multiples d’une équation du 
type considéré. Si cette suggestion était vraie, nous aurions eu ainsi une carac- 
térisation topologique compléte de ces ensembles de multiplicité et, en méme 
temps, le correspondant topologique de l’unicité dans le cas de certaines types 
d’équations admettant de solutions multiples. 

Les ensembles de la classe mentionnée seront désignés par R;. Ce sont des 
limites des suites décroissantes des ensembles R, ou par R nous désignons les 
retractes absolus de K. Borsuk.” Les R; conservent beaucoup de propriétés des 
retractes absolus. 

Notre résultat principal peut étre énoncé de maniére intuitive (mais peu pré- 
cise) comme suit: Sz les membres de l’équation en question peuvent étre approchés 
aussi pres que l’on veut par les membres d’une équation plus réguliére, admettant 
une solution unique, l'ensemble des solutions de la premiére équation est un R;. 

Remarquons que, dans les cas particuliers que nous avons pu traiter, l’hypo- 
thése de notre théoréme concernant |’approximation avait pu étre vérifiée grace 
au théoréme de Weierstrass sur l’approximation d’une fonction continue par des 





1 Cet article forme un développement d’une conférence que l’auteur a faite le 19 avril 
Paris, 4 une séance de la Société Math. de France. Les circonstances anormales actuelles 
n’ont pas permis de donner A cet article un développement aussi complet que |’au- 
eur l’aurait souhaité. Surtout le cété bibliographique est en défaut, mais |’auteur n’a 
as pu faire mieux et il s’en excuse. 

* Voir au sujet des rétractes les articles de K. Borsuk dans Fundamenta Math. a partir 
du t. 17 (1931) pp. 152-170. 
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polynomes, OU grace aux théorémes similaires. A ce propos, rélevons que 
application de ce théoréme de Weierstrass a déja été faite par U. Miiller® dans 
le cas de systémes d’équations différentielles ordinaires, pour démontrer un 
théoreme de H. Kneser. Ce dernier théoréme, qui concerne le caractére continu 
de l'ensemble de solutions, est une simple conséquence de notre théoréme (car 
R,est toujours un continu). 

Le travail se compose de quatre paragraphes. Dans le §1 nous rappelons 
certains résultats et définitions essentiels. Dans le §2 nous prouvons un théo- 
reme auxiliaire concernant les suites de rétractes absolus. Le §3 est consacré 
au résultat fondamental de l’exposé. Des applications aux systémes d’equations 
différentielles ordinaires forment le contenu du §4. 


1. Résultats Préliminaires 


D’aprés Borsuk’ un rétracte absolu (R) est un espace métrique séparable qui 
est un rétracte de tout espace métrique qui le contient. Les rétractes absolus 
ont la propriété du point fixe, c’est-a-dire que toute représentation de R sur R 
possede un point invariant. Nous introduisons la notation R; pour désigner 
tout homéomorphe de l’intersection d’une suite décroissante de rétractes absolus. 
On peut aisément montrer que l’ensemble R; est un continuum & homologie et 
groupes fondamentaux ceux d’un point. Bien entendu, on sait que ces pro- 
priétés appartiennent aussi 4 R. Cependant R; et R peuvent différer en ce qui 
concerne leurs propriétés locales. Par example R; peut ne pas avoir de con- 
nexions locales, ainsi que le montre clairement l’exemple classique y = sin? (7/2) 
pur0<a2<Slet—1 Sy <1 pourx=0. Nous observons entre parenthéses 
qu’un R; dans le plan euclidien ne coupe pas le plan. 

Dans le but de fournir des conclusions générales, nos resultats sont formulés 
pour certaines équations opérationelles de la forme 


W = T(z) 


dans les espaces de Banach.’ Si 7’ est continu et représente des ensembles bornés 
de E sur les ensembles (conditionellement) compactes de E’, on dit alors que 7 
est complétement continu. Notre contribution principale, le théoréme C, est 
basée sur un théoréme général d’existence du a Schauder.” 

TutortmEe A. Lorsque T est complétement continu et représente K sur K, ou K 
est borne, convexe et fermé dans E, son ensemble de points fixes est un sous-ensemble 
compacte en sot et non vide d’un R. 

L’equivalence avec la formulation de Schauder résulte du fait qu’un com- 
pactum convexe (ici l’extension convexe fermée® de 7(K)), dans un espace de 





* Voir M. Miiller, Math. Zeitschrift, 28 (1928) pp. 619-645. 

*S. Banach: Théorie des Opérations Linéaires, Warsaw 1932. 

‘Voir Math. Zeitschrift, 26 (1927) pp. 46-65 et Studia Math., 1 et 2. Des théorémes de 
ce type ont déja été donnés par G. D. Birkhoff et O. D. Kellogg, Transactions Amer. Math. 
Soc., 23 (1925) pp. 96-115; Lefschetz: Topology (New York 1930) p. 358 et Annals of Mathe- 
matics, vol. 38 (1937), pp. 819-822. 
°S. Mazur: Studia, 2, (1930), pp. 7-10. 






















ee ee eee 


My 





Siihreation -t 


eae —— 


2aere 


et 
a. 





- pa 


















732 N. ARONSZAJN 


Banach est un FR. II serait intéressant de savoir si le théoréme C, peut étre 
étendu aux cas ot les théorémes d’existence (fondamentaux) sous-jacents sont 
démontrés par les méthodes, de Leray-Schauder.’ 


2. Les Suites de Rétractes Absolus 


THtorkME B. Soit { R™} une suite de rétractes absolus, sous-ensembles d’un 
méme espace, et soit M un ensemble contenu dans tous les R™. Si les R™ con- 
vergent vers M, ce dernier ensemble est un R; . 

Démonstration. Soit & Vespace contenant tous les R“” et soit v, une fonction 
rétractant & sur R, 

Nous pouvons toujours supposer que l’espace & est distanciable et que l’on a 
choisi pour lui une distance p(x, y) bornée supérieurement (autrement nous 
aurions pu remplacer & par la somme de tous les R‘” qui a certainement ces 
propriétés). 

Nous allons choisir une sous-suite {R“} de {R“} de sorte que, en désignant 
par ¢, la fonction g, correspondant a R®, et par py”, pour i < k, la fonction 
composée 


HT 


(1) ad PiPi41 °° * Pe-1, 


on ait pour tous k,i < ket xe R™, 


(2) p(x, ¥i"'(x)) < 1/k. 


Pour définir les R“ nous commencons par poser R® = R®. Supposons mainte- 
nant que les R”, R®, --- , R sont déja définis. D’aprés (1), y${**” est alors 
défini, et on a pour tout x de M et tout <k +1 


z= vii(n), 


car pour tout r, M C R”, et par conséquent y,(x) = x. I] s’ensuit qu’il existe 
un voisinage V de M tel que, pour x e V et tout 7 < k + 1, on ait, 


1 
k+1° 

Nous poserons = le premier R™ postérieur & R dans la suite {R“}, 
contenu dans V. II est clair qu’un tel R existe vu que les R“ convergent 
vers M. Ainsi, les R se définissent successivement et la propriété (2) est 
remplie. 

Considérons maintenant le produit combinatoire infini 6” = & X & X::: 
aux elements X = (a, t2,°+:,2n,-°-:) avec 2,€&. On définit dans &° 
une distance 4 la Fréchet 


g(x, p(x) < 


7 (k+1 
Rem 


p(X, Y) = : oe p(tn, Yn). 





7 Voir J. Leray et J. Schauder, Annales Scient. Ecole Norm. Sup., 51 (1934) pp. 45-78. 
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La notion de limite correspondante se définit comme suit: la suite {X} 
waverge vers X, si chaque suite {x} converge vers z, . 
Considerons dans &* les sous-ensembles Q“’, définis de maniére suivante: 
” est composé de tous les points X = (x, a2, +--+, a, +++) tels que, pour 
n2h, tne R”, tandis que pour n < k, z, = py (z,). 
[l est clair que Q est homéomorphe avec l’ensemble de toutes les suites 
(t,, Tey, °° * ) OU Zp, parcourt R” n= k,k + 1,---. Cet ensemble forme 
produit combinatoire R®” x R“*” x --- de rétractes absolus R ; ¢’est done 
un rétracte absolu.’ Il en résulte que Q™ est un rétracte absolu. 
Remarquons ensuite que q*” > Q“*?. En effet, si X = (11, t2, «++, %, 
na,*':) appartient 4 Q“*”, on a d’apres la définition de Q“*”: 2, « R” 
purn2=k+1,2%= vi (p41) = Di(Xe41) € R™ et enfin, pour n < k, 2, = 
i (tear) = On@ngr ++ Se(Legr) = We’ Se(ess) = YN (ax), done X «Q™. i} 
Prouvons maintenant que la suite décroissante Q”, Q®, --- a pour intersec- 
tion ensemble M’ composé de tous les X = (x, 22, +--+ ) aveC 1 = %2 = 23 = 
..= 2eM. En effet, si X = (21, x2,---) appartient a tous les Q“’, on 
aura suivant (2) pour tout k et tout n < k 













p(te, tn) = pte, Wn (ax)) S 3 


, est la limite de la suite {2,} qui est 
Te ee mE, 








Ilen résulte que tout z,,”n = 1, 2,--- 
nécessairement convergente. Il s’ensuit d’une part que x, = 
Dautre part, 7, eR et, les R” convergeant vers M, la limite x de {x,} appar- \ 
tient ’.M. Ainsi M’ D Q?Q® .--. Inversement, si X ¢ M’, il appartient a 
tout Q”, car, pour n = k, a, = ceM C R™ et, pourrn <k, xz, = t = 
Vi'(2) = y(a,), vu que toute g; transforme un ze M en lui-méme. II est 
done prouve que M’ = QVQ®.-.-. 

Enfin, il est évident que l’ensemble M’ est homéomorphe avec M par I’inter- 
médiaire de la correspondance donnant & un X = (z, 2, x---) de M’, pour 
image le point x de M. 

Ainsi, M est homéomorphe avec M’ qui est, d’aprés ce qui précéde, un R;. 
M est done lui-méme aussi un Rj, c.q.f.d. 











3. Le théoréme principal 
Pour pouvoir poursuivre nos raisonnements nous allons admettre que /a trans- 
formation T peut étre approchée aussi prés que l'on veut par une transformation 
“plus réguliére.”’ 
Pour préciser cette hypothése revenons aux notations du §1 précédent. Nous 
supposerons qu’a tout e > 0 on peut faire correspondre une transformation 7, 
complétement continue de l’espace E en lui-méme de sorte que 









1°. || T(z) — T(z) || S € pour tout élément z de K, || || désignant la norme 
dans E; 
_ 





*N. Aronszajn et K. Borsuk, Fundamenta, 18, 1932, pp. 193-197. 
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2°. La transformation z, = z — T(z) = H.(z) représente de maniére biunivoque 
l'ensemble K en un ensemble contenant une sphére || z || S p, avec p indépendant de «. 

Tandis que la premiére condition précise de maniére dont 7’ est approchée 
par 7’, , la seconde condition peut étre applée ‘‘condition d’unicité,’’ car elle a 
pour conséquence |’existence et l’unicité (si l’on se limite aux solutions apparte- 
nant 4 K) de la solution de |’équation en z 


2—-T&z) =a, 


pour z, de norme suffisamment petite. Comme nous I’avons déja remarqué, 
pour avoir l’unicité de solution il faut admettre en général des conditions supplé- 
mentaires de régularité, c’est pourquoi nous dirons que 7’, est “plus réguliére” 
que T’. 

Dans ces conditions nous pouvons démontrer le 

TutorrmMe C. L’ensemble des solutions de Véquation T(z) = z est un R;. 

D£MONSTRATION. Désignons cet ensemble des solutions par S. Consi- 
dérons les transformations 7, = 7, pour une suite {e,} tendant vers 0, tous 
les e, étant S p. 

Considérons d’abord les transformations 7’, et H, pour un n fixe. L’ensemble 
S étant contenu dans K, on a d’aprés 1°, pour tout élément ¢ de S, 


[| An(S) I] = |] He) I] = [6 — ToS) |] = I] TG) — Tad) || S en. 


Par conséquent, l’ensemble transformé H,(S) est contenu dans la sphére de 
rayon e, < p. Cet ensemble, obtenu par transformation continue d’un en- 
semble compact en soi, est compact en soi (voir Je théoréme A). Le plus petit 
corps convexe le contenant est aussi compact en soi et compris dans la sphére 
de rayon e, S p. 

Soit Q, ce corps convexe. D’aprés la condition 2°, la transformation H7’ 
inverse de la transformation H, , est définie sur Q,. Elle donne de Q, une 
image R‘” = H;'(Q,) contenue dans l’ensemble K. 

La transformation inverse H;' n’est pas en général continue, mais nous allons 
montrer qu’elle l’est sur Q,. En effet, si une suite d’éléments {h,} de Q, tend 
vers h (qui appartient aussi 4 Q, , celui-ci étant compact en soi), on a pour les 


éléments z, = H7'(hx) les équations suivantes 
a T (2x) = h. 


Les z, appartenant a l’ensemble borné K, ils forment une suite bornée, et la 
transformation complétement continue 7’, transforme cette suite en une suite 
compacte. Si les z, ne tendaient pas vers l’élément z = H;'(h) donné par 
’équation 


z— T,(z) =h, 


on pourrait extraire des z une suite {z;,,} n’admettant pas z comme élément 
limite et telle que les 7',,(z,,) convergent vers un élément g. Mais alors les 
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déments zz; = T'n(Ze;) + h,, convergeraient vers g + het les T,(z,) converge- 
raient vers 7',(g + h), qui serait égal A g, et on aurait 


gt+h=T.g +h) +h; 


+h serait done la solution z de z — T(z) = h et les 2, y convergeraient, 
dou contradiction. 

Cette contradiction prouve que, sur Q, , la transformation H;' est continue. 
Puisque son inverse H,, est d’aprés 2° biunivoque et continue, la transformation 
Hz! représente de maniére homéomorphe Q, en R‘” = H;'(Q,). 

L’ensemble Q, étant compact en soi et convexe, c’est un rétracte absolu. Par 
conséquent, son homéomorphe R™ Vest aussi. D’autre part Q, contenait le 
transformé H,(S) de S. Il s’ensuit que R“ = H;'(Q,) contient S. Des lors, 
pour prouver notre théoréme, il nous reste a prouver que les R“ convergent Ny 
vers S pour n tendant vers |’o. 

A cet effet prenons une suite quelconque {z,} telle que chaque z; appartient a 
un R’, les n; tendant vers |’. Comme nous |’avons vu plus haut, tous les 
R sont contenus dans l’ensemble borné K. II s’ensuit que {z;} est une suite 
bornée et que les 7'(z;) forment une suite compacte de laquelle on peut extraire 
une sous-suite {7'(z;,)} convergeant vérs un élément z. Les z; appartenant 
4K, on a selon 1° 


















[| Tj, (2 ix) S T (zi,) || = €nj, — 0, 





. ‘ — ) 
done, les 7',,;, (2;,) convergent aussi vers z. D’aprés la définition des R‘, on a 





pour tout z;, l’équation 





i, = Tn ;,(2i) + hi, ? q 


ol h;, appartient A Qni, , done 4 une sphére de rayon ¢,;, — 0. Il en résulte 
successivement: lim z;, = lim Tn; (2;,) = z, lim T(z;,) = T(z) done T(z) = z. 
Ainsi, de toute suite {z;} avec z; appartenant a R‘"” on peut extraire une suite 
2} convergeant vers une solution z de l’equation T(z) = z, done vers un 
élément de S. Ceci prouve que les R‘” convergent vers S. 

Notre théoréme est ainsi démontré. 


4. Application 


Comme application de notre théoréme général nous allons considérer un sys- 
téme d’équations différentielles ordinaires. Sans restreindre essentiellement la 
généralité nous pouvons nous limiter au cas d’un systéme de deux équations avec 
deux fonctions inconnues 























(3) - = u(z, y, t), 2 = (2, y, t). 


avec les conditions initiales 









z(0) = 0, y(0) = 0. 
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Il est connu depuis Peano que ce systéme admet certainement de solutions, 
si seulement u et v sont continues. En général ces solutions existeront dans un 
intervalle de ¢ entourant ¢ = 0. Si nous supposons—ce que nous allons faire 
dans la suite—que les fonctions u et v sont continues et bornées pour toutes les 
valeurs de x, y et t, les solutions existeront sur tout Vaxe de t. 

D’autre part, on sait que si l’on suppose les fonctions wu et v satisfaisant 4 une 
condition de Lipschitz relativement 4 x et y, uniformément en ¢ dans tout 
intervalle fini, la solution est unique. Elle le sera donc 4 fortiori, si u et v.sont 
analytiques en x, y et ¢, ou ne différent d’une telle fonction que par une fonction 
de ¢ seul. 

Pour appliquer notre théoréme général, neus envisagerons l’espace vectoriel 
de tous les couples de fonctions [x(¢), y(t)] admettant des dérivées x’(t) et y'(t) 
continues, et satisfaisant aux conditions z(0) = y(0) = 0. Nous considérerons 
ces fonctions dans un intervalle fini fixe a S ¢ S B,a < 0 < 8, arbitrairement 
choisi. 

Dans cet espace vectoriel nous prendrons comme norme d’un couple de 
fonctions 


z= [x(d, y()], 


le nombre 
| 2 || = max [e’(¢)" + y(t}. 
Considérons dans cet espace la transformation 
t t 
4 = T(z) =[n),n@), al) = I u(x, y, t) dt, yx(t) = » dt, 


ou z = [z(Z), y(0)]. 
Il est clair que, si l’on pose 


m = borne sup (uw? + v)*, pour tous les x, y, t, 
la sphére de notre espace vectoriel, 
[| z || = 2m 


peut étre prise comme |’ensemble K dans la théorie générale, car la transforma- 
tion T la représente en elle-méme. D’autre part, on prouve facilement que 7 
est complétement continue. Ceci permet déja d’ appliquer le théoréme d’ex- 
istence A. 

Pour appliquer le théoréme C, il faut définir les transformations 7’, conformé- 
ment aux conditions 1° et 2° du §3. <A cet effet remarquons d’abord que, si 
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LE CORRESPONDANT TOPOLOGIQUE DE L’UNICITE 


pour z = [x(t), y()] on a || z|| S 2m, il en résulte pour x(é) et y(t), a S t < 8B, 
ks inégalités 


|x(t)| S 2m(B—a), | y(t)| S 2m(B — a). 
Par conséquent, pour satisfaire aux conditions 1° et 2°, il suffira d’approcher 
chacune des fonctions u(x, y, t) et v(x, y, t) par des fonctions analytiques u, et v, 
des trois variables reeles x, y et t, satisfaisant aux inégalités 


u-uls |u—v| <=, pour 


. 

9° 
|x| S2m(8—a), |y|<S2m(B—a), aStKsB, 
| we | S m/2, |v. | S mv/2 pour tous les zx, y, t. 


En se basant sur le théoréme d’approximation de Weierstrass on construit 
aisément les fonctions u, et v.. Les théorémes d’existence et d’unicité, indiqués 
au commencement de ce § permettent de vérifier immédiatement la condition 2°. 
Ainsi, le théoréme C est applicable. 

Indiquons quelques conséquences de ce théoréme dans le cas présent. Comme 
on sait, 4 chaque solution de notre systéme avec les conditions initiales 7(0) = 
y(0) = 0, correspond dans l’espace des variables x, y, ¢ une courbe intégrale du 
systeme passant par l’origine x = y = t = 0. S’il y a plusieurs solutions, il 
passe par l’origine tout un faisceau de courbes intégrales. Chacune de ces 
courbes coupe le plan ¢ = f& au point x = z(t), yo = y(to) qui varie de fagon 
continue quand la courbe intégrale parcourt le faisceau. II s’ensuit que la trace 
du faisceau sur le plan ¢ = & est une image continue du faisceau, c’est 4 dire de 
l'ensemble S des solutions du systéme (3). Cet ensemble étant un R;, done a 
fortiori un continu, son image est également un continu. Par consequent, la 
trace sur le plan t = ty du faisceau des courbes intégrales passant par l’origine 
—ou par un point quelconque—est un continu. C’est le théoréme de Kneser; il 
se montre ainsi une conséquence immédiate de notre théoréme. 

Dans des cas particuliers nous pouvons préciser la nature de cette trace. 
Par exemple, si les fonctions u(x, y, t) et v(x, y, ¢) satisfont dans tout l’espace 
des 2, y, a la méme condition de Lipschitz sauf au point x = y = ¢ = 0, iln’y 
aura dans tout espace que l’origine comme point par lequel puissent passer 
plusieurs courbes intégrales. Dans ce cas, chaque point de la trace sur le plan 
!= & * 0 ne provient que d’une seule courbe intégrale. Par conséquent, la 
trace est une image homéomorphe de l'ensemble S et est un Rs. D’aprés la pro- 
priété caractéristique des R; plans, cette trace ne coupe pas le plan t = . 

llest trés probable que tout R; plan peut étre obtenu comme trace du faisceau 
intégral pour un choix convenable des fonctions u et v conformes aux conditions 
ti-dessus. Ceci est en rapport avec l’hypothése que nous avons émise dans 
introduction. 
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Il serait intéressant d’étudier la nature du faisceau intégral et de ses traces 
pour différentes classes de fonctions. En particulier, on pourrait étudier la 
nature topologique du faisceau intégral pour les fonctions u et v continues ect 
bornées dans tout l’espace (2, y, t) et analytiques partout sauf a l’origine. 


Eprrors Nore. Owing to present circumstances it was impossible to commu- 
nicate freely with the author regarding certain necessary revisions in the paper, 
With the authorization of the author and some information conveyed by him, 
this was accomplished by Professor D. G. Bourgin, to whom the Editors 
wish to express their personal thanks and also those of the author. S. L. 
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A PROOF THAT THERE EXISTS A CIRCUMSCRIBING CUBE AROUND 
ANY BOUNDED CLOSED CONVEX SET IN R’* 


By Saizvo KakuTani 
(Received June 8, 1942) 
1 


The following problem was proposed by Professor Rademacher: Given a 
bounded closed convex set in a three-space R’, is it always possible to find a 
circumscribing cube around it? It is easy to see (cf. §3) that this problem 
can be reduced to the following one: Given a real-valued continuous function 
j(P) defined on a two-sphere 8’, is it possible to find a triple of points P; , Pe , 
P;¢S’, perpendicular to one another (this means that the three vectors OP, , 
OP;, OP; from the center O of S’ to these three points P, , P2, Ps are per- 
pendicular to one another) such that f(P:) = f(P2) = f(P3)? The purpose of 
the present note is to answer these questions in the affirmative. 


2 


THEOREM 1. Let f(P) be a real-valued continuous funciion defined on a two- 
sphere S°. Then there exists a triple of points P, , P2, P; ¢S°, perpendicular to 
one another, such that f(P1) = f(P2) = f(Ps). 

Proor. Let us consider S’ as a sphere of radius 1 in a three-space R*, with 


the origin O = (0, 0, 0) of R’ as a center. Let us put P? = (1, 0, 0), P? = 
(0,1, 0), P3 = (0,0, 1). Let further G = {oc} be the group of all rotations of 
§ (or equivalently, rotations of R* around its origin O = (0,0,0)). Gisa three 
dimensional compact manifold. 

For any o ¢ G, consider the point (0) = (x, y, 2) « R’ defined by x = f(« ‘(P?)), 
y = f(o '(P8)), 2 = flo '(P3)). It is clear that « — ¢(c) is a continuous map- 
ping of Ginto R*. In order to prove our theorem, it suffices to show that there 
exists a rotation o eG such that ¢(c) lies on the straight line ]:z = y = zin R’. 

We assume the contrary, and shall draw a contradiction from it. Let p be 
the projection of R* onto the plane r:z + y + z = 0, which is perpendicular to 
the line 1. Then ¢ — ¥(c) = p(y(c)) is a continuous mapping of G into 7. 
By assumption, the image ¥(G) of G by this mapping ¥(c) does not contain 
the origin O = (0, 0, 0). 

Let H be the subgroup of G consisting of all rotations around the line 1. H 
is isomorphic to the group of rotations of the plane 7 around the origin 0 = 
(0,0, 0), and we may denote elements of H by o¢(0 S 6 < 2m), where @ denotes 
the angle of rotation around the axis J, measured in such a sense that we have 
%3(P?) = P?41, 4 = 1, 2, 3, mod 3. 

Let us denote the rotation of the plane z around its origin O = (0, 0, 0), which 
corresponds to 09, by 7o(0 < 0 S 2m). It is then easy to see that we have 


¥(042(x/3)) i Tox/3(W(oe)), V(o04-(4n/3)) = tar/s(W(oo)) 
739 
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for any 0(0 < 0 S 2x). Let Co,,o, be the curve traced on x by ¥(o%) when 6 
runs over the interval 6, S 6 < 6. Then the fact stated above means that the 
curves C2z/3,47/3 and C4s,/3,2x are obtained by applying the rotations 72,/; and 7,/; 
to the curve C6, 2/3. 

Let a be the increment of the angle around the origin O = (0, 0, 0) in the 
plane z, when the point ¥(o9) runs over the curve Co, 22/3 from ¥(a0) to (o2"/3), or 
equivalently, when @ runs from 0 to 27/3. Then a must be of the form: a = 
2mmr + 22/3, where m is an integer (m = 0, +1, +2, ---). Hence as @ runs 
from 0 to 2z, the total increment of the angle of ¥(os) around the origin 0 = 
(0, 0, 0) in the plane wis 6mr + 24 = (3m + 1)-2z. 

On the other hand, consider H as a closed curve on the manifold of the topo- 
logical group G. Then it is well known that 2H is homotopic to zero on G. 
Consequently, the curve 2Co,2,, which is the image of 2H by the mapping 
« — ¥(c), must also be homotopic to zero on 7*, where by 7* we mean the open 
set which is obtained by taking away the origin O = (0, 0, 0) from the plane 7x. 
This is, however, impossible, since the total increment of the angle on the 
curve 2Co, 2, is 2(3m + 1)-2r ¥ 0. 

Thus we arrive at a contradiction, and the proof of Theorem 1 is completed. 


3 


TurorEM 2. Let K be a bounded closed convex set in a three space R*. Then 
there exists a circumscribing cube around K. 

Proor. Let S’ be a two sphere in R* with the origin O = (0, 0, 0) of R’ asa 
center. For any point P eS’, consider two tangent planes to K (parallel to 
each other) which are perpendicular to the vector OP. These two planes may 
coincide if K is a flat convex set. Let f(P) be the vertical distance of these two 
planes. f(P) is clearly a real-valued continuous function defined on S°.  (More- 
over, f(P) takes the same value at two antipodal points of S°; but we do not 
need this fact in our proof). By Theorem 1, there exists a triple of points 
P, , P , Ps ¢ S’, perpendicular to one another, such that f(P:) = f(P2) = f(P3). 
It is then clear that the corresponding six tangent planes form a cube which is 
circumscribing around the convex set K. 


4. Remarks 


There are two problems related to our results. The first one is to investigate 
whether it is possible to inscribe a cube in a given bounded open convex set 
in R®. The answer to this question is negative, and a counter-example to this 
is given by a tetrahedron in R* which is extremely flat. In fact, if we take a 
convex quadrangle ABCD on the (z, y)-plane, such that the two diagonals 
AC and BD are not perpendicular to each other, and if we shift the vertex A 
in a direction of z-axis by a small distance, then the tetrahedron A’BCD thus 
obtained is a required one. It is easy to see that there is no inscribing cube in 
this tetrahedron. 
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The second problem concerns the possibility of generalizations to higher di- 
mensional cases. It is not yet known whether or not it is possible to find a 
circumscribing n-dimensional cube around any given bounded closed convex 
set in R” (n 2 4). We may also ask: Given a real-valued continuous function 
j(P) defined on an (n — 1)-sphere S”™, is it possible to find n points P, , --- , P» 
on S"”, perpendicular to one another, such that f(P;) = --- = f(P,) (n = 4)? 
These problems are still unsolved. 
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for any 6(0 S$ @ S 2m). Let Co,,o, be the curve traced on x by (os) when 6 
runs over the interval 6, < 6 S 6. Then the fact stated above means that the 
curves C2z/3,47/3 and C4,/3,2r are Obtained by applying the rotations 72,/; and 7,,,5 
to the curve Co, 24/3 « 

Let a be the increment of the angle around the origin O = (0, 0, 0) in the 
plane z, when the point ¥(o9) runs over the curve Co, 25/3 from ¥(a9) to (22/3), or 
equivalently, when @ runs from 0 to 27/3. Then a must be of the form: a = 
2mxr + 27/3, where m is an integer (m = 0, +1, +2, ---). Hence as @ runs 
from 0 to 2z, the total increment of the angle of ¥(o9) around the origin 0 = 
(0, 0, 0) in the plane zis 6ma + 27 = (3m + 1)-2z. 

On the other hand, consider H as a closed curve on the manifold of the topo- 
logical group G. Then it is well known that 2H is homotopic to zero on G. 
Consequently, the curve 2Co,2,, which is the image of 2H by the mapping 
« — ¥(c), must also be homotopic to zero on 7*, where by 1* we mean the open 
set which is obtained by taking away the origin O = (0, 0, 0) from the plane 7x. 
This is, however, impossible, since the total increment of the angle on the 
curve 2Co, 2, is 2(3m + 1)-2r ¥ 0. 

Thus we arrive at a contradiction, and the proof of Theorem 1 is completed. 


3 


TuxoreM 2. Let K be a bounded closed convex set in a three space R*. Then 
there exists a circumscribing cube around K. 

Proor. Let S’ be a two sphere in R’ with the origin O = (0, 0, 0) of R’ asa 
center. For any point P eS’, consider two tangent planes to K (parallel to 
each other) which are perpendicular to the vector OP. These two planes may 
coincide if K is a flat convex set. Let f(P) be the vertical distance of these two 
planes. f(P) is clearly a real-valued continuous function defined on S*. (More- 
over, f(P) takes the same value at two antipodal points of S°; but we do not 
need this fact in our proof). By Theorem 1, there exists a triple of points 
P, , P2, Ps € S’, perpendicular to one another, such that f(P:) = f(P2) = f(P3). 
It is then clear that the corresponding six tangent planes form a cube which is 
circumscribing around the convex set K. 


4. Remarks 


There are two problems related to our results. The first one is to investigate 
whether it is possible to inscribe a cube in a given bounded open convex set 
in R*. The answer to this question is negative, and a counter-example to this 
is given by a tetrahedron in R’ which is extremely flat. In fact, if we take a 
convex quadrangle ABCD on the (z, y)-plane, such that the two diagonals 
AC and BD are not perpendicular to each other, and if we shift the vertex A 
in a direction of z-axis by a small distance, then the tetrahedron A’BCD thus 
obtained is a required one. It is easy to see that there is no inscribing cube in 
this tetrahedron. 
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The second problem concerns the possibility of generalizations to higher di- 
mensional cases. It is not yet known whether or not it is possible to find a 
circumscribing n-dimensional cube around any given bounded closed convex 
set in R” (n 2 4). We may also ask: Given a real-valued continuous function 
j(P) defined on an (n — 1)-sphere S"™, is it possible to find n points P; , --- , Pp 
on S"’, perpendicular to one another, such that f (Pi) = --- =f(P,) (n 2 4)? 
These problems are still unsolved. 
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AN EXTREMUM PROBLEM IN PRODUCT MEASURE 
By SHizvo KakvUTANI 
(Received June 19, 1942) 
I. The problem and results 


The following problem was proposed by P. R. Halmos: Let & be the collection 
of all real valued measurable functions g(x, y) defined on the unit square J, X I, : 
0 < x,y S 1 such that 0 S ¢g(z, y) S 1 for any (2, y) e7, X I,. Liiue ous 


(1) A(e) = [ [ ola, y) dx dy, 

(2) Vly) = I I I o(x, y) oly, 2) dx dy dz, 
and 

(3) d(a) _ sates V(¢), 

(4) ula) = inka (ya V(¢), 


where a is a real number (0 S a@ S 1). Then what are the exact values of 
(a) and yu(a@) as functions of a in the interval 0 S a S 1? 

Consider the special case when g(x, y) is the characteristic function g,(x, y) 
of a measurable set EH C J, X I,. Then A(gz) = A(¢) is clearly the area 
(= two dimensional Lebesgue measure) of the set H#, while the meaning of 
V(¢z) = V(¢) may be interpreted as follows: Take the unit cube I, X I, X I: 
0 < x, y, z S 1, and consider E as a subset of its face I, X I, X (0). Let E’ 
be the set on the face (0) X I, X I, which is obtained from E by the mapping 
(x, y, 0) > (0, x, y). Then V(gz) is the volume (= three dimensional Lebesgue 
measure) of the intersection of two cylindrical sets E & J, and I, X E’, ie., 
the set of all points (x, y, z) eI, X I, X I, such that (x, y) « E and (y, z) « E’. 

The purpose of the present note is to prove the following 

THEOREM. 


(5) Ma) = 2a —1+4+ (1 — a)}, 
(6) = A(a) = al, 
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These extreme values of V(yv) are attained by the characteristic functions 
gx(x, y) of seal sets E of Figs. 1, 2, 3, 4, and 5 respectively, where 


Qi 


Qi 


ay 


an 


== at 
ae 4 
= = dpa = Ga =3(.4+ (#5) ‘) 
= 1 


a’ =1-—(1—a)', b= 1 8 em (in Fig. 1); 


(in Fig. 2); 


=l-a, 6=)' = 


a, = (1 = ((n — 1(n8 — 9) 


where n is a positive integer satisfying 


The graphs of (a) and u(a) are given in Figs. 6 and 7. 
that \’’(a) > 0 in the intervals 0 < a < 4 and 4 
Yea 0.94 --- << N( + 0) = 1.05--- 
intervals0 Sa Sftand?<a ‘< 1. 
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The exact values of u(a) ata = 3(1+1),n= 1, 2,3, +--+ , are given by 
1/, _1\\_(-1D(n-2) 1 "ae 
G(: yn ae a(t - 2-5 a. 

1 1\\_ (n+1)(n+2)_ 1 1 1 1 
“(G0+3)) = én? =5(1+3)- 5+ ae 


Thus the graph of u(a) lies entirely above the straight line y = a — }, except 


at the point a = 4 where u(4) = 2. 

The author is indebted to Drs. W. Ambrose, D. Blackwell, R. H. Fox and 
P. R. Halmos for the conversations we have had in the course of this work. 
The values of u(a) for a = (1 + , n = 1, 2, 3, --- were obtained by R. H. 
Fox and P. R. Halmos. 


II. Preliminary considerations 


Lemma 1, 
(10) A(1 — a) = 1 — 2a + Xa), 
(11) u(l — a) = 1 — 2a + wa). 


Proor. These are the direct consequences of the fact that g(x, y) «® implies 
1 — g(x, y) e®, and that 


(12) A(1 — ¢) = 1 — A), 
(13) V(1 — ¢) = 1 — 2A(g) + Vy), 


which follow easily from the definitions of A(¢) and V(¢). 

It is clear that the functions \(a) and y(a) defined by (5), (6), (7), (8) and (9) 
satisfy (10) and (11). Hence it suffices to discuss either the case 0 S a S } 
or the case } S a S$ 1. This fact is needed in the following discussions. 

DrFINiTION 1. A real valued function f(x) defined on the interval J,:0 S 
tS 1 is an elementary function if it is a finite linear combination of the charac- 
teristic functions of the intervals contained in J,. (We do not care whether 
each of these intervals is closed or open, as we are only interested in elementary 
functions defined modulo null sets.) A set in the square I, X I,:0 S2z,y 31 
isa rectangular set, if it is a direct product of two intervals each contained in 
I, and I, respectively. Finally, a real valued function defined on J, X J, is an 
elementary function if it is a finite linear combination of the characteristic func- 
tions of rectangular sets in J, X I,. 

Let 6° be the subcollection of & consisting of all elementary functions ¢(z, y) 
in. It is clear that in the definitions (3), (4) of \(«) and y(a@), we may replace 
the condition g e@ by g e® and yet we obtain the same sup or inf. Hence, 
in order to prove our theorem, it suffices to show that u(a) S V(y) S Aa) 
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for any ¢(z, y) «& with A(y) = a, where \(a) and yu(a) are defined by (5), (6), 


(7), (8) and (9). 
Let now g(x, y) «®. We shall put 


(14) fz) = [ ola, 9) dy, 
0 
(15) gly) = I g(x, y) dx. 
It is clear that f,(2) and g,(y) are elementary functions and we have 
(16) Ato) = [40a = [ 960 a 
(17) Vie) = | S940) a. 


Lemma 2. For any g(x, y) €®’, there exists a g'(2, y) €® such that A(y’) = 
A(g), Viv’) = Vie), and such that f(x) is monotone non-increasing or monotone 
non-decreasing in x. 

Proor. Since f,(x) is an elementary function, there exists a measure pre- 
serving transformation x’ = h(x) of the interval J, onto itself, such that f,(h(x)) 
is monotone non-increasing or monotone non-decreasing. In fact, we can choose 
h(x) as a permutation of subintervals of J,. It is then clear that the function 
g(x, y) = eg(h(x), h(y)) satisfies all the conditions required in Lemma 2. 

DerFINiTION 2. A set EH CJ, X I, is an elementary set if it is a union of a 
finite number of rectangular sets. A set EH CI, X I, isa corner set if (x, y) € E, 
Os 2’ S2,0 8 y' S y imply (v’, y’) eH. Further, a set E CJ, X I, isa 
corner* set if (x, y)eE,x Sx’ 51,0 Sy’ S y imply (2’, y’) € EL. 

Lemma 3. Let g(x, y) €® be an elementary function such that f(x) is monotone 
non-increasing in x. Then there exists an elementary corner set E CI, X I, 
such that A(gr) = A(¢), V(gx) 2 V(¢). 

Proor. Let E be the set of all points (z, y) «I, X I, such that 0 S y S f(z). 
It is clear that FE is an elementary corner set satisfying 


(18) fex(t) =Sel), for OStS1. 
From this follows easily that A(gz) = A(y). Moreover, it is easy to see that 
(19) G,,(t) 2 G,(t), for 0S¢ <1, 

(20) G@eg(0) = G(0)(= 0), Gog(1) = Ge(1)(= Alyse) = Aly); 

where G,,(¢) and G,(t) are defined by 


(21) Gould = [ oer) ds, G0) = [ gels) ds, ford St 
0 


respectively. 
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Consequently, 


Viee) = | fex(aen(t) at 
= [orl Ge(O18 — [Goa nl 
0 


= (0G, - | * G,lt) df(t) 
= I felt)gg(t) dt = V(e), 


which proves Lemma 3. 

In the saine way we can prove 

Lemma 3’. Let g(x, y) €®° be an elementary function such that f,(x) is mono- 
tone non-decreasing in x. Then there exists an elementary corner* set E CI, X I, 
such that A(gz) = A(y), Viger) S Vie). 

We omit the proof. 

DEFINITION 3. Let E be an elementary corner set in J, X I, , and consider 
the graphs y = f,,(x) and x = g,,(y). These two graphs together will compose 
a polygonal line I'g , consisting only of horizontal and vertical segments, which 
connects the points (0, 1) and (1, 0). This polygonal line is called the charac- 
teristic graph of E. Similarly, we can define the characteristic graph of an ele- 
mentary corner* set E C I, X I,. This is a polygonal line connecting two 
points (0, 0) and (1, 1). 

We shall divide our further arguments into two parts, namely, the discussion 
of (a) and that of u(a). 


III. Discussion of \(a) 


DeFINITION 4. A set E C J, X I, is symmetric if (x, y) «EF implies 
(y, v7) € EB. 

Lemma 4. For any elementary corner set E CI, X I,, there exists a sym- 
metric elementary corner set E’ C I, X Iy such that A(gs’) = Al(¢z), 
Vive’) Pa V(¢r). 

Proor. Let Ig be the characteristic graph of E. IT, has a unique inter- 
section with the diagonal x = y of the unit square J, X I,. Let (&, £) be this 
point of intersection. Then the required set E’ is defined as the set of all 
points (x, y) eI, X I, satisfying one of the following three conditions: 


(23) 
(24) 


0 = x s {fos (y) + Jor(¥)}; g < y - 1, 











(25) E<a<Sl1, OS y S 3ifeg(x) + Gex(y)}- 


It is clear that E’ is a symmetric elementary corner set, and that A(gz) = 
A(yz). In order to prove that V(gs:) 2 V(¢z), we put 
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(26) p(t) = Sor); q(t) = Jor t), r(t) _ fog (t) = Jor'(t), for 0 st s i 
en PO [ ra, a= [ asa, RO =f ras, 

for0 <i <1. 
It is then easy to see that 


(29) 2r(t) = p(t) + gt), for E<tS1 
Consequently, 


g 
[ treo? — peoatos at = Ff tanto? — wo + at") a 
0 0 


g 
= j [ {2r(t) — p(t) — g(t)} {2r(t) + p(t) + g(t} dt 


(30) 
= TARO — PH) — QW} (2) + pe) + OIE 
g 
a if {2R(t) — P(t) — Q(t)} d{2r(t) + p(t) + q(t)} dt = 0 
and 
[ tr? - pena) at = 5 fo + aoy — pod) a 
(31) 


a : I (p(t) — g(t))* dt = 0, 


which together imply 


(32) View) — Vier) = | ' trl — plte()) dt = 0. 


The proof of Lemma 4 is completed. 

Thus in order to discuss \(q@), it suffices to consider symmetric elementary 
corner sets E CI, X I,. 

Now let E be a symmetric elementary corner set in J, X I,, and let Tz be 
its characteristic graph. Let us assume that I’, contains at least three seg- 
ments above the diagonal x = y.’ Let a, b, c be three consecutive segments 
of T'y lying above the diagonal x = y. We assume that a and ¢ are horizontal, 
while 6 is vertical to the z-axis. (See Fig. 8.) We shall replace the part of T's 
consisting of a, b, c by another system of segments a’, b’, c’ as indicated in Fig. 8. 
Let us denote the new symmetric elementary corner set thus obtained by E’. 
(Of course, we make the same change below the diagonal, as indicated in Fig. 6, 





1 When we say that a segment (parallel to the z-axis or to the y-axis) lies above or below 
the diagonal z = y, one of the end points of the segment may lie on the diagonal z = 9, 
while on the other hand, when we say that a segment lies entirely above or below the 
diagonal neither of the end points of the segment can lie on the diagonal z = y. 
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« as to make E’ symmetric.) The y-coordinate of b’ is so chosen that we 
have A(ve) = A(gz), and this condition is thus fulfilled if we have a/b’ = 
'/b = 0, where @ is a real number satisfying 0 < @ < 1. We shall compare 
Vive) with V(gz). A simple computation shows 


(33) Vige:) — Vive) = O(1 — 0)(4 + a)b(a + & — 5). 


Hence, if @ + ¢ > 6, then by replacing a, b, c by a’, b’, c’ we obtain a new sym- 
metric elementary corner set E’ such that A(yg-) = A(yz), V(gs') = V(¢s). 
If we interchange a, b, c with a’, b’, c’, then we immediately see that the same 
thing is true even if a and 6 are vertical, while b is horizontal to the z-axis. 


Y 




















P., 





























a 


ee een ie oa 
Fig. 8 











Assume now that I, contains at least four segments above the diagonal 
t= y. Let a, b, c, d be any four consecutive segments. We denote their 
respective lengths by 4, 6, @, d. It is then easy to see that at least one of the 
inequalities @ + ¢ > 6,6 + d > @ must hold. Hence, by replacing a, b, c or 
b,c, d by a suitable system a’, b’, c’ or b’, c’, d’, we can always obtain a new 
‘ymmetric elementary corner set E’ for which A(ge) = A(¢z), V(¢e") 2 Vi(¢e). 
Further, it is to be noticed that the number of segments lying above the diagonal 
«= y in the characteristic graph of the new set Z’ is smaller than that of £ 
exactly by two. 

Thus, by iterating the same process, we shall finally reach a symmetric ele- 
mentary corner set E* whose characteristic graph I'g- consists of at most three 
segments lying above the diagonal x = y, and such that A(gge) = A(¢z), 
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Vives) = Vive). Consequently, in order to discuss (a) it suffices to consider 
the symmetric elementary sets E of the forms given in Figs. 1, 2, 9 and 10, (3 
We shall discuss these cases separately. 




































j 2 4 
ly | (i) Case or Fic. 1. The condition A(yz) = a implies @ = 1 — (1 — a)!, ( 
Pil b = (1 — a)’. Consequently 
t C 
fi (34) Viys) = 2a —1+ (1 — a)! , 
i (ii) Casz or Fig. 2. The condition A(gz) = a implies d = 1 — a’, b = al. 
4 Consequently, 
i) | 
Ties (35) Vigr) = al. 
pe ee ae 
t. byt a Pad 
ea | b 
y 7 / 
. 
L 
/ ¢ 
b 
Uf d 
Fia. 9 
(iii) Casz or Fic. 9. A simple computation shows: F 
01 
(36) A(yr) = 20¢ + B = a, sy 
To (37) Vige) = b(6 + 2)° + Be. " 
mi Hence c = (a — 6’)/26. Putting this value in (37), we have 
— 72 74 
V(¢e) = Ga + 4ab — 6) be 
1 » se Sef 
= — {2Qa? + Qab" — (a =m b°)*} ex: 
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(iv) Case oF Fie. 10. A simple computation shows: 
(39) A(gz) = 1 — (262 + 8°) = a, 
(40) Vios) = G+ ea+ 0) + a6 

= 2a — 1+ {b(6 + @)* + Be}. 

Consequently, by the result obtained above in the case of Fig. 7, 
(41) V(ys) S 2a — 1+ (1 — a)! 

Summing up, we have thus proved that 
(42) Vig) S max (a!, 2a — 1 + (1 — a)!) 


a 


Y/ff 























_.. 


Fie. 10 





for any g(x, y) e® with A(y) = a, 0 S a S 1, the equality holding for the 
symmetric elementary corner sets E of the forms given in Figs. 1 and 2. This 
completes the proof of our theorem for X(q). 


IV. Discussion of y(a) 


DertniTion 5. Let E be an elementary corner* set in J, X J,, and let l'z 
be its characteristic graph. E is a special elementary corner* set if there is no 
segment in I'y which lies entirely” above or below the diagonal x = y. For 
example, Fig. 11 shows a special elementary corner* set, while this is not the 
case in Fig, 12. 

Lemma 5. For any elementary corner* set E CI, X I, , there exists a special 
elementary corner* set E’ C I, X I, , such that A(x’) = A(gs), V(¢e) = V(¢e). 





* See footnote (1) on page 750. 
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Proor. Let us assume that the given elementary corner* set E is of the 
form as given in Fig. 12. We shall replace the part of I's consisting of a, }, c, 4 
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by a’, b’, c’, d’ as indicated in Fig. 12. (Clearly we have d +@=6+d = 
i +@ = 6’ +d’. Let us denote the new set thus obtained by E’. The 
condition A(yg’) = A(¢z) is fulfilled by taking b¢ = 6’z’. Then a simple compu- 
tation shows that V(gz:) = V(gz). 

Thus our lemma is proved if E is an elementary corner* set E of the form 
of Fig. 12. The analogous argument applies to the case when similar situation 
happens above the diagonal x = y. Finally, if there are more than two (and 
hence 2 4) consecutive segments or more than one pair of segments which lie 
entirely above or below the diagonal x = y, then we can iterate the same kind 
of operations, reducing the number of segments lying entirely above or below 
the diagonal x = y exactly by two in each step, until we finally reach a special 
elementary corner* set E* satisfying A(ggs) = A(gz), V(¢e) = Vi(gg). The 
proof of Lemma 5 is completed. 

Thus, in order to discuss u(a) it suffices to consider special elementary corner* 
sets only. 

Let now E be a special elementary corner* set in J, X J,, asin Fig. 11. We 
denote the segments of its characteristic graph I’, successively by a, a1, --- , 
a,, @, (see Fig. 11). Those a; , a, which lie above the diagonal x = y are 
denoted by b;, b; , and those below the diagonal by c., c,. We have clearly, 
4; = a; , b; = b; , Cc = a, and 


(43) La = G+ La = 
t 2 
Then a simple computation shows 


(44) A(gs) = {1+ LG - DL 


V(¢x) oe, ute + DG, 
(La) -3 La Vat2Lal + Los; 
{1-3 Da +2 Dai} t+ Lb 
4{1+3(D 6} — Da) +2 dL ai : 
(1+ 500-1) +250) | 
=a-t+HL+ Lal. 


Thus our problem is transformed into the following one: under the condt- 
tions (43) and 
(46) Lh - Lg =%-1 
fo make 
(47) Lb + Lit = w = 3(V(es) — «) +1 
7 
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as small as possible, where 6; = 0 and & = 0 and there is no assumption on the 
number of b; and & . 

Let us consider the interval 0 S a S 3. Then it is clear that we have only 
to consider the case when all 6; = 
following one: Under the conditions: 


(48) ~ Cc. = 1, 

(49) ~ & =B=1—-2a>0, 
k 

to make 

(50) x q = w = 3(V(¢r) — a) +1 


as small as possible, where &, = 0 and we have no assumption on the number n of c; . 


By Schwarz’s inequality, we have n6 > 1, and it is easy to see that for fixed n 
with n8 = 1, the minimum value w, of w is attained by 


en 3 
(51) a = os ena = (1+ (82 FY} 








(52) on = = (1 = ((nB — 1)(n - )) 
and 

aa _ (n — 2)(np — 1) 
(52) on = 55} (3n8 — 2) es \. 


Hence, by (50) and (51), we finally have 


sip ar Bd..2 betel 2 le See 
Vi¢s) = a g + gq2 {ntl 2a) — 2) 





(n — 2)(n(1 — 2a) — a 
(n — 1)! 
n—2 


(53) 
"a {Ba ~ tee 1 —- Se t, 





3n? (n — 1)! 


where ¢z is the characteristic function of a special elementary corner* set E of 
the form given in Fig. 3. It is easy to see that the expression (54) is a monotone 
increasing function of n for each given a for n = (1 — 2a)". Hence the smallest 
possible integer with n8 = n(1 — 2a) = 1 gives the required value of y(a), or 
in other words, the equality (7) is true for a = a(1 say :), < a(1 - ‘) 
Thus we have proved the formula (7) for n = 2, 3, --- , i.e. for all @ satisfying 
0Sa<}. The formula (9) forn = 2,3, --- , or for } < a S 1 then follows 
from this and from Lemma 1. Finally, the formula (8) for a = } follows from 
(7), (9) and from the fact that «(a) is a monotone non-decreasing function of a. 
This completes the discussion of (a). 
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INTRODUCTION 


In 1937 the following problem was formulated by Borsuk and Eilenberg: 
Given a solenoid’ > in the three sphere S*, how many homotopy classes of con- 
tinuous mappings f(S* — =) C S° are there? In 1939 Eilenberg proved 
([4], p. 251) that the homotopy classes in question are in a 1-1-correspond- 
ence with the elements of the one-dimensional homology group H'(K, I) = 
Z'(K, I)/B'(K, I), where K is any representation of S*’ — = as a complex, 
Z'(K, I) is the group of infinite 1-cycles in K with the additive group J of 
integers as coefficients and B’(K, I) is the subgroup of bounding cycles. This 
homology group is generally much “larger” than the conventional homology 
group H;(K, I) = Z'/B' where B'(K, I) is the group of cyeles that bound on 
every finite portion of K; with an appropriate topology in the group Z', B' turns 
out to be exactly the closure of B’. 

At this point the investigation was taken up by Steenrod [10]. By using 
“regular cycles” he computed the groups H’(S° — =) for the various solenoids . 
The groups are uncountable and of a rather complicated nature.” 

This paper originated from an accidental observation that the groups ob- 
tained by Steenrod were identical with some groups that occur in the purely 
algebraic theory of extensions of groups. An abelian group E is called an ex- 





1 For the definition see Appendix B below. A 
* A popular exposition of Steenrod’s results can be found in his article in Lectures in 
Topology, Ann Arbor, University of Michigan Press, 1941, pp. 43-55. 
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tension of the group G by the group H if G C Eand H = E/G. With a proper 
definition of equivalence and addition, the extensions of G by H themselves 
form an abelian group Ext {G, H}. It turns out that H'(S* — 2, J) is iso- 
norphic with Ext {Z, 2*} where 2* is a properly chosen subgroup of the group 
of rational numbers.” 

The thesis of this paper is that the theory of group extensions forms a natural 
and powerful tool in the study of homologies in infinite complexes and topo- 
logical spaces. Even in the simple and familiar case of finite complexes the 
results obtained are finer than the existing ones. 

Our fundamental theorem concerns the homology groups of a star finite com- 
plex K. Let H*(G) denote the homology group of infinite cycles with coeffi- 
cients in an arbitrary topological group G. We obtain an explicit expression 
for H°(G) in terms of G and the cohomology groups “K, of finite cocycles with 
integral coefficients. (KH, is the factor group Z,/%, of cocycles modulo co- 
boundaries). This expression is 


H“(G) = Hom {3K , G} X Hom {Bay , G}/Hom {Ze41 | Boy, G}. 


Here Hom {H, G} stands for the (topological) group of all homomorphisms of 
H into G, while Hom {2Z,4: | Bo41, G} denotes the group of those homomor- 
phisms of 8,41 into G which can be extended to homomorphisms of 2,4; into G. 
The factor group on the right in this expression appears to depend on the groups 
$41 and Z,41, but actually depends only on the cohomology group Kj. = 


2.41/Bo11. In fact this factor group can best be interpreted as the group “Ext” 
of group extensions of G by ‘Hj4:. The fundamental theorem then has the form 


HG) = Hom {H,, G} X Ext {G, Hos}. 


The paper is self contained as far as possible, both in algebraic and topo- 
logical respects. The first four chapters below develop the requisite group- 
theoretical notions. Chapter I discusses the groups of homomorphisms in- 
volved in the above formula, while Chapter II introduces the group of group 
extensions, and proves the fundamental theorem relating this group to groups 
of homomorphisms. This fundamental theorem is essentially a formulation of 
the known fact that a group extension of G by H can be described either by 
generators of H (and hence by homomorphisms) or by certain “factor sets.’ 
Chapter III analyzes the group Ext {G, H} for some special cases of G. Chapter 
IV introduces some additional groups, closely related to Ext, which arise as 
inverse limit groups in the treatment of homologies of topological spaces. 

The last two chapters analyze homology groups. Chapter V treats the case 
of a complex, and proves the fundamental theorem quoted above, as well as 
parallel theorems for some of the other homology groups of a complex. Chapter 





*More precisely =* is the character group of 2. The detailed treatment appears in 
Appendix B below. 
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VI obtains analogous theorems for the Cech homology groups of a topological 
space. : 
Appendix A discusses the case when G is a group with operators. Appendix B 
contains a computation of the group Ext {Z, 2*} mentioned above. 

Each chapter is preceded by a brief outline. The chapters are related as in 
the following diagram: 

| I>-l-l-Vv 


N N 
IV —- VI 


Almost all of V can be read directly after I and II, and a major portion after 
I alone. 

Chapters V and VI are strongly influenced by S. Lefschetz’s recent book 
“Algebraic Topology” [7], that the authors had the privilege of reading in 
manuscript. 


CHAPTER I. TorpoLoGicAL GROUPS AND HOMOMORPHISMS 


After a certain preliminary definitions, this chapter introduces the basic group 
Hom {R, G} of homomorphisms. In the case when R is a subgroup of a free 
group, we require two subgroups of “extendable” homomorphisms. The to- 
pology. of these subgroups is investigated when the “coefficient group” G is itself 
topological. 


1. Topological spaces 


A’ set X is called a space if there is given a family of subsets of X, called open 
sets, such that 
(1.1) X and the void set are open, 
(1.2) the union of any number of open sets is open, 
(1.3) ‘the intersection of two open sets is open. 
Complements of open sets are called closed. X is called a Hausdorff space if in 
addition 
(1.4) every two distinct points are contained respectively in two disjoint open sets. 
X' is called a compact (= bicompact) space if 
(1:5) ° every covering of X by open sets contains a finite subcovering. 
A space X is discrete if every set in X is open. 

‘The intersection of an open set of a space X with a subset A of X will be 
called open in A. With this convention A becomes a space. 

Let X and Y be spaces and « —> f(x) = y a mapping of X into a subset of Y. 
The mapping f is continuous if for every open set U C Y the set f(U) is open 
(in X). The mapping f is open if for every open set U C X the set f(U) is 
open (in Y). A well known result is 

Lemma 1.1. If f is a continuous mapping of a compact space X into a Haus- 
dorff space Y, then f(X) is closed in Y. 

A product space [[. X.« of a given collection {X.} of spaces X«q is defined as 
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the space whose points are all collections {x.}, x2 ¢ X. and in which open sets 
are unions of sets of the form TI. U., where U, is an open subset of X, and 
U. = X. except for a finite number of indices a.‘ It is known that [] X. isa 
Hausdorff or compact space if and only if for every a the space X, is a Hausdorff 
or compact space.” 

Let A be a set of elements and X be a space. We consider the set X% of all 
functions with arguments in A and values in X. The set X% is clearly 
in a 1-1 correspondence with the product II x where AeA and X, = X. 
Hence we may consider X“ as a space. 


2. Topological groups 


Only abelian groups (written additively) will be considered. 

A group G will be called a generalized topological group if G is a space in which 
the group composition (as a mapping G X G — G) and the group inverse (as a 
mapping G — G@) are continuous. 

If G, considered as a space, is a Hausdorff space, then G will be called a 
topological group.° Similarly, if G is compact as a space we shall say that G 
isa compact group. 

A subgroup of a (generalized) topological group is a (generalized) topological 
group. A closed subgroup of a compact group is compact. 

LemMA 2.1. In a generalized topological group G the following properties are 
equivalent: 

(a) every point of G is a closed set, 

(b) the zero element of G is a closed set, 

(c) G is a topological group.’ 

The factor group H = G/G, of a generalized topological group G modulo a 
subgroup G; is the group of all cosets g + Gi of Gi in G. The correspondence 
o(@) = H carrying each g eG into its coset gg = g + G, in H is the “natural” 
mapping of G on H. We introduce a topology in H by calling a set U C H 
open if and only if g \(U) isopeninG. It can be shown that this topology is the 
only one under which ¢ will be both open and continuous. 

Lemma 2.2. If G@ is a generalized topological group and G, is an arbitrary 
subgroup of G, then the factor group H = G/G;, is a generalized topological group; it 
is a topological group if and only if G, is a closed subgroup of G. If G is compact, 
then G/Gy is compact. 

Lemma 2.3. The closure 0 of the zero element of a generalized topological group 
is a closed subgroup of G. Its factor group G/0 is the “largest” factor group of G 
which is a topological group. 

The preceding two statements show the utility of the study of generalized 





‘If {a} = 1, 2, --- , m we also use the symbol X; X X2 X -:: X Xn for the product space. 

*See C. Chevalley and O. Frink, Bulletin Amer. Math. Soc. 47 (1941), pp. 612-614. 

*°G is then a topological group in the sense of Pontrjagin [8). 

‘To prove that a) implies c) one first proves that each neighborhood of g contains the 
closure of a neighborhood of g, as in Pontrjagin [8], p. 43, proposition F. 
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topological groups. Several times in the sequel we need to consider an jiso- 
morphism 


(2.1) Gi/H, = G2/He 


where the G; are topological groups, while the H; are not closed, so that G,/H; 
are only generalized topological groups. However, if we are able to prove that 
the isomorphism (2.1) is continuous in both directions in the “generalized” 
topology of the groups G;/H; , we obtain as a corollary the bicontinuous iso- 
morphism of the topological groups G,/H; . 

If {G.} is a collection of generalized topological groups the direct product 
[][.G. is a generalized topological group, provided we define the sum {g,} = 
{gx} + {ga} by setting go = Ju + 9a for every a. Similarly, if A is any set and 
G is a generalized topological group, then the set G* of all mappings of A into G 
is a generalized topological group. It follows from the results quoted in §1 
that [].G. and G* are topological or compact groups if and only if the groups 
G, and G are all topological or compact, respectively. 


3. The group of homomorphisms 


Let G and H be generalized topological groups. A homomorphism @ of H 
into G is a continuous function 6@(h) defined for all h « H with values in G, such 
that 0(hi + he) = O(hi) + O(he). For instance, the natural mapping of a group 
into one of its factor groups is a homomorphism. If 6; and @ are two homo- 
morphisms their sum 6 + @&, defined by 


(0, + 62)(h) = A(h) + 62(h), (all h in H) 


is also a homomorphism. Under this addition, the set of all homomorphisms 6 
of H into G constitutes a group, which we denote by Hom {H, G}: 


(3.1) Hom {H, G} = [all homomorphisms 86 of H into G). 


To introduce a (generalized) topology in Hom {H, G}, take any compact 
subset X of H and any open subset V of G with 0 e V and consider the set 
U(X, V) of all 6 with 0(X) C V. In the usual sense ([8], p. 55) these sets 
U(X, V) constitute a complete set of neighborhoods of 0 in Hom {H, G}, and 
are used to define the topology of Hom {H, G}.° 

If H is discrete, the compact subsets X of H are just the finite ones. In this 
case Hom {H, G} is a subgroup of the group G” with the topology as defined 
in §2. 

Lema 3.1. If G is a topological group and H is discrete, then Hom {H, G} 
is a closed subgroup of the group G” of all mappings of H into G. 

Proor. Let ¢ ¢G” be a mapping of H into G that is not a homomorphism. 
There are then elements hi, ho, hs in H such that hy + he = hs and 
go(hi) + do(he) # do(hs). Since G is a Hausdorff space and the group composi- 





* This is the general definition stated by Weil [11], p. 99, and Lefschetz [7], Ch. II. 
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tion is continuous there are in G three open sets U; , U2, Us containing ¢o(h:), 
jy(hz), and do(hs), respectively, such that’ (Ui + U.) NU; = 0. Consequently 
the open subset U of G” consisting of the mappings ¢ such that ¢(h;) « Ui, 
(he) « U2 , and ¢(hs) e Us has no elements in common with Hom {H,G}. Hence 
Hom {H, G} is closed. 

CoroLLARY 3.2. If H is discrete and G is a topological (and compact) group, 
thn Hom {H, G} is a topological (and compact) group. 

Note that the topology of Hom {H, G} may not be discrete even though H 
and G both have discrete topologies. Observe also that if H is discrete, an 
alteration in the topology of G may alter the topology of Hom {H, G} but not 
its algebraic structure. However, if H carries a non-discrete topology, an 
alteration in the topology of either H or G may alter the algebraic structure of 
Hom {H, G}, in that continuous homomorphisms may cease to be continuous, 
or vice versa. 

If H is compact, we can take H itself to be the compact set X used in the 
definition of the topology in Hom {H, G}. Consequently, given any open set 
V in G containing 0, the homomorphisms 86, such that 6(H) C V, constitute an 
open set. Hence if V can be picked so as not to contain any subgroups but 0, 
we see that Hom {H, G} is discrete. 

Subgroups and factor groups of H will correspond respectively to factor groups 
and subgroups of Hom {H, G}, as stated in the following lemmas. 

LemMA 3.3. If H/H, is a factor group of the discrete group H, then 
Hom {H/H, , G} is (bicontinuously) isomorphic to that subgroup of Hom {H, G} 
which consists of the homomorphisms @ mapping every element of H, into zero. 

The proof is readily given by observing that each homomorphism @ with 
(H;) = 0 maps each coset of H; into a single element of G, so induces a homo- 
morphism 6’ of H/H,. The continuity of the isomorphism @ — 6’ can be 
established, as always for isomorphisms between groups, by showing continuity 
at@= 0. ([8], p. 63). 

LemMA 3.4. If L is a subgroup of H, then each homomorphism 6 of H inte G 
induces a homomorphism 6’ = 6|L of L into G. The correspondence 6 — 6 
is a (continuous) homomorphism of Hom {H, G} into Hom {L, G}. If L isa 
direct factor of H, this correspondence maps Hom {H, G} onto Hom {L, G}. 


4. Free groups and their factor groups 


The homology groups will be interpreted later as certain groups of homo- 
morphisms of “free’’? groups, which we now define. If the elements z, of a 
discrete group F are such that every element of F can be represented uniquely 
asa finite sum )> n.Zq With integral coefficients nq , F is said to be a free abelian 
group with generators (or basis elements) {z.}. The number of generators 
may be infinite. A free group can be constructed with any assigned set of 


symbols as basis elements. 





°U, + U2 is the set of all sums g:; + gz, with gi; « U;. The symbol () stands for the 
set-theoretic intersection. 
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Lemma 4.1. Every proper subgroup of a free group is free. 
For the denumerable case, this is proved by Cech [3]; a general proof is given 
in Lefschetz [7] (II, (10.1)). 

_Any discrete group H can be represented as a homomorphic image of a free 
group. Specifically, if we choose any set of elements ¢. in H which together 
generate all of H, and if we then construct a free group F with generators z, in 
1-1 correspondence 2, <> ta with the given ¢’s, the correspondence > nz. > 
» Nata Will map the free group F homomorphically onto the given group H. 
If the kernel of this homomorphism” is R, H may be represented as the factor 
group H = F/R. R is essentially the group of “relations” on the generators 
t. of H. 

Given R C F, each homomorphism ¢ of F into G induces a homomorphism 
6 = ¢| RF of the subgroup FR into G, and the homomorphisms so induced form 
a subgroup of Hom {R, G}, denoted as 


(4.1) Hom {F|R, G} = [all 6 = ¢| R, for ¢ e Hom {F, G}]. 


Alternatively, the elements of this subgroup can be described as those homo- 
morphisms 6 of R into G which can be extended (in at least one way) to homo- 
morphisms of F into G. 

A similar, but lighter, restriction may be imposed as follows: Given 
6¢«Hom {R, G}, require that for every subgroup Fy) > R of F for which F/R 
is finite there exist an extension of @ to a homomorphism of Fy into G. The 
6’s meeting this requirement also constitute a subgroup, 


(4.2) Hom, {R, G; F} = [all 6¢ Hom {Fy | R, G} for every finite Fy/R]. 
These two subgroups, 
Hom {F | Rk, G} C Hom; {R, G; F} C Hom {R, G}, 
are important because the corresponding factor groups in Hom {R, G} are 
invariants of the group H = F/R, in that they do not depend on the particular 
free group F chosen to represent H. This fact may be stated as follows. 


THEOREM 4.2. If H is isomorphic to two factor groups “ and F'/R’ of free 
groups F and F’, then 


(4.3) Hom {R, G}/Hom {F | R, G} & Hom {R’, G}/Hom {F’ | R’, G}, 


the isomorphism being both algebraic and topological. The same result holds for 
the factor groups 


(4.4) Hom {R,G}/Hom; {R,G;F}, Hom, {R,G;F}/Hom {F | R,G}. 


This theorem is a corollary of a result to be established in Chapter II, as 
Theorem 10.1. It can also be proved directly, by appeal to the following 
lemma, which we state without proof. 





10 The kernel of a homomorphism 0 of a group H is the set of all elements h « H with 
6(h) = 0. 
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Lemma 4.3. Let F/R = E/G, where F > R is a free group and E DG is any 
other group. There exists a homomorphism ¢ of F into E such that, in the given 
identification of cosets of G with cosets of R, 


(4.5) oz) +G=2+R, for all xe F. 


Any other 6* «Hom {F, E} with this property (4.5) has the form o* = ¢ + 8, 
for some 8 eHom {F, G}. Conversely, given } with the property (4.5) any such 
¢* = @ + B has the same property. 

Although a given group H can be represented in many ways as a factor group 
H = F/R of a gree group, there is a “natural” such representation, in which 7 
is the additive group F', of the (integral) group ring of H. Specifically, given 
H, we choose for each h e H a symbol z, and construct a free group Fy generated 
by the symbols z,. The correspondence z, — h induces a homomorphism 
of Fy on H. Let Ry denote the kernel of this homomorphism. The factor 
group (4.3) of the Theorem can then be described invariantly in terms of !H and 


Gas the group 
Hom {R, , G}/Hom {Fy | Rz, G}. 


The same remark applies to the factor groups of (4.4). It would be possible to 
use the groups so described as substitutes for the group of group extensions to 
be introduced in Chapter IT. 


5. Closures and extendable homomorphisms 


If G is topological, we wish to examine the closures of the groups 
Hom {F | R, G} and Hom, in the topological group Hom {R,G}. A preliminary 
isa characterization of the subgroup Hom, . 

LemMA 5.1. A homomorphism @ of Hom {R, G} lies in Hom, {R, G; F} if 
and only of for each element t in F with a multiple mt in R there exists h eG with 
Amt) = mh. 

Proor. Let F; be the subgroup of F generated by ¢t and R. If mt eR for 
m # 0, F./R is finite and cyclic, so that 6 « Hom, is extendable to F;. Hence 
the condition stated on @(mé) is necessary. Conversely, for any given group 
F, C F with F)/R finite we can write F)/R as a direct product of cyclic groups. 
By applying the given condition on @ to each of these cyclic groups, we find an 
extension of @ to Fy , as required. 

Another characterization of Hom; can be found; the proof is similar: 

Lemma 5.2. A homomorphism 6 of Hom {R, G} lies in Hom, {R, G; F} of 
and only if @ can be extended to a homomorphism (into G) of each subgroup Fo of 
P which contains R and for which the factor group F/R has a finite number of 
generators. 

We now consider the topology on Hom {R, G}. 

Lemma 5.3. If G and hence Hom {R, G} are generalized topological groups, 
Hom, {2, G; F} is contained in the closure of Hom {F | R, G}, or 
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Hom {F | R, G} C Hom, {R, G; F} C Hom {F | R, G} C Hom {R, G}. 


Proor. Let % be in Hom; {R, G; F}, while U is any open set of Hom {R, G} 
containing 6. Since F is discrete, the definition of the topology in Hom {R, G} 
implies that there is a finite set of elements 7; , --- , 7, of R such that U contains 
all 6 for which each 0(r;) = 60(r:). The elements 7; are all contained in a sub- 
group F, of F generated by a finite number of the given independent generators 
of the free group F. Since 4 ¢ Hom; , % has an extension 6’ to the group gene- 
rated by Fy and R (Lemma 5.2). Introduce a new homomorphism 6* of F by 
setting 6*(z.) = 6’(za) for each generator z, of Fo, 6*(z2) = 0 otherwise. This 
6* induces a homomorphism 6@ of R, which agrees with 6) on the original elements 
m1, +++, 7, and which is by construction an element of Hom {F|R, G}. In 
other words, the arbitrary neighborhood U of 6) does contain a homomorphism 
6¢«Hom {F|R, G}. This proves the lemma. 

Lemma 5.4. If G is a compact topological group, Hom {F | R, G} is a closed 
sub-group of Hom {R, G}, and hence Hom {F'| R, G} = Hom, {R, G; F}. 

Proor. By Corollary 3.2, both the groups Hom {R, G} and Hom {F, G} 
are compact and topological. The second of these groups is mapped homo- 
morphically onto Hom {F | R, G} by the continuous correspondence 6 —> 6| R 
of Lemma 3.4. Therefore, by Lemma 1.1, the image Hom {F | R, G} is closed. 

For any integer m, let mG be the subgroup of all elements of the form mg, 
with g in G. A condition for the closure of Hom; may be stated in terms of 
these subgroups. 

Lemma 5.5. If G ts a generalized topological group, then Hom; {R, G; F} is 
closed in Hom {R, G} whenever every subgroup mG of G is closed in G, for m = 
Re 

Proor. Let @ be a homomorphism in the closure of Hom; {R, G; F}. Con- 
sider an arbitrary ¢ in F such that mteR. By Lemma 5.1 and the given con- 
dition on G it will suffice to prove that @(mt) emG. Let V be any open set 
containing 0 in G. By the definition of the topology in Hom {R, G}, there 
exists for @ in the closure of Hom, an element 6’ in Hom, itself, such 
that 6’(mt) — @(mt)eV. But 6’(mt) is in mG, so that the arbitrary open set 
V + 6(mt) does contain an element of mG. This proves 0(mt) in mG, as re- 
quired. 

An examination of this proof shows that the given condition on G can be 
somewhat weakened. It suffices to require that the subgroup mG be closed in G 
for every integer m which is the order of an element of F/R. The same remark 
will apply in various subsequent cases when this condition on G is used. 


CHAPTER II. Group EXTENSIONS 


This chapter introduces the basic group Ext {G, H} of all group extensions of 
G by H, and its subgroup Ext, {G, H} of all extensions which are “finitely trivial” 





1 If every subgroup mG is closed in G, Steenrod [9] and Lefschetz [7] say that @ has the 
‘division closure property.” 
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). Each individual group extension can be described either by a suitable 
“factor set” (§7) or by a certain homomorphism. The equivalence of these two 
representations is the fundamental theorem of this chapter (Theorem 10.1); 
it gives an expression of Ext {G, H} as one of the factor-homomorphism groups 
already considered in Chapter I. This fundamental theorem, which is implicit 
in previous algebraic work on group extensions, is of independent algebraic 
interest. The chapter closes with a proof that the representation of Ext {G, H} 
by homomorphisms is a “natural” one (§12). This conclusion is needed for the 
subsequent limiting process, which is used in defining the Cech homology groups. 


6. Definition of extensions 


A group EZ having G as subgroup and H = E/G as the corresponding factor 
group is said to be an “extension” of G by H. More explicitly, if the groups 
Gand H are given, a group extension of G by H is a pair (£, 8), where E is a group 
containing G and 8 is a homomorphism of £ onto H under which exactly the 
elements of G are mapped into 0¢H.” Such a B induces an isomorphism of 
E/GtoH. For given G and H, two extensions (F; , 8:) and (£2 , 6) are regarded 
as equivalent if and only if there is an isomorphism w of EF; to E, which leaves 
elements of G and cosets of H fixed. In other words, the isomorphism w of 
F, to E, must have wy <= g for geG@ and Bwx = Bix for ze Hi. We regard 
equivalent extensions as identical, and so study the equivalence classes of ex- 
tensions of G by H. It will appear that these equivalence classes are themselves 
the elements of a group. 

For given G and H, the direct product G X H has the “natural” homo- 
morphism (g, h) — h onto H, and so can be regarded as an extension of G@ by H. 
Any extension (E, 8) equivalent to this direct product (with its natural homo- 
morphism) is said to be a trivial extension of G by H. 


7. Factor sets for extensions 


A given extension (E, 8) of G by H can be described in terms of representatives 
forelements of H. To each h in H select in E a representative u(h), such that 
8(u(h)) = h. Every element of E lies in some coset h, so has the form g + u(h) 
forginG. The sum of any two representatives u(h) and u(k) will lie in the same 
coset, modulo G, as does the representative of the sum h + k. Hence there is 
an addition table of the form 


(7.1) u(h) + u(k) = u(h + k) + fh, ), 


where f(h, k) lies in G for each pair of elements h, k in H. The commutative 
and associative laws in the group E imply two corresponding identities for f, 





2 Group extensions are discussed by Baer [2], Hall [6], Turing [11], Zassenhaus [15], and 
elsewhere. Much of the discussion in the literature treats the more general case in which 
@ but not H is assumed to be abelian and in which G is not necessarily in the center of H. 
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(7.3) fth,k) + fr + k,l) = fh,k +) + flk, )). 


The sum of any two elements g: + u(h) and gz + u(k) of E is determined by the 
addition table (7.1) and the addition given within G and H. 

The extension E doves not uniquely determine the corresponding function f. 
An arbitrary set of representatives u’(h) for the elements of H can be expressed 
in terms of the given representatives as 


u'(h) = u(h) + gh), 
they will have an addition table like that of (7.1) with a function f’ given by 
(7.4) f'(h, k) = flh, k) + [g(h) + g(k) — gh + k)). 


Conversely, a factor set of H in G is any function f(h, k), with values in G for 
h, k in H which satisfies the ‘‘ccommutative” and “associative” conditions 
(7.2) and (7.3) for all h, k, andlin H. A transformation set is any function of 
h and k like the term in brackets in (7.4); thus for any function g(h) defined for 
each h eH and taking on values in G, the function 


each g(h) €G; 


(7.5) t(h, k) = gh) + g(k) — gh + k) 


is a transformation set. Such a set automatically satisfies the conditions (7.2) 
and (7.3), hence is always a factor set. Two factor sets f and f’ are said to be 
associate if their difference is, as in (7.4), a transformation set. The corre- 
spondence between group extensions and factor sets may now be formulated 
as follows. 

THEOREM 7.1. For given groups G and H, there is a many-one correspondence 
f — (E, B) between the factor sets f of H in G and the group extensions (E, 8) of G 
by H, where f — (E, 8) holds if and only tf f is the factor set which appears in one of 
the possible ‘‘addition tables” (7.1) for E. Two factor sets f and f' of H inG 
determine equivalent group extensions of G by H if and only if they are associate. 
In particular, the group extension determined by f is trivial if and only if f is a 
transformation set. 

Proor. As a preliminary, observe that the associative relations (7.3) for 
f show (with k = 1 = 0,h = k = 0) that f(0, 0) = f(h, 0) = f(0, 1). Now, 
given f, we construct E; as the group of all pairs (g, h) with addition given by 
the rule 


(91,4) + (g2,k) = (gi + ge + f(h, k), hh +k), 


and the homomorphism 8; defined by 8,(g, h) = h. Since f(0, 0) = f(0, ), 
each element (g, 0) may be identified with the corresponding element g + (0, 0) 
in G; the pair (E; , B;) is then indeed an extension of Gby H. Asa representa- 
tive of h in E; , we may choose u(h) = (0, h); the addition table (7.1) then in- 
volves exactly the original factor set f. If E is an arbitrary group extension 
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of @ by H in which f appears as the factor set of Z, the correspondence g + u(h) > 
ij, h) shows that the extension £ is in fact equivalent to the extension E; just 
constructed. Therefore f — (E;, 8;) is a many-one correspondence with the 
defining property stated in the theorem. 

If f and f’ are associate, as in (7.4), the correspondence 


(9g, h) — (g — g(h), h)’ 


shows that the corresponding extensions E; and Ey are equivalent. Conversely, 
the argument leading to (7.4) shows in effect that E; is equivalent to Ey only 
if f is associate to f’. 

We turn now to two special applications of transformation sets. In the first 
place, the representative for the zero element of H may always be chosen as 
the zeroin Z. This means that u’(0) = 0, u’(0) + u’(h) = u'(h), so that 


(7.6) f’(0, h) = f'(h, 0) = 0 (all h eH). 


Afactor set f’ with the property (7.6) may be called normalized; we have proved 
that every factor set f is associate to a normalized factor set. 

Free groups may be characterized in terms of group extensions as follows: 

THEOREM 7.2. A group with more than one element H is free if and only if 
wery extension of any group by H is the trivial extension. 

Proor. Suppose first that H satisfies the condition that every extension of 
every G is trivial. Represent H as F/R, where F is free. Then F is a trivial 
extension of R by H, hence is a direct sum of Rand H. Therefore H, as a sub- 
group of the free group F, is itself free. The other half of the theorem is stated 
in more detail in the following Lemma. 

LemMa 7.3. Every factor set f' of a free group F in a group G is a transforma- 
tion set, so that 


(7.7) f(a, y) = o( + y) — o(x) — o(y), o(x) €G, 


holds for allaz, ye F. If F has generators z, , the function ¢ may be chosen so that 
o(0) = —f’(0, 0), (za) = O for each generator 2. . 
Proor. In the extension E; of G by F we have an addition table 


w(x) + u(y) = w(x + y) +f", y) (x, yeF). 


In E we introduce a new set of representatives u(>. ¢aza) = >, €atl’(Za) for the 
elements > eazq of F. These are related to the original representatives by an 
equation u(z) = u’(z) + ¢(z), where ¢(z) has values in G. Because F is a free 
group, z > u(z) as defined is a homomorphism of F into E, so that u(z + y) = 
ut) + u(y), and the factor set belonging to wu is identically zero. But the given 
|’ is associate to this zero factor set, as in (7.4). Setting f = 0,¢ = —g in 
(7.4) gives (7.7), as desired. By construction, w(z2) = u’(Za), 80 ¢(Za) = 0. 
Also u’(0) + u’(0) = u’(0) + f’(0, 0), so that u’(0) = f’(0, 0), u(0) = 0, and 
therefore ¢(0) = —f’(0, 0). This completes the proof. 
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8. The group of extensions 
For fixed H and G the sum of two factor sets fi and f2 is a third factor set, 
defined as 
(fi + fo)(h, k) = filh, k) + folh, k) (h, k eH). 
Under this addition, the factor sets and the transformation sets form groups 
denoted respectively by 
(8.1) Fact {G, H} = group of all factor sets of H in G, 


’ 


(8.2) Trans {G, H} = group of all transformation sets of H in G. 


The factor sets belonging to a given group extension £Z constitute a coset of the 
subgroup Trans {G, H}, as in (7.4). Hence the correspondence of factor sets 
to extensions is a one-one correspondence between cosets of Fact/Trans and 
equivalence classes of extensions. This correspondence carries the addition 
of factor sets into an addition of group extensions. We are thus led to define 
the group of group extensions of G by H as” 


(8.3) Ext {G, H} = Fact {G, H}/Trans {G, H}. 


If H is discrete while G is a (generalized) topological group, there will be a 
corresponding induced topology on Ext {G, H}. For each factor set f is a 
function on H X H with values in G, so that Fact {G, H} is a subgroup of the 
generalized topological group G”™” of all such functions. The subgroup “Trans” 
and the factor group “Ext” also carry topologies. Much as in §3 one can prove 
that if H is discrete and G topological, then Fact {G, H} is a closed subgroup 
of G***_ This proves 

Lemma 8.1. Jf H is discrete and G is a topological (and compact) group, then 
Fact {G, H} is a topological (and compact) group. 

In general, however, Trans {G, H} will not be closed in Fact {G, H}, even 
when G is topological. In such cases Ext {G, H} is necessarily a generalized 
topological group. 

If (EZ, 8) is an extension of G by H, each subgroup S C H determines a cor- 
responding subgroup Es C £, consisting of all ee E with B(e) eS. Since 
Es > G, we may thus say that E “induces” an extension (Es, 8) of G by S. 
We call an extension FE finitely trivial if Es is trivial for every finite subgroup 
SCH. 

Similarly, any factor set f of H in G determines for each subgroup S C H 
a factor set fs of S in G, where fs(h, k) = f(h, k) for h, k in S (i.e., fs is obtained 
by “cutting off” f at S). The correspondence between factor sets and group 
extensions readily gives 

Lemma 8.2. A factor set f of H in G determines a finitely trivial extension of 





18 It is possible to define the sum of two group extensions directly, without using the 
factor sets (see Baer [2] p. 394); it also is possible to give an analogous definition of the 
topology introduced below in Ext {G, H}. 








at 
by 


of . 
ise 
to ¢ 
(7 


eve 
exte 
pros 
re] 


and 


f the 
' sets 
; and 
ition 
lefine 


be a 
is a 
f the 
‘ans”’ 
rove 
TOUp 


then 


even 
lized 


, cor- 
Since 
yy S. 
Troup 


cr 
1ined 
roup 


on of 


ig the 
of the 


GROUP EXTENSIONS AND HOMOLOGY 771 


G by H if and only af, for every finite subgroup S C H, the factor set fs “‘cut off” 
at S is a transformation set of Sin G. Hence the finitely trivial extensions of G 
by H constitute a subgroup Ext; {G, H} of Ext {G, H}. 


. 9. Group extensions and generators 


A group extension can be described not only by factor sets, but also by certain 
homomorphisms related to the generators of the extending group H. For let 
(E, 8) be a given extension of G by H, and H = F/R a representation of H as 
a factor group of a free group F. Let F have the generators z, , as in §4; the 
corresponding elements (or cosets) ¢t. of H will then be a set of generators of H. 
For each generator ¢, choose a corresponding representative u, in the given 
group extension E, so that Bu. = t,. Then B(>> Cala) = tm Cala , 80 that any 
element >» ¢ata € H has a representative of the form )~ e,u,. This means that 
each element of E can be written in the form 


t=gt+). ate, g €G, €q integers. 


From this representation one can at once determine how to add the elements 
of E. However, this representation is not in general unique, for ()> catia) €G 
is equivalent to Zz, €ata = 0, which in turn is equivalent to (>> Caza) €R. Thus 
toeach r = >> egzq in the group R of “relations” there is assigned an element 
6(r) «G, defined as 

O(r) = OD, Caza) = >. Catla 

These assignments 6(r) completely determine the extension EF. 

The function @ hereby defined“ is a homomorphism of R into G. Conversely 
every such homomorphism @ can be used to construct a corresponding group 
extension of G by H = F/R; it suffices to construct FE by reducing the direct 
product F & G modulo the subgroup of all elements of the form (r, @(r)), for 
reR. There is thus a correspondence between homomorphisms of FR into G 
and extensions of G by H = F/R.” 


10. The connection between homomorphisms and factor sets 


Given G and H = F/R, an extension EF of G by H may be given either by a 
factor set or by a homomorphism of R into G. There must therefore be a rela- 
tion between factor sets and homomorphisms of this type. We now propose to 
establish this relation directly, without using extensions explicitly. (Actually, 
the correspondence which we obtain is identical with that obtained by going 
from a homomorphism first to the corresponding group extension and then to 
its factor set.) 

TuroreM 10.1. If H = F/R is a factor group of a free group F, while G is 
any other group, then 





_  Actually.@ may be obtained by “cutting off” one of the homomorphisms ¢ as described 
in Lemma 4.3. 
'’ This correspondence has been stated by Baer ([2], p. 395) and used by Hall [6]. 
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(10.1) Ext {G, H} = Hom {R, G}/Hom {F | R, G}. 

Under the correspondence which gives this isomorphism 

(10.2) Ext, {G, H} = Hom, {R, G; F}/Hom {F | R, G}, 

(10.3) Ext {G, H}/Ext, {G4, H} = Hom {R, G}/Hom, {R, G; F}. 


If G is a generalized topological group while F and H are discrete, all these iso- 
morphisms are bicontinuous. 

Proor. As a preliminary, observe that the representation H = F/R means 
that the free group F is a group extension of R by H. In this extension choose 
a representative wo(h) in F for each he H. F is then described, as in (7.1), 
by an addition table 


(10.4) uo(h) + uolk) = wlh + k) + folh, k), 
where fy is a factor set of Hin R. This factor set will be fixed throughout the 
proof. 


Since Ext {G, H} is defined as Fact/Trans, the required isomorphism (10.1) 
could be established by a suitable correspondence of homomorphisms to factor 
sets. Let @6¢Hom {R, G} be given, and define f, by 


(10.5) fo(h, k) = Ofolh, k)] (h, k € H). 


The requisite commutative and associative laws (7.2) and (7.3) for fy follow from 
those for fo , and the correspondence @ — fy is a homomorphism of Hom {R, G} 
into Fact {G, H}, and therefore into Ext {G, H}. 

Suppose next that 6 can be extended to a homomorphism 6* of F into G. 
This homomorphism applied to (10.4) gives 


O*[fo(h, k)] = O*[uo(h)] + O*[uol(k)] — O*[wo(h + k)]. 


If we set g(h) = 6*[uo(h)], the result asserts that 6*fo = Of) = fy is a transforma- 
tion set. 

Conversely, suppose that f, is a transformation set, so that fy(h, k) = 
g(h) + g(k) — g(h + k) for some function g. Now any element in F can be 
written, in only one way, in the form r + w(h), with rin R,hin H. We define 
d*(r + uo(h)) as O(r) + g(h). Clearly 6* is an extension of 6; a straightforward 
computation with (10.4) shows that 6* is actually a homomorphism. In this 
case, then, @ is extendable to F. 

We know now that the correspondence 6 — fy is an isomorphism of 
Hom {R, G}/Hom {F'| R, G} into a subgroup of Ext {G, H}. It remains to 
prove that it is a homomorphism onto. At this juncture we use for the first 
time the assumption that F is a free group. Let E be a given extension of G 
by H, with a factor set f which we can assume is normalized, as in (7.6). Let 
Bo be the given homomorphism of F on H. Use f to define a factor set f’ of F 
in G by the equation 
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(10.6) f'(z, y) = S (Box, Boy), TL,Ye F. 


Since F is free, f’ is a transformation set, so we can find, as in Lemma 7.3, & 
function ¢(z) on F to G with 


(10.7) d(x + y) = o(x) + oy) + f'(2, y). 


In particular, if x and y lie in R, Bor = Boy = 0, and f(z, y) = f(0, 0) = 0, 
because f is normalized. Thus ¢, restricted to R, is a homomorphism 6 = 
¢|R of R into G. Furthermore, if ¢ is applied to the addition table (10.4) 
for F, the property (10.7) gives 


d[uc(h) + wol(k)] = g[uolh + k)] + Olfo(h, k)], 
where a term f’(wo(h + k), fo(h, k)), which would have entered by (10.7), is 


zero because f is normalized, fo(h, k) « R, and Bofo(h, k) = 0. Now compute 
fh, k) for h, kin H. By (10.6), 


Sth, k) = f'(uolh), uo(k)) 
= g[uo(h) + uo(k)] — d[uo(h)] — o[uo(k)] 


in virtue of the equation displayed just above. This equation asserts that f 
is associate to the factor set @fo = @fo. In other words, given the normalized 
factor set f, we have constructed a homomorphism 6 for which f is essentially 
6f,. This completes the proof of (10.1). 

It is desirable to find a more explicit expression for this dependence of @ on f. 
A simple induction applied to (10.7) will show that, for z; in F, 


If 2; is one of the generators z. of F, then ¢(z;) = 0, by Lemma 7.2. Ifz; = —za 
is the negative of a generator, then by (10.7) 


$(0) = (Za + (—2a)) = (2a) + (—Za) + S'(2a, —Za), 


s0 that ¢(—za) = —f’(2a, —Za). Now any element of F can be written as a 
fnite linear combinations of generators and hence as a sum )) 2; , where each 
1; is either a generator or the negative of a generator 2. , and where any given 
generator may appear several times in this sum. In particular, for any element 
r= }' 2; in the subgroup R, the previous formula for ¢ becomes a formula for 


'= 9 R, 


n n—l k 
(10.8) (S x) = —)>-’ f(x, —Boxi) + rs Bo Xi, Bats), 


i=1 


where 8) is the given homomorphism of F into H, and where the sum >’ is 
taken over those elements 2; which are the negatives of generators. The 
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essential feature of this formula is the fact that it expresses @(r) for re R as a 
sum of a finite number of values of the given factor set f of H in G. 

Now consider the continuity of the correspondence @ — f used to establish 
(10.1). It suffices to establish the continuity at 0. If U is any open set, con- 
taining zero, in Hom {R, G}/Hom {F | R, G}, there will be an open set V con- 
taining 0 in G and a finite set of elements 71, --- , 7s € R such that U contains 
the cosets of all homomorphisms @ with @(r;) «V,7 = 1,---,s. 

For a given f, the expressions 6(r;) of (10.8) for these elements r will involve 
but a finite number of elements of the factor set f. Because of the continuity 
of addition in G, we can construct an open set U’ in Fact {G, H} such that 
each 6(r;) does in fact lie in the given V. This establishes the continuity of the 
correspondence f > 6. The continuity of the inverse correspondence is obtained 
by a similar argument on the definition (10.5) of this correspondence. 

It remains only to consider the formulas (10.2) and (10.3) on finitely trivial 
extensions. Let @ and its correspondent f, be given, and let Fy D R be any sub- 
group of F for which F)/R is finite. A previous argument, applied to Fy instead 
of F, shows that @ can be extended to a homomorphism of Fp into G if and 
only if fy , regarded as a factor set for F/R in G, is a transformation set. But 
the subgroup Hom, {R, G; F} by definition consists of all those 6 which are 
extendable to every such Fy, while Ext; by Lemma 8.2 is obtained from 
those factor sets which are transformation sets on every such subgroup F). 
Hom; {R, G; F}/Hom {F/R, G} is the subgroup corresponding to Ext, {G, i7} 
under @ — fg. This proves (10.2) and with it (10.3). The continuity of the 
isomorphisms in this case follows from the continuity of the isomorphism (10.1). 

For subsequent purposes we observe that the correspondence 6 — f, obtained 
in this proof is essentially independent of the choice of the fixed factor set fo 
for Hin R. Specifically, if fy is replaced by an associate factor set fo , fo will be 
replaced also by an associate factor set, so that the corresponding element of 
Ext {G, H} is not altered. 


11. Applications - 


The representation of Ext {G, H} as Hom {R, G}/Hom {F'| R, G} gives an 
immediate proof of the invariance of the latter group, as stated in Theorem 
4.2 of Chapter I. There are a number of other simple corollaries. 

Coro.uuary 11.1. For a direct product H X H’, 


(11.1) Ext {G, H X H’} = Ext {G, H} X Ext {G, H’}. 
If G is a generalized topological group, the isomorphism is bicontinuous. 

Proor. If H = F/R and H'’ = F’/R’, we may write H X H’ = 
(F X F’)/(R X R’), where F X F’, like F and F’, is free. Each homomorphism 


of R X R’ into G determines homomorphisms @ and 6’ of the subgroups FR and 
R’ into G, and this correspondence yields a (bicontinuous) isomorphism 


Hom {R X R’, G} = Hom {R, G} xX Hom {R’, G}. 
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Furthermore, under the same correspondence 
Hom {(F X F’) | (R X R’), G} = Hom {F | R, G} x Hom {F’ | R’, G}. 


These two relations yield a corresponding isomorphism between the respective 
factor groups such as Hom {R, G}/Hom {F|R, G}. By the fundamental 
theorem, the latter isomorphism is the one asserted in (11.1). 

This conclusion can also be established without using homomorphisms, by a 
direct argument like that of Lemma 7.2. (Choose new representatives in E 
for elements of H X H’ by setting w’(hh’) = u(h)u(h’)). Another simple argu- 
ment directly with the factor sets will give a companion “direct product” 
representation, 


(11.2) Ext {G X G’, H} = Ext {G, H} X Ext {G@’, H}; 


this isomorphism is also bicontinuous. 
CoroLuaRyY 11.2. If H is a cyclic group of order m, then 


(11.3) Ext {G,H} = G/mG, (mG = all mg, for g €G). 


This isomorphism is also bicontinuous. 

This is a well known result, which can be derived directly from our main 
theorem. The cyclic group H can be written as H = F/R, where F is an in- 
finite cyclic group with generator z, R the subgroup generated by mz. Then 
any 6¢€Hom {R, G} is uniquely determined by the image 6(mz) = h of the 
generator mz. This correspondence @ — h (mod mG) gives the isomorphism 


(11.3). 

A similar representation can be found for any finite abelian group H, simply 
by representing H as a direct product of cyclic groups of orders m; ,i = 1, --- , t. 
By Corollary 11.1, Ext {G, H} is then isomorphic to the direct product of the 
groups G/m,G. <A similar decomposition applies if the abelian group H has a 
finite number of generators. The result may be stated as follows. 

Coro.tuary 11.3. If H has a finite number of generators, and T is the subgroup 
of all elements of finite order in H, then Ext {G, H} = Ext {G, T}, algebraically 
and topologically. The latter group is a direct product of groups of the form G/mG. 

Theorem 7.2 (extensions by a free group are trivial) has an analogue for 
infinitely divisible groups. Recall that G@ is infinitely divisible if for each g eG 
and each integer m ¥ 0 the equation mz = g has a solution z €G. 

Corotuary 11.4. A group G is infinitely divisible if and only if every extension 
of G by any group is the trivial extension. 

Proor. If G is not infinitely divisible, some G/mG = 0, so that there will 
be a non-trivial extension of G by a cyclic group, as in Corollary 11.2. Con- 
versely, suppose G is infinitely divisible. If R C F are groups, a transfinite 
induction will show that every homomorphism of F into G can be extended to a 
homomorphism into G of the larger group F. Therefore the subgroup 
Hom {F | R, G} exhausts the group Hom {R, G}, and Ext {G, F/R} = 0. 

Corotiary 11.5. If T is the subgroup of all elements of finite order in H, then 
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(11.4) Ext {G, H}/Ext, {G, H} = Ext {G, T}/Ext, {G, T}. 


This isomorphism is bicontinuous (if G is a generalized topological group). 

Proor. Inthe representation H = F/R, let Fr denote the set of all elements 
of F of finite order modulo R. The group 7 then has the representation 
T = F,/R, while F7, as a subgroup of a free group, is itself free. Now the 
group Hom, {R, G; F} by definition consists of all homomorphisms extendable 
to subgroups of F finite over R; as these subgroups are all contained in F,, 
the group Hom; is identical with Hom; {R, G; Fr}. If both factor groups in 
(11.4) are now represented by groups of homomorphisms, as in (10.3), the result 
is immediate. 

Observe that when 7 has only elements of finite order, the group Ext, {G, 7}, 
though it consists of extensions E of G by T trivial on every finite subgroup 
of 7, can contain non-trivial extensions. This is illustrated by the following 
example. Lét p be a prime, and G a group with generators g, hi, he, --- and 
relations p'h; = g, fori = 1,2,---. In this group G the intersection of all the 
subgroups p'G is the group generated by g alone. Let 7 be the group of all 
rational numbers of the form a/p‘, reduced modulo 1. Then all elements of T 
have finite order, and 7’ may be written as 7 = F/R, where F is a free group 
with generators 21, 22,-::,and R the free subgroup generated by pz, 
Pz2 — 21, pes — 2,°*:. (The homomorphism F — T maps z; into 1/p'.) 

To prove Ext; {G, T} # 0 it suffices to find a 6¢« Hom, {R, G; F} which 
is not in Hom {F|R, G}. Such a @ is determined by setting @(pz) = 4g, 
O(pzia. — 2) = 0,2 = 1,2,---. The definition 6*(z,_;) = p'hn will provide 
an extension 6* of @ to the finite subgroup of F generated by 21, --- ,2n. How- 
ever, suppose that @ had an extension ¢ to F. Then ¢(pzis1) = (2), so that 
(21) = p"b(2n41) for every n. This means that ¢(z;) is in every subgroup p"G, 
hence has the form eg for an integer e. But then g = 60(pa) = po(a) = epg 
gives a contradiction. Therefore Ext; {G, T} # 0 in this case. However, if 
G has no elements of finite order, one can prove easily that Ext, {G, T} = 0, 
using Lemma 5.1 (see §17 below). 

For several types of topological groups G, §5 gives information on the to- 
pology of the various relevant subgroups of Hom {R,G}. By the main theorem, 
the conclusions of Lemmas 5.3, 5.4, and 5.5 can now be rewritten as conclusions 
about the topology of Ext {G, H}, as follows. 

Corouuary 11.6. If H is discrete and G a generalized topological group, the 
closure of the zero element in the generalized topological group Ext {G, H} contains 
Ext; {G,H}. If, in addition, every subgroup mG is closed in G, for m = 2,3, --:; 
then Ext; |G, H} is closed in Ext {G, H}. 

In particular, if H has no elements of finite order, then every extension of G 
by H is trivial on (the non-existent) finite subgroups of H, consequently 
Ext; {G, H} = Ext {G, H} and the closure of 0 is the whole group Ext {G, H}. 
This means that Ext {G, H} carries the “trivial’”’ (generalized) topology in which 
the only open sets are the whole group and the empty set. 
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CorotLaRy 11.7. If H is discrete and G compact and topological, then 
Ext; {G, H} = 0 and Ext {G, H} is itself a compact topological group. 
This conclusion is obtained from Lemma 8.1 and from Lemma 5.4. 


12. Natural homomorphisms 


The basic homomorphism (6) = fs mapping elements 6 of Hom {R, G} into 
factor sets f, as in Theorem 10.1, is a “natural” one. Specifically, this means 
that the application of » “commutes” with the application of any homomorphism 
T to the free group F and its subgroup R. To state this more precisely, we 
need to consider first the homomorphisms which 7 induces on the groups 
Hom {R, G} and Ext {G, H}. 

Let F’ be a free group with subgroup R’, T a homomorphism z’ > 772’ of F’ 
into the free group F such that T(R’) C R. T induces a homomorphism of 
H’ = F’/R’ into H = F/R. This induced homomorphism will be written with 
the same letter T, so that T(g + R’) = Tg + R, for any coset g + R’. 

Now consider 6¢ Hom {R, G}. Clearly the product 6 = @T is an element 
of Hom {R’, G}, and the correspondence @ — 6’ is a homomorphism 77} of 
Hom {R, G} into Hom {R’, G}. Furthermore @¢Hom {F | R, G} implies 
oT «Hom {F’| R’, G}, so that 7; also induces a homomorphism 77 , 


(12.1) 7; : Hom {R, G}/Hom {F | R, G} — Hom {R’, G}/Hom {F’ | R’, G}. 

Similarly, consider f e Fact {G, H}. The function f’ defined by 

f'(h’, k’) = f(Th’, Tk’) (h’, k’ € H’) 

is a factor set of H’ in G, and the correspondence f — f’ is a homomorphism 
T of Fact {G, H} into Fact {G, H’}. Furthermore, f ¢ Trans {G, H} implies 
f'eTrans {G, H’}, so that 7? also induces a homomorphism 7% for the corre- 
sponding factor groups Ext = Fact/Trans, 
(12.2) T* : Ext {G, H} — Ext {G, H’}. 

By the (dual) homomorphisms induced on Ext or Hom by 7’ we always mean 
these homomorphisms T; and T. . 

THrorEM 12.1. Let T be a homomorphism of F’ into F with T(R’') C R, 
where F > Rand F' D R’ are free groups, while n (or n’) is the homomorphism of 
Hom {R, G} onto Ext {G, F/R} established in the proof of Theorem 10.1. Then 


(12.3) n'T, = Ten, 


where T;, , Ts are the appropriate homomorphisms induced by T on Hom and Ext, 
respectively. 
Proor. The figure involved is 


Hom {R, G} me Ext {G, F/R} 
In "|e 
Hom {R’, G} ee Ext {G, F’/R’} 
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The correspondence 7 was constructed from a factor set fo for F as an extension 
of R; similarly, 7’ is based on a factor set fo for H’ in R’, such that 
(12.4) uo(h’) + uo(k’) = uo(h’ + k’) + folh’, k’), 


where uo(h’) is a representative of h’ « H’ in F’. First we determine the rela- 
tion between fy and fy. The given homomorphism 7 carries F’ into F, H’ 
into H and thus u(h’) into Tuo(h’), a representative in F of Th’ in H. This 
representative will differ from the given representative wo(Th’) by an element 
of R, so that 


Tuo(h’) = uo Th’) + p(h’) (all h’ in H’). 


where each p(h’) lies in R. Now the representatives Tuo(h’) will add with a 
factor set Tfo(h’, k’), as may be seen by applying 7 to both sides of (12.4). 
This factor set in associate (in the group TH’) to the originally given factor 
set fo of H D> TH’; explicitly we have, by the argument leading to (7.4), that 


Tfo(h’, k’) = fo(Th’, Th’) + [p(h’) + p(k’) — p(h’ + k’)]. 


Suppose now that @¢ Hom {R, G} is given. Application of 7 and then T? 
will give, by the definitions of these correspondences, a factor set f’, with 


HW, k’) = Afo( Th’, Tk’)] 


OT [fo(h’, k’)] + [6p(h’ + k’) — Oph’) — Op(k’)]. 
On the other hand, application of T7 and then 7’ will give, again by the appro- 
priate definitions, a factor set f* with 

F(h’, k’) = O'foth’, k’)] = OT Ifolh’, k’)]. 


Since 6p(h’) is an element in G for each h’ e H’, these two equations show that 
f* and f’ are associate, hence that f’ = rT n@ and f* = 'T. 6 do determine the 
same element of Ext {G, H}, as asserted in the theorem. 


CuHapTerR III. Extensions or Spectra, Groups 


In this chapter we shall determine Ext {G, H} more explicitly for various 
special groups G and H. We begin with a brief review of the theory of char- 
acters, which will be used extensively in this chapter and also in Chapters V 
and VI. 


13. Characters’® 


Let G, H, and J be three generalized topological groups. G and H are said 
to be paired to J if a continuous function"’ ¢(g, h) with values in J is given 





16 The character theory was discovered by Pontrjagin (see [8]), generalized by van 
Kampen (see Weil [12], Ch. VI and Lefschetz [7] Ch. II). 
17 As a mapping G X H — J; for discussion of pairing, ef. [8], [14]. 
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such that for any fixed go, (go, h) is a homomorphism of H into J and for 
any fixed ho , $(g, ho) is a homomorphism of G into J. 

Each subset A C G determines a corresponding subset Annih A C H, called 
the annthilator of A, such that h « Annih A if and only if ¢(g, h) = 0 for all 
ge A. Annihilators of subsets of H are defined similarly. It is clear that the 
annihilators are subgroups. 

Lemma 13.1. If G and H are paired to a topological group J, then for each 
A CG, Annih A 7s a closed subgroup of H. 

This is an immediate consequence of the continuity of ¢ for fixed g. 

Gand H are said to be dually paired to J if they are so paired that 


AnnihG = 0 and AnnihH = 0. 


Lemma 13.2. If G and H are paired to J then G/Annih H and H/Annih G 
are dually paired to J. 

The most important group pairings arise when J = P is the additive group 
of reals reduced modulo 1. A homomorphism of a group G into P will be called 
a character and the group Hom {G, P} will be written as Char G. Since P has 
no “arbitrarily small’? subgroups, it follows from a remark in §3 that if G is 
compact, Char G is discrete. Vice versa, by Corollary 3.2, if @ is discrete, 
Char G is compact and topological. 

The basic lemma of the theory of characters is 

Lemma 13.3. Let G be a discrete or compact topological group and let g # 0 
be an element of G. There is then a character 6 ¢ Char G such that 0(g) # 0. 

In the case of discrete G the lemma follows easily from the proof of Corollary 
11.4, since P is infinitely divisible. In the compact case the proof is much less 
elementary and uses the theory of invariant integration in compact groups. 

The lemma can be equivalently formulated as follows: 

Lemma 13.4. Let G be a discrete or compact topological group. G and Char G 
are dually paired to P with the multiplitation 


o(g, 6) = Ag), g €G, 0 «Char G. 


Now let G and H be paired to P with ¢(g, h) as multiplication. Since, for a 
fixed g, #(g, h) is a character of H and, for fixed h, ¢(g, h) is a character of G, 
we obtain induced mappings 


(13.1) G — Char H, H — Char G. 


A basic result of the character theory is 

THEOREM 13.5. Let the compact topological group G and the discrete group H 
be paired to P. The pairing is dual if and only if the induced mappings (13.1) 
are isomorphisms: 


G2>CharH and H = Char G. 


The following two theorems are consequences of the previous results: 
TuErorEM 13.6. If G is a discrete or a compact topological group, then 
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Char Char G 2 G. 


THEOREM 13.7. If the compact topological group G and the discrete group H 
are dually paired to P, then for every closed subgroup G; of G and every subgroup 
Hi; of H we have 


Annih [Annih G,] = Gi, Annih [Annih Hy] = M,. 


14. Modular traces 


To study Ext {G, H} for compact G we need a certain modification of the 
“trace’’ of an endomorphism of a free group. The simplest case of this modifica- 
tion refers to a correspondence which is not a homomorphism, but is a homo- 
morphism, modulo m-folds of elements. It may be stated as follows. 

Lemma 14.1. Let m be an integer, and let r — S(r) be a correspondence carrying 
the free group R into a finite subset of itself in such manner that 


(14.1) S(r1 + 72) = S(ri) + S(r2) (mod mk), 


for all 71, r2€R. Let the elements y. be any independent basis for R, and write 
S(ya) = Dos Casys, with integral coefficients cag. Then the “trace’’ 


(14.2) tm(S) = doaCaa (mod m) 
is a well defined finite integer, modulo m, independent of the choice of the basis 
Ya for R. 


The proof is exactly parallel to the standard one (e.g. [1], p. 569) for an actual 
homomorphism of F# to itself, using the ‘modular’? homomorphism condition 
(14.1) at the appropriate junctures in place of the full homomorphism condi- 
tion. A similar analogue of a special case of the ‘‘additivity”’ of traces will give 
the following conclusion. 

Lemma 14.2. If in Lemma 14.1 the elements w,, --+ , w: are any independent 
elements of R such that S(R) lies in the group generated by w,, +--+ , wz, and if 
S(wi) = Dosdijw;, then tn(S) = Doi dis (mod m). 

Now let & be a subgroup of the free group F, a homomorphism of R into a 
finite subgroup of F/R. There will then be at least one integer m for which 
mo(R) = 0. Choose for each coset u of F/R a representative p(w) in F; then 
p(u + v) = p(u) + p(v) (mod R). For each r eR, m(por) is also an element 
of R, and S(r) = m(por), where 





Ro; F/R > FF ere. 


is a correspondence of R to R with the modular homomorphism property (14.1).” 
The trace of the original homomorphism og is now defined as , 


(14.3) t(o) = tn(S)/m = tm(mpo)/m (mod 1). 





18 § could also be described in terms of m and a as follows: S is the essentially unique 
correspondence of F to a finite subset of mF (, R with property (14.1) and such that each 
a(r) is the coset modulo R of S(r)/m. 





he 
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THEOREM 14.3. If R CF, F a free group, and if o is any homomorphism of R 
into a finite subgroup of F/R, then the trace t(c) defined by (14.3) is a unique real 
number, modulo 1, independent of the choices of m and p made in its definition. 
If 0; and a2 are two such homomorphisms of R to F/R, 


(14.4) t(o1 + o2) = t(o1) + t(o2) (mod 1). 


In particular, t(o) = 0 (mod 1). Furthermore, if Ty is a fixed finite subgroup of 
F/R, the correspondence « — t(c) 1s a continuous homomorphism of Hom {R, To} 
into the reals modulo 1. 

We are to prove the invariance of the definition of ¢. First, hold p fixed and 
replace m by a proper multiple m’ = km. Then S and ¢,,(S8) are both multi- 
plied by k, hence t’() = tim(kS)/km = ktn(S)/km = t(c) is unaltered, mod 1. 
Now hold m fixed and let p’ be any second set of representatives p’(u) for cosets 
ueF/R. Then p’(u) = p(u) (mod R), so S’(r) = S(r) (mod mR), which 
implies that tm(S’) = tm(S) (mod m). This shows that the trace is independent 
of pand m. 

The additive property (14.4) is readily established; it is only necessary to 
choose a single integer in such a way that both moiR and moR are zero. 

Before establishing the continuity of t(¢), we propose a more explicit repre- 
sentation of the finiteness of t(¢). Let 7» be a fixed finite subgroup of F/R, 
and choose a direct summand F> of F with a finite number of generators such 
that Fo/(Fo N R) contains 7). Wecan choose simultaneously ({1], p. 566) a basis 
a,°*:,2nfor Fyanda basis y, --- , y, for Fo NM R'so that y,; = d,z; , for integers 
d;,2 = 1,--+,s Sn. Furthermore, one can prove Fy) M R a direct summand 
of R; there is then a (not necessarily denumberable) basis for R of the form 
Wy *** 5 Ys, Ya,Ys,°**- Inparticular, if o(R) C To, we may choose p(0) = 0, 
oT.) © Fo, hence S(R) = mpo(R) C Fo N R. The equations for S and its 
trace then take the form 

S(yy) = p> Cyi Yi tn(S) = p> Cu (mod m), 
where y = i, 2, ++ 8, a, Bere. 

To prove ¢(¢) continuous it suffices to establish the continuity at ¢ = 0, and 
hence to prove that t(¢) = 0 for o in a suitable neighborhood U of 0 in 
Hom {R, To}. Let U be the open set in Hom {R, To} consisting of all ¢ with 
o(yi:) = +++ = o(y,) = 0, where y; is the special basis constructed from Fy above. 
Then, because p(0) = 0, we have S(y;) = 0, tm(S) = 0 (mod m), and therefore 
((c) = 0 (mod 1) for o in U. 

We next consider circumstances under which the traces will vanish. 

Lemma 14.4. If o eHom {R, F/R} has an extension o* which carries F homo- 
morphically into a finite subgroup Ty of F/R, then t(c) = 0 (mod 1). 

Proor. For 7’) we choose y; = d;z; as above, and then select p with p(T») C Fo 
and m with m7’) = 0 and each d; = 0 (mod m). Then, for suitable integers e;; , 


8 
po*(z;) = > C5 2; 5 
I= 


























782 SAMUEL EILENBERG AND SAUNDERS MAcLANE 


furthermore po*(kz:) = kpo*(z;) (mod Ro), for any integer k. But S(y;) = 
mpo(yi) = mpo*(dizi:) = mdipo*(z;) (mod mR). Then computing ¢,,(S) by 
(14.5) and using the fact that m = 0 (mod d;) for each J, we find that t,,(S) = 
m >, ei; = 0 (mod m), as asserted. 

Conversely, we can find certain circumstances in which the trace will assuredly 
not vanish. 

Lemma 14.5. If z¢F has order n, modulo R, and if « is a homomorphism of R 
into the subgroup of F/R generated by the coset of z, then o(nz) ¥ 0 implies t(c) 4 0 


(mod 1). 
Proor. Let u denote the coset of z, modulo R. Choose the system of repre- 
sentatives so that p(iu) = iz, fori = 0,--- ,n — 1, and use n as the integer m 


in the definition of the trace. Then S = mpc carries R into the cyclic subgroup 
generated by mz. Since o(nz) = ku, where k A O (mod m), S(nz) = knz, 
and the trace, as computed by Lemma 14.2, is t,,(S) = k ¥ 0 (mod m), as 
asserted. 


15. Extensions of compact groups 


The group of extensions of a compact topological group G can be expressed 
as an appropriate character group. 

TueorEM 15.1. If Gis compact and topological, H discrete, then Ext; {G, H} = 
0 and there is a (bicontinuous) isomorphism: 


(15.1) Ext {G, H} = Char Hom {G, H}. 


If Go is the component of 0 in G and T the subgroup of all elements of finite order 
in H, then also 


Ext {G, H} = Char Hom {G, 7} & Char Hom {G/G), T}. 


The last conclusion follows at once from the first, for Hom {G, H} includes 
only continuous homomorphisms ¢ of the compact group G; every such homo- 
morphism must map the connected subgroup G) into 0. Furthermore each ¢ 
carries G into a finite subgroup of the discrete group H, hence into a subgroup 
of T. Observe also that H is discrete, hence has no arbitrarily small subgroups; 
therefore (cf. §3) Hom {G, H} is discrete, as should be the case for a character 
group of the compact group Ext {G, H}. 

It remains to prove (15.1). Represent H as F/R; then, according to the 
fundamental theorem of Chapter IT, (15.1) is equivalent to 


(15.2) Hom {R, G}/Hom {F | R, G} & Char Hom {G, F/R}. 


According to Theorem 13.5 it will thus suffice to provide a suitable pairing of 
the compact group Hom {R, G} and the discrete group Hom {G, F/R} to the 
reals modulo 1. To this end, take any 6 « Hom {R, G} and ¢ e Hom {G, F/R}. 
As just above, ¢(G@) is a finite subgroup of F/R. Therefore o = $8 is a homo- 
morphism of F# into a finite subgroup of F/R, so that the trace introduced in the 
previous section can be used to define 
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(15.3) (0, ) = t(¢6) 


We propose to show that this is the requisite pairing. 
In the first place, this product is additive, for 


(0 + 6’, d) = t(0, o) + U6’, >) (mod 1), 
(0, d + $') = t(6,o) + t(8, $’) (mod 1) 


follow from the corresponding property (14.4) for ¢ = $6. Secondly, if ¢ is 
fixed, the product ¢(6, @) is continuous in 6. For when ¢ is fixed, ¢ = ¢@ maps R 
into a fixed finite subgroup of F/R. Since 6 — $6 = a is continuous, and since 
s— t(c) is continuous, by Theorem 14.3, the continuity of ¢(@, @) follows. 

As to the annihilators under this pairing, we assert that 


(15.4) Annih Hom {G, F/R} = Hom {F | R, G}. 


For suppose first that @« Hom {F'| R, G} and let 6* be an extension of @ to F. 
Then o* = 6* is an extension of ¢ = $6 to F, and o* still carries F into (the 
same) finite subgroup of F/R. Therefore, by Lemma 14.4, (6, ¢) = t(c) = 0 
(mod 1). Hence @ is in the annihilator in question. 

Conversely, let 6 be fixed, and suppose that ¢(@, ¢) = 0 (mod 1) for every ¢; 
then 6¢Hom {F | R, G}. Since G is compact and topological, it will suffice 
by Lemma 5.4 to prove that @« Hom, {R, G; F}. If this were not the case, 
there would be in F an element z of some order n, modulo R, such that 
6(nz) = go is not an element of nG. But nG is a continuous image (under 
g— ng) of the compact group G, hence (Lemma 1.1) is a closed subgroup of G; 
therefore G/nG is compact and topological. By Lemma 13.3 there is then 
character x of G/nG with x(go) + 0, where go is the coset of go modulo n@. 
Since every coset of G/nG has as order some divisor of », this character x 
carries G/nG into the group generated by the fraction 1/n, modulo 1. This 
is a cyclic group of order n, and so can be replaced by the isomorphic cyclic 
group of order 2 generated by the coset z’ of zin F/R. The so-modified char- 
acter X of G/nG then induces a continuous homomorphism ¢ of G into F/R, 
where 


(go) # 0, ¢(G) Cc [0, 2’, ef, ee gy. 


For this particular ¢, the homomorphism o« = 48 carries nz into $6(nz) 
(9) ~ 0. Lemma 14.5 of the previous section then shows that t(c) = 
((6,¢) ¥ 0 (mod 1), contrary to the assumption t(6, ¢) = Ofor every ¢. There- 
lore 6 does lie in Hom {F | R, G}, and 15.4 is proved. 

Finally, we assert that, under the pairing t, 


(15.5) Annih Hom {R, G} = 0. 


7) For suppose instead that t(6,¢) = 0 (mod 1) for all 6 and for some ¢ # 0. Then 


lor some go eG, ¢(go) = u ~ 0. The element u of F/R is the coset of some 
element w of F; as before, ¢ maps G into a finite subgroup of F/R, so that w 
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has a finite order m, modulo R. It is then possible to select in the free group F 
an independent basis with a first element zp such that w = kz for some integer k. 
If z has order n, modulo R, there is then a corresponding basis for R of elements 
Ya, With yo = nzo. Now construct 6 «Hom {R, G} by setting 


A(yo) =go, AYa)=9, Yar Y- 


This particular homomorphism carries R into the subgroup of G generated by 
go , 80 that the product « = $@ carries FR into the finite subgroup of F/R generated 
by $(go) = u. Since wu is the coset of w = kz, this is contained in the sub- 
group of F/R generated by the coset of 2. Furthermore o(nz) = u # 0. 
Lemma 14.5 again applies to show that t(¢) = ¢(0@, ¢) # 0 (mod 1), counter to 
assumption. 

Given the assertions (15.4) and (15.5) as to annihilators, it follows from 
Lemma 13.2 that the groups Hom {R, G}/Hom {F | R, G} and Hom {G, F/R} 
are dually paired. Formula (15.2) is then a consequence of Theorem 13.5. 


16. Two lemmas on homomorphisms 


A generalized topological group G is said to have no arbitrarily small sub- 
groups if there is in G an open set V containing 0 but containing no subgroups 
other than the group consisting of 0 alone. 

Lemma 16.1. If the discrete group T has no elements of infinite order and the 
generalized topological group G has no arbitrarily small subgroups, while Go is 
the same group with the discrete topology, then Hom{T, G} and Hom{T, G!} 
have the same topology. 

Proor. Hom {7, G} and Hom {T7, G} are algebraically identical. The 
hypotheses on 7 insure that every finite set of elements of 7’ generates a finite 
subgroup of 7. A complete set of neighborhoods U of 0 in Hom {7, G} may 
therefore be found thus: take a finite subgroup 7) C 7 and an open set Vo in G 
containing 0, and let U consist of all homomorphisms 6 with 6(7>) C Vo. In 
particular, if Vo is contained in the special open set V of G which contains no 
proper subgroups, the subgroup 6(7) is zero, so that U consists of all @ with 
6(T,) = 0. The special sets U so described also form a complete set of neigh- 
borhoods of 0 in Hom {7 G}. Therefore the two topologies on the group are 
equivalent. 

Lemma 16.2. Let F DR bea free (discrete) group, G’ D G a discrete group, while 
Hom {F, G’; R, G} denotes the set of all homomorphisms ¢ ¢ Hom {F, G’} with 
o(R) CG. Then 


(16.1) Hom {F, G’; R, G} /Hom {F, G} = Hom {F/R, G’/G}. 


Proor. Any, homomorphism of F/R into G’/G may be regarded as a homo- 
morphism of F into G’/G which carries R into zero (Lemma 3.3), so that (16.1) 
becomes 


(16.2) Hom {F, G’; R, G}/Hom {F, G} = Hom {F, G’/G; R, 0}. 
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For each ¢ e Hom {F, G’} let $* be the corresponding homomorphism re- 
duced modulo G, so that for x « F, #*(z) is the coset of (x), modulo G. The 
correspondence ¢ — ¢* is a homomorphism mapping Hom {F, G’; R, G} into 
Hom {F, G’/G; R, 0}. Furthermore ¢* = 0 if and only if ¢(F) C G, 
or¢¢Hom {F,G}. Therefore ¢ — ¢* provides an (algebraic) isomorphism of 
the left hand group in (16.2) to a subgroup of the right hand group. 

Conversely, select a fixed basis z. for the free group F, and for each coset 
) €G'/G pick a fixed representative element p(b) in G’. For given ¢ e Hom {F, 
G'/G; R, 0}, define a corresponding homomorphism ¢ = ¢(c), for any x = 
Y kata € F, as 


o( ke Za) = >» ka plozal. 


This is a homomorphism of F into G’. By construction, p{[cz.] modulo G is 
just 24 , hence ¢(x), modulo G, is (x), or¢* =o. This implies that ¢(R) CG, 
and so that each o is the correspondent of some ¢ in the homomorphism ¢ — ¢”*. 

To show (16.2) bicontinuous, we first analyze the topology in the groups 
involved. By the definition of the topology in a factor group, we have to 
consider only open sets in Hom {F, G’; R, G} which are unions of cosets of 
Hom {F,G}. Ifz,--- , 2, is any finite selection from the fixed set of generators 
for F, the set U(zi, «++ , 2n) consisting of all ¢ with ¢(z,) = --- = ¢(z,) = 0 
(mod G) is such an open set, and contains ¢) = 0. We assert that any open set 
V containing 0 which is a union of cosets contains one of these sets U. For, 
given V, there will be elements 2, --- , 2%» in F such that V contains all @ 
with gz; = 0. Select generators 2, --- , Zn such that each x; can be expressed 
in terms of 2,--+,2n,; then V contains all @ with ¢z; = 0. Moreover, if 
¢2; = 0 (mod G), there is a homomorphism ¢; of F into G with $z; = 12; ; since 
¢— ¢: € V, since V is a union of cosets of Hom {F, G}, and since ¢: e Hom {F, G}, 
we conclude that ¢e V. Thus V D U(4,--- , Zn). 

A similar but simpler argument for Hom {F, G’/G; R, 0} will show that every 
open set containing zero in this group contains all o with oz = --- = oz, = 0, 
for a suitable set of the generators of F. The mapping o — ¢ carries open sets 
of this special type into the open sets U(z, --- , 2n) described above, and con- 
versely. This shows that the correspondence ¢ — ¢* is continuous at 0, and 
hence everywhere. 


17. Extensions of integers 


Next we consider the case in which every element of H has finite order; we 
then write T instead of H for this group. The group of extensions of the integers 
by such a group 7' can be written as a group of characters. In case Tis finite, 
the result is a generalization of Corollary 11.2, for in this case Char T = T. 

THeorEM 17.1. If T has only elements of finite order, and if I is the (additive) 
group of integers, 


(17.1) Ext. {I, T} 7 0, 
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(17.2) Ext {J, T} = Char T. 


The methods used to establish this result apply with equal force if J is replaced 
by any discrete group G which has no elements of finite order. The group 
Char 7 of homomorphisms of 7' into the group of reals modulo 1 must then be 
replaced by a group of homomorphisms of 7 into another group suitably con- 
structedfromG. In fact, any G with no elements of finite order can be embedded 
in an essentially unique discrete group G,, with the following properties: 

(i) G,, has no elements of finite order, 

(ii) G,,/G has only elements of finite order, 

(iii) G,, is infinitely divisible. 

For any g eG,, and any integer m there is then a unique h = g/m in G) with 
mh = g. The (discrete) factor group G,,/G is the analogue of the topological 
group P’ of rationals modulo 1. Specifically, if G = Z,G,, = I,, is the group of 
rational numbers, and G ,,/G is the group P’, but with a discrete topology. Since 
T has only elements of finite order, Char 7 is Hom {7, P’}. But P’ clearly has 
no arbitrarily small subgroups, so that the latter group, by Lemma 16.1, is 
identical (algebraically and topologically) with Hom {7, J,/I}. The exact 
generalization of Theorem 17.1 is thus 

THEOREM 17.2. If T has only elements of finite order, while G is discrete and 
has no elements of finite order, and G ,, is defined as above, 


(17.3) Ext, {G, T} = 0, 
(17.4) Ext {G, 7} & Hom {7, G,/G}. 


The isomorphism is bicontinuous if G and G ,,/G are both discrete. 

Proor. If 7 is represented in the form 7 = F/R, for F free, the conclusions 
of this theorem can be reformulated, according to the fundamental theorem 
of Chapter II, as 


(17.3a) Hom; {R,G;F} = Hom {F | R, G}, 
(17.4a) Hom {R,G}/Hom {F | R, G} = Hom {F/R, G,,/G}. 


Observe first that any homomorphism @ e Hom {R, G} can be extended in a 
unique way to a homomorphism 6* e Hom {F,G,,}. For, since every element of 
T = F/R has finite order, every z ¢ F has a finite order modulo R. For each 
such z pick an integer m such that mz e R, and define 


(17.5) 6*(z) = (1/m)6(mz), zeF, mzeR. 


This definition of 6* is independent of the choice of m, and does yield a homo- 
morphism of F into G,,. Clearly it is the only such homomorphism extending 
the given 6. 

Suppose now that @« Hom; {R, G; F}. Each element ze F then generates a 





1G, could also be described as a tensor product; see §18. 
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finite subgroup of F/R, so @ can be extended to a homomorphism mapping z 
and R into G. This extension of @ must agree with the unique extension 6*. 
This shows that 6*(z) e G for each z, so that 6* is in fact a homomorphism of F 
intoG CG, ,and 6«Hom {F|R,G}. This proves (17.3a). 

As in §16, let Hom {F, G,, ; R, G} denote the group of all homomorphisms 
¢¢Hom {F,G,,} with ¢(R) CG. This is a topological group, under the usual 
specification (§1) that any open set in Hom {F, G, ; R, G} is the intersection 
of this group with an open set in the topological group Hom {F, G,}. 

The correspondence ¢ — ¢ | R provides a bicontinuous isomorphism 


(17.6) Hom {F,G,, ;R, G} = Hom {R, G}. 


For, by Lemma 3.4, ¢ — ¢| FR is a continuous homomorphism. It is an iso- 
morphism because each @¢Hom {R, G} has a unique extension 6* = 
¢eHom {F, G, ; R, G}, by (17.5). This inverse correspondence is also con- 
tinuous; for if U is the open set consisting of all ¢ with ¢z; = g; , for given z; e F 
andg;eG,,,7 = 1, --- , n, there is an open set U,, in Hom {R, G} consisting of 
all @ with @(mz;) = mg; , where m is chosen so that each mz; ¢ R and each mg; ¢ G. 
The correspondence 6 — 6* of (17.5) carries U,, into U. This proves (17.6). 

The correspondence ¢ — ¢ | R maps the subgroup Hom {F,G} of Hom {F,G, ; 
R, G} onto Hom {F | R, G}. Hence (17.6) also yields an isomorphism 


Hom {F,G,, ;R, G}/Hom {F, G} = Hom {R, G}/Hom {F | R, G}. 
On the other hand, Lemma 16.2 provides an isomorphism 
Hom {F,G, ; Rk, G}/Hom {F, G} = Hom {F/R, G,/G}. 


These two combine to give the required isomorphism (17.4a). 

It should be remarked that the results of this section can also be obtained by 
arguments directly on factor sets, without the interposition of the fundamental 
theorem of Chapter II. Specifically, to prove Theorem 17.2, one could consider 
an extension E of G by 7, determined by a factor set f(s, t) for s,teT. If 
teT has order m, let @s(t) = (1/m) >>; f(it, t) (mod G), where i = 
0,1,---,m-—1. In this fashion FE determines a homomorphism ¢z « Hom {7’, 
¢,,/G}. Conversely, given such a homomorphism ¢, one may select for each 
o(t) «G,,/G a representative element ¢’(t) « G,, and construct the corresponding 
factor set as f(s, t) = $/(s) + ¢/(t) — ¢’(s + #). These correspondences will 
establish (17.4). The device of constructing ¢z by summation over the terms 
of the factor set is an application of the so-called “Japanese homomorphism,” 
as commonly used for (multiplicative) factor sets. 


18. Tensor products 


Some of our formulas can be expressed more easily by means of the tensor 
products introduced by Whitney [13]. If A and B are given discrete abelian 
groups the tensor product A © B is a set whose elements are finite formal sums 
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>» a,b; of formal products a,b; , with each a; e A, b; « B. Two such elements are 
added simply by combining the two formal sums into a single sum. Two such 
elements are equal if and only if the second can be obtained from the first by a 
finite number of replacements of the forms (a + a’)b < ab + a’b, a(b + b’) o 
ab + ab’. The tensor product A o B so defined is a discrete abelian group, and 
the multiplication a-b is a pairing of A and Bto A o B. 

In the special case when B = G is a group containing no elements of finite 
order, and A = R, is the additive group of rational numbers, any sum )> a,b; 
can, by the distributive law, be rewritten as a single term (r/s)b, where s is a 
common denominator for the rational numbers a;. This representation is 
essentially unique. Therefore Ro o G is simply the group G ,, used in $17 above, 
and G ,,/G is (Ro o G)/G (for details, ef. Whitney [13], pp. 507-508). 

The tensor product can equivalently be defined in terms of characters, in the 
following fashion: 

THEOREM 18.1. Jf A and B are (discrete) abelian groups, 


(18.1) A o B=Char Hom {B, Char A}. 
Proor. This conclusion can also be written in the form 
(18.2) Char (A o B) = Hom {B, Char A}. 


Since the group of characters is the group of homomorphisms into the group P 
of reals modulo 1, this conclusion is a speciai case (with C = P) of the following 

Lemma 18.2. If A and B are discrete abelian groups, C any generalized (topo- 
logical) abelian group, then there is a bicontinuous isomorphism 


(18.3) Hom {A o B, C} = Hom {B, Hom (A, C)}. 


Proor. Let 6¢Hom {A o B, C} be given. For each be B, let @&(a) = 
6(ab). Theng « Hom (A,C). Let we(b) = @ . Then w, « Hom {B, Hom (A, C)}, 
and the correspondence @ — ws is a homomorphism of Hom {A o B, C} into 
Hom {B, Hom (A, C)}. One verifies readily that it is an (algebraic) iso- 
morphism (we = 0 only if @ = 0). Furthermore, it is an isomorphism onto the 
whole group Hom {B, Hom (A, C)}. For let any w in the latter group be 
given, with w(b) = ¢, «Hom (A, C) for each be B. Then define 


6(>_ aidi) = >> os, (ai), a; ¢ A, bj € B. 


One verifies that 6, is uniquely defined, under the identifications (a + a’)b > 
ab + a’b, a(b + b’) > ab + ab’ used in the definition of A o B. Furthermore, 
6. € Hom {A o B, C}, and 8, > w in the previously given correspondence. There- 
fore 6 — we, w — 6, does yield the indicated isomorphism (18.3). The con- 
tinuity of the isomorphism in both directions is readily established from these 
explicit formulas and the appropriate definitions of open sets in the given 
topologies of the groups concerned. 
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CHAPTER ITV. Direct anp INVERSE SysTEMsS 


The Cech homology groups for a space are defined as limits of certain “direct” 
and “inverse” systems of homology groups for finite coverings of the space 
(Chap. VI). In view of our representation of homology groups in terms of 
groups of homomorphisms and groups of group extensions we are led to consider 
limits of groups of this sort. We shall show that the limit of a group of homo- 
morphisms is itself a group of homomorphisms (§21) and that the corresponding 
proposition holds in certain special cases for groups of group extensions (§22). 
In the general case, however, we must introduce a new group to represent the 
limit of a group of group extensions. This group can also be introduced as a 
limit of tensor products (§25). 


19. Direct systems of groups 


A directed set J is a partially ordered set of elements a, 8, y, --- such that 
for any two elements a and £ there always exists an element y with a < y, 
8 <-y. ‘For each index a in a directed set J let H, be a (discrete) group, and 
for each pair a < B, let ds. be a homomorphism of H, into Hg. If da = bysb3e 
whenever a < 8 < vy, the groups H, are said to form a direct system with the 
projections ga.” 

Any direct system determines a unique (discrete) limit group H = Lim H, 
as follows. Every element h, of one of the groups H, is regarded as an element 
hz of the limit H, and two elements hz , hg are equal if and only if there is an 
index y,a < y, 8B < ¥, with @yaha = ,shs. Two elements hx and h3 in H are 
added by finding some y with a < y, 8 < 7; the sum is then the element h, = 
(yaa + dyghg)*. Under this addition and equality, the elements hx form a 
group H = Lim H,. Each of the given groups H, has a homomorphism 
¢a(ha) = ha into the limit group, and ¢s¢3a = $a, fora < B. 

In case each given projection ¢g.2 is an isomorphism (of H, into Ha), the limit 
group can be regarded as a “‘union”’ of the given groups: each group H, has an 
isomorphic replica ¢.H within H, and H is simply the union of these subgroups. 

A subset J’ of the set J of indices a is said to be cofinal in J if for each index 
a there is in J’ an a’ with a < a’. The limit Lim H,’, taken over any such 
cofinal subset, is isomorphic to the original limit H. 


20. Inverse systems of groups 


For each index a in a directed set let A. be a (generalized topological) group, 
and for each a < 6 let was be a (continuous) homomorphism of Ag in A.. If 
VasVey = Way Whenever a < B < y, the groups A, are said to form an inverse 
system relative to the projections Was. Each inverse system determines a limit 
group A = Lim A,. An element of this limit group is a set {a} of elements 
dq ¢A, which “match” in the sense that Yoasa3 = Ga for eacha < 8. The sum 


—_— 





** Direct (and inverse) systems were discussed in Steenrod [9], Lefschetz [7], Chap. I 
and II, and in Weil [12], Ch. I. 
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of two such sets is {@2} + {ba} = {a@a + ba}; since the y’s are homomorphisms, 
this sum is again an element of the group. This limit group A is a subgroup 
of the direct product of the groups A,. The topology of the direct product 
[| A. thus induces (§1) a topology in Lim A, ; an open set in the latter group 
is the intersection with Lim A, of an open set of [[ Aa. This makes Lim A, 
a generalized topological group. As before, a cofinal subset of the indices gives 
an isomorphic limit group. 

Let each B, be a subgroup of the corresponding group A, of an inverse system, 
and assume, for a < 8, that ~asBs C B.. Then the system B, is an inverse 
system under the same projections ag, and the limit Lim B, is, in natural 
fashion, a subgroup of Lim A, . On the other hand, yas induces a homomorphism 
v8 of the (generalized topological) group As/B; into Aa/Ba. Relative to these 
projections, the factor groups themselves form an inverse system A,/B,. The 
limit group of the latter system contains a homomorphic image of Lim A, ; 
if each aq in A, determines a coset a, in A./B,, the map {a} > {az} isa 
homomorphism of Lim A, into Lim (A./B.) in which exactly the elements of 
Lim B, are mapped on zero. Thus we have 


(20.1) Lim A,/Lim B, C Lim (Aq/B,). 


For compact topological subgroups this is an isomorphism: 
Lemma 20.1. Jf the Aq form an inverse system relative to the Pag , and if each 
B, is a compact topological subgroup of Aq with vasBs C Ba , then 


(20.2) Lim A,/Lim B, & Lim (A./Bz). 


Proor. Consider any c = {ca} in Lim (A./B.), where Wi.8C3 = Ca for each 
a < B. Each c,¢€A./Baz is a coset of the compact topological subgroup B, , 
hence itself is a compact Hausdorff subspace of the space :A,.. Furthermore 
Was is a continuous mapping of the set cg into ca , for each a < 8. Since pa, = 
Vass, , the sets ca form an inverse system of compact non-empty Hausdorff 
spaces. Their limit space is therefore” non-vacuous. This means that there 
is a set of elements a, €Cq With agag = a. fora < 8. The element {a,} in the 
group Lim A, is therefore an element which maps onto the given element 
{ca} in the homomorphism {a,} — {a,} used to establish (20.1). The con- 
tinuity of (20.2), in both directions, follows readily. 

There is also an “isomorphism” theorem for inverse systems. 

LemMA 20.2. If the groups Aa form an inverse system relative to the projections 
Was, while Ca form an inverse system (with the same set of indices) relative to 
projections as , and if oq are (bicontinuous) isomorphisms of Aa to Ca, for every 
a, such that the “‘naturality” condition cavas = dasog holds, then the groups Lim Aq 
and Lim C, are bicontinuously isomorphic. 





*1 See Lefschetz [7], Theorem 39.1 or Steenrod [9], p. 666. Observe, however, that the 
latter proof is incomplete, because of the gap in lines 10-11 on p. 666. 
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21. Inverse systems of homomorphisms 


Consider the group of all homomorphisms of H into G. As in Chap. II, §12, 
each projection ga of a direct system of groups H, will induce a ‘“‘dual” homo- 
morphism ozs of Hom {Hz, G} into Hom {Ha,G}. Furthermore $25 ¢37 = 
é, for all aa < B < 7, so that the groups Hom {H, , G} form an inverse system 
relative to these dual projections. 

THEOREM 21.1. If the (discrete) groups H. form a direct system, then 


(21.1) Hom {Lim H,, G} = Lim Hom {H,, G}. 


Proor. Consider any element w = {6.2} in Lim Hom {H,,G}. To define 
a corresponding homomorphism @, on H = Lim H,,, represent each element 
he H as a projection h = ¢,h, of some element h, ¢ H, , and set 


(21.2) Ou(h) = Ou(Pala) = Ba(ha); = daha. 


The “matching” requirement that 0. = ¢as03 for a < B readily shows that 
§,(h) has a unique value, independent of the representation h = ¢.h. chosen. 
Furthermore, @,¢Hom {H, G}, and the correspondence w — 6, is an 
isomorphism. 

Conversely, let any @ « Hom {H, G} be given, and define 


(21.3) Oalha) = Adaha), haeH,. 
Ifa < B, ap0a(ha) _ Osldsaha] = Oosbsah a] ie OWdaha) = Baha ; SO $805 = 6a, 


and these @’s match. Therefore w = {6,2} is an element of the inverse limit 
group Lim Hom {H, , G}, and clearly 6, is the original homomorphism @. The 
correspondence w — 6, therefore does establish the desired isomorphism (21.1). 
The continuity in both directions follows directly from the formulas (21.2) 
and (21.3) and the appropriate definition of neighborhoods of zero in the groups 
concerned. 


22. Inverse systems of group extensions 


Consider a direct system of discrete groups H,. As in Chap. II, §12, each 
projection ¢ga of H, into Hg will induce a homomorphism das of Ext {G, Hp} 
into Ext {G, Ha}. Furthermore ¢2s¢3, = ¢z7 for all a < 8 < ¥, so that the 
groups Ext {G, H.} form an inverse system. Contrary to the situation in the 
previous section, the limit group Lim Ext {G, H.} may not be isomorphic to 
Ext {G, Lim H,\. An example to this effect will be given below. However, 
there are two important cases when “Lim” and “Ext’’ are interchangeable. 

THEOREM 22.1. If G is compact and topological, while the (discrete) groups 
H, form a direct system, then 


(22.1) Ext {G, Lim H,} = Lim Ext {G, H,}. 


This is proved by repeated applications of Lemma 20.1 to the representation 
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(22.2) Ext {G, H} = Fact {G, H}/Trans {G, #}, 
where H = Lim H,. Recall that any f e Trans {G, H} has the form 


f(h, k) = gh) + g(k) — gh + k), h, k eH. 
Here geG” is any mapping of H into G. Clearly f = 0 if and only 


if ge Hom {H, G}, so 

(22.3) Trans {G,.H} & G"/Hom {H, G}. 

The correspondence g — f is clearly continuous; since the isomorphism (22.3) 
is one-one and since the groups G” and Hom {H, G} are compact, by Lemma 
3.1, the bicontinuity of (22.3) follows. Furthermore, this isomorphism is a 
“natural” one relative to homomorphisms, so that the isomorphism theorem 
for inverse systems (Lemma 20.2) gives 


Lim Trans {G,H.} = Lim (G"*/Hom {H., G}]. 
In this representation the groups G”* and Hom {H,, G} with the “dual” 
projections bas form inverse systems with the respective limits G” and 


Hom {H, G}. Furthermore each group Hom {H,, G} is compact and topo- 
logical, so Lemma 20.1 gives 


(22.4) Lim Trans {G, H,} & Lim G*«/Lim Hom {H,., G} 
= G"/Hom {H, G} & Trans {G, H}. 
On the other hand one may show exactly as in the proof of ‘Theorem 21.1 
on homomorphisms that there is a bicontinuous isomorphism 
(22.5) Lim Fact {G, H.} & Fact {G, H}. 


Furthermore, each of the groups Trans {G, H,} is compact and topological, so 
that. Lemma 20.1 applies again to prove 


Lim [Fact/Trans] & Lim Fact/Lim Trans. 
This, with (22.4) and (22.5), gives the desired conclusion.” 


THEOREM 22.2. If G@ is discrete and has’no elements of finite order, while Tq 
is a direct systems of discrete groups with only elements of finite order, then 


(22.6) , Ext {G, Lim 7,} & Lim Ext {G, 74}. 


_ The proof appeals directly to the result found in Theorem 17.2 of Chapter III, 
to the effect that 


(22.7) © Ext {@, Ta} & Hom {T., G,/G}. 


The groups Hom {7., G,,/G} will form an inverse system under the dual 
projections $23 ; as in Theorem 21.1 we then have 


Hom {Lim T,, G,/G} & Lim Hom {T., G,,/G}. 





*2 Theorem 22.1 can also be proved by representing Ext by means of Char Hom {G, 1} 
asin Theorem 15.1. This argument, however, requires a tedious proof that the isomorphism 
established in the latter theorem is “natural,” in the sense of §12. 
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But the group on the left is simply Ext {G, Lim T.}, by another application 
of Theorem 17.2. The desired result should then follow by taking (inverse) 
jimits on both sides in (22.7). 

To carry out this argument, it is necessary to have the naturality condition 
which gives the isomorphism theorem (Lemma 20.2) for inverse systems. This 
naturality condition requires that the isomorphism (22.7) permute with the 
projections of the inverse systems. This is just a statement of the fact that the 
jomorphism (22.7) established in Theorem 17.2 is ‘“‘natural’’ in the sense en- 
visaged in §12. The proof of this naturality is straightforward, so details will 
be omitted. 

CoroLLarRy 22.3. If the discrete group G has only a finite number of generators, 
while T', is a direct system of discrete groups with only elements of finite order, then 


Ext {G, Lim 7,} = Lim Ext {G, To}. 


Proor. Write Gas F X L where F is free, L is finite (and thus compact). 
By (11.2) there is a “‘natural” isomorphism 


Ext {G, Lim 7} > Ext {F, Lim 7,} x Ext {L, Lim 7,}. 


The asserted result now follows by applying Theorem 22.2 to the first factor 
on the right, and Theorem 22.1 to the second, using Lemma 20.2. 

We now show by an example that “Ext” and ‘‘Lim” do not necessarily com- 
mute. Let p be a fixed prime number, H the additive group of all rationals 
with denominator a power of p, and H,, the subgroup consisting of all multiples 
of1/p". Then Lim H,, = H, since H is the union of the groups H,,.  Further- 
more H,, is a free group, so Ext {Z, H,} = 0, where J is the group of integers. 
On the other hand, Ext {Z, Lim H,} = Ext {J, H} is a group computed in ap- 
pendix B; it is decidedly not zero, in fact it is not even denumerable. 


23. Contracted extensions 


Before further consideration of the inverse limits of groups of extensions, 
we make a comparison of the group of extensions of a group G by a group H 
with the group of extensions by a subgroup Hy of H. The identity mapping J 
of Hy into H is a homomorphism, hence, as in §12, will give dual homorphisms 


(23.1) I*: Fact {G,H}— Fact {G, Ho}, 
(23.2) I*: Trans {G, H} — Trans {G, Ho}. 


Specifically, J* is the operation of ‘cutting off” a factor set f « Fact {G, H} to 
give a factor set fo = I*f e Fact {G, Ho}; fo(h, k) is defined only for h, ke Ho, 
and always equals f(h, k). Clearly J* carries transformation sets into trans- 
formation sets, as in (23.2). Thus J* also induces a dual homomorphism 


(23.3) I*; Ext {G, H} — Ext {G@, Ho}. 


This homomorphism may be visualized as follows: given EZ such that G C E 
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and E/G = H, there is an Ey) C E such that G C Ey) and E)/G = Hy. Then 
I*(E) = Ey. 
Lemma 23.1. If Ho is a subgroup of the group H then for any group G the 
homomorphism I* of (23.3) maps the group Ext {G, H} onto Ext {G, Ho}. 
Proor.” Represent H as F/R, where F is free. There is then a subgroup 
Fy of F such that R C Fy and F)/R = Hy. By the fundamental theorem we 
have isomorphisms 


Ext {G, H} = Hom {R, G}/Hom {F | R, G}, 
Ext {G, Ho} & Hom {R, G}/Hom {F, | R, G}, 


where Hom {F|R, G} C Hom {Fy|R, G}. According to the “naturality” 
theorem of §12 the homomorphism J* between the groups on the left can be 
represented on the right as that correspondence which carries each coset of 
Hom {F | R, G} into the coset of Hom {Fy | R, G} in which it is contained. This 
makes it obvious that the homomorphism is a mapping “‘onto.”’ 

Lemma 23.2. If Hy C H, then the dual homomorphisms I* of factor and trans- 
formation sets, as in (23.1) and (23.2), are mappings “‘onto.”’ 

Proor. Any element in Trans {G, Ho} has the form 


Sih, k) = gh) + g(k) — g(h + k), 


where g is an arbitrary function on Hy to G. Let g* be an arbitrary extension 
of g to H, and 


F*(h, k) = g*(h) + g*(k) — g*(h + k). 


Then f* is a transformation set with J*f/* = f. This proves that (23.2) is a 
mapping onto. Since (23.3) and (23.2) are mappings onto, the same holds 
for (23.1). 


24. The group Ext* 


Since limits do not always permute with groups of extensions, we now intro- 
duce a new group which is the limit of an inverse system of groups of group 
extensions. 

Consider a discrete group 7 with only elements of finite order. The set 
{S.} of all finite subgroups of 7’ is a direct system, if a < 8 means that S, C Ss, 
and that the projection I;, of S_ into S, is simply the identity. The direct 
limit of {S.} is the group 7. 

Let G be any generalized topological group. Since {S.} is a direct system, 
it follows from a previous section that the groups Ext {G, S.} form an inverse 
system with projections J*;. We define our new group as the limit of this 
system 





*8 The lemma can also be proved directly in terms of the group extensions E, Eo , using 
a suitable transfinite induction. 
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241) Ext* {G, T} = Lim Ext {G, S,}. 


The two theorems of §22 as to cases in which “Ext’’ and “Lim”? commute 


give at once 
CoroLLARY 24.1. If G is compact and topological, or is discrete without ele- 


ments of finite order, then 
Ext* {G, T} = Ext {G, T}. 


In the definition of Ext* we used the approximation of 7 by its finite sub- 
goups S.. However, any approximation by finite groups will give the same 


result : 
THEOREM 24.2. If T. is any direct system of finite groups, the corresponding 


inverse system of groups Ext {G, T.} has a limit 
(24.2) Lim Ext {G, T.} = Ext* {G, Lim 7,}. 


Proor. In case 7 is the system of all finite subgroups of the limit 7 = 
lim 7, , this equation is simply the definition of Ext*. In general, 7 = Lim T, 
isa group in which every element has finite order. Each 7’, has a homomorphie 
projection 7, = ¢a7'a into the limit 7’, and 7’ is simply the union of these 
subgroups 7, . The set of these subgroups 7’, is therefore cofinal in the set of 
all finite subgroups of 7. The inverse system of the groups Ext {G, 7}, rela- 
tive to the “identity” projections [2s , is cofinal in the inverse system used to 
define Ext*, hence gives the same limit group, 


(24.3) Ext* {G, T} = Lim Ext {G, T.}. 


An element f* in this limit group can be represented (but not uniquely) as 
aset {f2} of factor sets f. ¢ Fact {G, 7} which “match” modulo transformation 
sts. This means that for each 8B > a there is a transformation set 
ig¢ Trans {G, T.,} such that 

falh’, k’) = fe(h’, kh’) + tas(h’, k’), h’,k' eT, . 
Now each homomorphism ¢, of 7’, into T, determines, as in §12, a dual homo- 
morphism 2 of Fact {G, T..} into Fact {G, T'.}, defined so that e. = bafta is the 
factor set given by the equations 
(24.4) €a(h, k) = faldah, dak), h,keTa, 
If the f, match, one readily proves that the corresponding e, also match, modulo 
transformation sets. If the representation of f* by {fa} is changed by adding 
} to each f, a transformation set, the e,’s are changed accordingly by trans- 
formation sets. Therefore the correspondence 
(24.5) ft = {fa} > e* = {bafa} = of* 
carries each element f* in Lim Ext {G, T..} into a well defined element e* in 
Lim Ext {G, 74}. One verifies at once that this correspondence is a homo- 
morphism. 
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Now we use the assumption that each 7’, is finite. If @ahe = 0 for some 
h.¢T7T., the definition of equality in a direct system shows that ¢g.h. = 0 for 
some 8 > a. Since the whole group T, is finite, we can select a single 8 = 
Bo(a) > a which will do this for all h. , so that 


daha = 0 implies ¢gaha = 0, B = B(a). 


Since dba = ba, $3 iS NOW an isomorphism of dgaT'. onto . ta os denote 
the inverse correspondence. 

Next we show that w, as defined by (24.5), is an isomorphism. For suppose 
wf* = 0; every bn f. is then a transformation set ¢,. Using (24.4) and 8 = 
Bo(a), we then have, for any h’, k’ « Ts 


fa(h’, k’) = fa(h’, k’) = ea(dp 'h’, o3 k’) = tals h’, op 'k’). 


This shows that f, is a transformation set, hence that f* = {f.} = 0 
in Ext* {G, T}. 

To construct a correspondence inverse to w, let e* = {e.} be a given element 
in Lim Ext {@, 7}, where each eg ¢ Fact {G, T'2}. Define 


(24.6) falh’, k’) = es(gp'h’, o3'k’), B = By(a) 


for each h’, k’ eT... Since the e,’s are known to match, we may verify that 
the replacement of 6 by any larger index y in this definition will only alter f, 
by a transformation set. To show that f, and f, match properly for a < y, 
one then chooses 8 > Bo(a), 8 > Bo(y) in (24.6) and uses the given matching of 
the e,.’s (modulo transformation sets). Finally, one verifies easily that the 
correspondence {@«} — {fa} of (24.6) is the inverse of the given correspondence 
w of (24.5). This establishes the isomorphism (24.2) required in the theorem. 
The continuity, in both directions, follows from the formulae (24.5) and (24.6). 

THEOREM 24.3. If every element of T has finite order, the group Ext* {G, T} 
contains an everywhere dense subgroup isomorphic to Ext {G, T}/Ext,; {G, T}. 

This will be established by constructing a ‘natural’? homomorphism of 
Ext {G, T} into Ext* {G, T}. To this end, let E be any extension of G by T 
determined by a factor set f. As in §23, f may be “cut off’ to give a factor set 
fa for any given finite subgroup S, C T. These factor sets match properly, so 
\fa} determines a definite element in the inverse limit group Ext* {G, T}. 
Alteration of f by a transformation set alters each f, by the correspondingly 
“cut off” transformation set, hence does not alter the element {f.} = f* of 
Ext*. Therefore f — {f.} is a well defined homomorphism of Ext into Ext*. 
In case f lies in Ext; {G, T}, each f. is a transformation set, by the very defini- 
tion of Ext, , so that {f4} = 0. Conversely, if each f, is a transformation set, 
f «Ext,. We thus have a (bicontinuous) isomorphism of Ext/Ext, onto a sub- 
group of Ext*. 

To show this subgroup everywhere dense in Ext* it will suffice, whatever the 
topology in G, to show the following: Given an element f* = {f,} in Ext* {G, 7} 
and a finite set Jo of indices, there exists a factor set f in Fact {G, T} such that 
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ler f, is a transformation set for every index ae Jy. To prove this, choose a 
fnite subgroup S, which contains all the groups S., for aeJo. By Lemma 
93.2, the given factor set f, can be obtained by “cutting off” a suitable factor 
st f, so that f, — f, is the transformation set 0. The matching condition for 
the f, then shows that each difference f. — fz is also a transformation set, for 
aeJy. This proves the property stated above, and with it, the theorem. 

In many cases the subgroup considered in Theorem 24.3 is the whole group 
Ext*. It follows from previous considerations that this is the case when G is 
compact or when G is discrete and has no elements of finite order. Another 
important case is that when T is countable: 

THEorREM 24.4. If T is countable then 


(24.7) Ext* {G, T} & Ext {G, T}/Ext, {G, 7}. 


Proor. Since T is countable, the system of all finite subgroups of 7 used to 


define Ext* {G, T} may be replaced by a cofinal sequence of finite subgroups 
T, with T,; CT, C--- CT, C--- C T, with the identity projections J,, : 
T, > Tri. Therefore Ext* {G, T} = Lim Ext {G, 7,}. An element 
c* of this group can then be represented as a sequence {f,} of factor sets 
f,eFact {G, T,,} which match, in the sense that, for some g, , 


(24.8) Fnsilh, k) = falh, k) + [gn(h) + gnlk) — gn(h + k)] 


for all h, ke T,. The transformation set shown in brackets may be extended 


to all of 7’ by extending g, to a function g, on 7’, as in Lemma 23.2. We intro- 
duce a new function s,(h) = gi (h) foieee gn—1(h), for all he 7, and a new 
family of factor sets 


Salh, k) = firth, k) nr [s,(h) + 8n(k) oa Sp(h + k)], 


forh, ke 7, Since f,, differs from f, by a transformation set, the given ele- 
ment e* of Ext* has both representations {f,} and {f 1. But (24.8) also shows 
that f.41, cut off at 7,, is exactly f,. Therefore these factor sets match 
exactly, and provide a composite factor set f of Tin G. This factor set f is one 
which corresponds to the given element e* of Ext* in the ‘natural’ homo- 
morphism of Ext into Ext* as constructed in Theorem 24.3, so this homo- 
morphism maps Ext on all of Ext*, as asserted in (24.7). 


25. Relation to tensor products 


The group Ext* introduced in this chapter is closely related to the tensor 
product. Since an early form ([5]) of our results was formulated in terms of 
tensor p> Jucts, we shall briefly state the connection. Let G be any group, 
A a compact zero-dimensional group, {Aq} the family of all open and closed 
subgroups of A. Then the groups A/Aq and Go(A/A.) both form inverse 





* This construction is an exact group theoretic analog of a similar matching process 
for chains, as devised by Steenrod ([9], p. 692). 
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systems. The modified tensor product GeA is defined as the limit of the groups 
Go(A/Aa). 

Now let the group 7' with all elements of finite order be represented in terms 
of a free group F as T = F/R. Each finite subgroup S, then has a repre- 
sentation F,/R, and the fundamental theorem of Chapter II asserts that 


(25.1) Ext {G, Sa} & Hom {R, G}/Hom {F, | R, G}. 


The groups on both sides here form inverse systems, relative to the identity as 
projections. Furthermore, the isomorphism of (25.1) permutes with these pro- 
jections, so that the limits of the two direct systems in (25.1) are also isomorphic. 
In view of the definition of Ext*, this gives 


(25.2) Ext* {G, 7} = Lim [Hom {R, G}/Hom {F,.| R, G}]. 


Now if J is the group of integers, any element « = >> gi@; in the tensor product 
GoHom {R, I} determines in natural fashion the homomorphism 6 e Hom {R, G} 
with @(r) = Dd oi(r)gi - By a somewhat lengthy argument, this correspond- 
ence ¢ — 6 can be used to “factor out” the G in (25.2) to give 


(25.3) Ext* {G, 7} & Lim Go[Hom {R, I}/Hom {F. | R, I}]. 


The group in brackets here is Ext {J, F./R}, by the fundamental theorem on 
group extensions. According to Theorem 17.1 it can be expressed as Char S, . 
Therefore (25.3) is” 


(25.4) Ext* {G, T} = Lim (GoChar S,). 


But the group Char S, can, by the theory of characters (Lemma 13.2, Theorem 
13.5), be rewritten as a factor group Char 7'/Annih S, , where the subgroups 
of the form Annih S, in Char T are exactly the open and closed subgroups in 
the zero-dimensional group Char 7. Thus (25.4) may be restated in terms of 
the modified tensor product, as 


(25.5) Ext* {@, T} & GeChar T. 


The use of the “modified” tensor product is therefore equivalent to the use of 
the group Ext*. 
CHAPTER V. AxssTract COMPLEXES 


Turning now to the topological applications, we will establish the fundamental 
theorem on the decomposition of the homology groups of an infinite complex in 
terms of the integral cohomology groups of the complex. This theorem will be 
obtained in several closely related forms (Theorems 32.1, 32.2 and 34.2) for 
three different types of homology groups. The largest (or “longest’’) homology 
group is that consisting of infinite cycles, with coefficients in G, reduced modulo 





** This argument requires an application of the isomorphism theorem for inverse sys- 
tems, and hence rests on the fact that the isomorphism of Theorem 17.1 is “natural” in 
the sense of §12. 
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the subgroup of actual boundaries. Since the latter subgroup is not in general 
dosed, this homology group will be only a generalized topological group. This 
suggests the introduction of the shorter “weak” homology group, which con- 
sists of cycles modulo “weak” boundaries; i.e. those cycles which can be re- 
sarded as boundaries in any finite portion of the complex. The fundamental 
theorem for this type of homology group uses the group Ext, which has been 
already analyzed. Finally, the group of cycles modulo the closure of the group 
of boundaries gives (following Lefschetz) a homology group which is always 
topological ; for this we derive a corresponding form of the fundamental theorem. 
Furthermore, the standard duality between homology and cohomology groups 
enables us to deduce a corresponding theorem (Theorem 33.1) for the coho- 
mology groups with coefficients in an arbitrary discrete group G. 

The fundamental theorem expresses a homology group by means of a group 
of homomorphisms and a group of group extensions; the latter can also be repre- 
sented by groups of homomorphisms, as in the basic theorem of Chapter II. 
The requisite connection between cycles of the homology group and homo- 
morphisms is provided by the Kronecker index (§29). 


26. Complexes 


The complexes considered here will be abstract cell complexes” satisfying a 
star finiteness condition. More precisely, we consider a collection K of abstract 
elements o” called cells. With each cell there is associated an integer q called 
the dimension of o*. (There is no restriction requiring the dimension to be non- 
negative.) To any two cells of*', of there corresponds an integer [of*':0%], 
called the incidence number. K will be called a star finite complex provided the 
incidence numbers satisfy the following two conditions: 

(26.1) Given of , [o3**:03] ¥ 0 only for a finite number of indices 7; 
(26.2) Given of" and of", he [of :63][o3: 08] = (). 


Condition (26.1) is the star finiteness condition. It insures that the summa- 
tion in (26.2) is finite. 
If we consider the ‘‘incidence” matrices of integers 


A* = || [of":o4] || 
we can rewrite the two conditions as follows: 
(26.1’) A‘ is column finite; 
(26.2’) A‘AS" = 0. 


Actually we could have defined a complex as a collection of matrices {A‘}, 
q= 0, +1, +2, --- , such that (26.1’) and (26.2’) hold; we must assume then 
that the columns of A* have the same set of labels as do the rows of A*”, in 





*6 Essentially like those introduced by A. W. Tucker, for the case of finite complexes. 
Homology and cohomology are treated as in Whitney [14]. 
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order to form the product A‘A*™. 
or the corresponding row of A*”. 

A subset L of the cells of K is called an open subcomplex if L contains with 
each q-cell all incident (q + 1)-cells; that is, if of in L and [o3":0%] ¥ 0 imply 
o?''¢L. The incidence matrix Aj of L is then the submatrix obtained from A‘ 
by deleting all rows and all columns belonging to cells not in L. Conditions 
(26.1) and (26.2) automatically hold in L, the latter because of the requirement 
that L be “open.” 

A subset L C K is aclosed subcomplex if L contains with each q-cell all inci- 
dent (q¢ — 1)-cells; that is, if of e L and [o7:0f ‘| Oimply of ‘eL. The incidence 
matrix of L is obtained as before, and the conditions (26.1) and (26.2) again 
hold in L. Whenever L is a closed subcomplex, its complement K — L is an 
open one, and vice versa. 

A subset L of K will be called q-finzte if L contains only a finite number of 
q-cells. Because K is star-finite, every (q — 1)-cell is contained in a 9q-finite 
open subcomplex of K. 


A q-cell will be then either a column of 4% 


27. Homology and cohomology groups 
Let G be an abelian group. A q-dimensional chain c* in K with coefficients 
in G is a function which associates to every q-cell of in K an element g; of G. 
We write c’ as a formal infinite sum 


cc = > giod. 
a 


The sum of two chains >> g;of and > hod is the chain )> (g; + h,)o% , and the 
chains form a group denoted by C*(K, G). If g; ¥ 0 for only a finite number 
of indices 7 then the chain c’ is finite. The finite chains form a subgroup 
CK, G) of C%. 
The coboundary éc’ of a finite chain c’ = >> g,04 is defined as 
éc* = } (> [of 63] g;)o7". 
v d 

Because of (26.1) dc’ is a finite (¢ + 1)-chain, while, because of (26.2), 5c? = 0. 
The operation 6 is a homomorphie mapping of @, into C,,:. The kernel of this 
homomorphism is a subgroup Z,(K, G) of @,. The chains of Z, are called 
(finite) cocycles: 


Sq(K, G) = [all finite g-chains c* with 5c’ = 0]. 


A coboundary is a q-chain of the form éd*” for some d*~ ¢ @,_; ; these coboun- 
daries form a subgroup 


B(K, G) = [all finite chains 6d*“}. 


From the relation 65 = 0 it follows that 8, C Z,. The corresponding factor 
group 
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KHi(K, G) = %,(K, G)/B,(K, G) 


is called the q cohomology group of finite cocycles of K with coefficients in G. 
We also define the co-torsion group J,(K, G@) as the subgroup of all elements of 


finite order in H,(K, G). 
For a chain c’ = )> giod of C"(K, G) we also define the boundary 


dct = y (du [3:07] gio? 


i 


It again follows from (26.1) that dc’ is a well defined chain of C*'(K, G) and 


7 {rom (26.2) that ddc* = 0. The operation @ is a homomorphic mapping of C* 


into C*". The kernel of this homomorphism is a subgroup Z°(K, G) of C*. 


7 The chains of Z’ are called cycles: 


Z"(K, G) = [all chains c* with dc’ = 0]. 


7] The chains of the form dd*** where d*** ¢ C**? are the boundaries. They form 


4 asubgroup 


B*(K, G) = [all chains c? = dd**’). 


Because 00 = 0 it follows that B’ Cc Z*. The group 
H"(K, G) = Z"(K, G)/B"(K, G) 
is called the g** homology group of K with coefficients in G. 


Let L be a (closed or open) subcomplex of K. Each chain c’ in K, considered 


Y got, cL = >>’ giod is the sum found by deleting all terms gio? for which 


9 cjisnotin L. If Lis open, then 0,(ci) = (dc*), , so that one can establish the 


following facts. 

Lemma 27.1. c* ¢€Z*(K, G) if and only if ci, « Z*(L, G) for every q-finite open 
subcomplex L of K. 

Lemma 27.2. If c* e B*(K, G) then ci, e B*(L, G), provided L is an open sub- 
complex of K. 

A statement analogous to Lemma 27.1 concerning B’ is not generally true. 
In this connection we define the group B%(K, G) of the weak boundaries as 


7 follows: c’ « B4(K, G) provided ci, « B*(L, G) for every q-finite open subcomplex 
 Lof K. For each such open subcomplex L we can construct a subcomplex L’ 
; consisting of all g-cells of L, all those (q + 1)-cells of L which lie on coboundaries 
) of g-cells of ZL, and all (q + 7)-cells of K, fori > 1. This subcomplex L’ is 


open, is both g and (q + 1)-finite, and has B’(L, G@) = B*(L’, G). Hence we 


conclude that c* e B4(K, G) if and only if ci, « B*(L, G) for every open sub- 


complex L of K which is both g- and (q + 1)-finite. Clearly B* = Bi when K 
itself is g-finite. 
It follows from Lemmas 27.1 and 27.2 that 


B*(K, G) C Bi(K, G) Cc Z"(K, G). 
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The factor group 
Hi(K, G) = 2°(K, G)/Bi(K, G) 


will be called the weak g** homology group of K with coefficients in G. Clearly 
H* = Hi, when K is q-finite 

Lemma 27.3. c* « Bi(K, G) if and only af for each finite subset M of K there 
is a chain cf in K — M such that c* — cf e B*(K, G). 

Proor. Suppose that c’ « Bi,. Given the finite set M there is a g-finite open 
subcomplex L containing M. Since ct e B*(L, G) there is a d*™ in L such that 
(ad*""), = cL. Set cf = c’ — dd™. Clearly c’ — cf eB‘ and (ci), = 
ci — (dd*™"), = 0, hence ce? CK - LC K — M. 

Suppose now that c’ satisfies the condition of Lemma 27.3. Given a g-finite 
open subcomplex L of K there is a c{ in K — L such that c* — cf ¢ BY(K, G). 
There is then a d*** such that dd*™* = c’ — cf. Since L is open we have 


- — d(d") = (ad*™), = ch — (ci): = ch ; 
therefore ci, « B*(L, G). 
28. Topology in the homology groups 


The group of g-chains C*(K, G) is isomorphic with J]; G; , where G = G; and 
the set of indices 7 is in a 1-1 correspondence with the set of g-cells of. Hence, 
if G is a generalized topological group, we can consider C*(K, G) as a generalized 
topological group, under the direct product topology, as defined in §1. If G is 
topological or compact, then C*(K, @) is also topological or compact, as the 
case may be. 

The boundary operator 0, regarded as a homomorphism of C* into C*", is 
continuous. Since Z‘ is the group mapped into 0 by 0, we obtain 

Lemma 28.1. If G is topological then Z*(K, G) is a closed subgroup of C*(K, G). 

From Lemma 27.3 we deduce 

Lemma 28.2. B*(K, G) C B2(K, G) C B"(K, G). 

The homology groups H* = Z‘/B* and H%, = Z‘/B% as factor groups of gen- 
eralized topological groups are generalized topological groups; this is the way 
they will be considered in the rest of this paper. Even in the case when G and 
consequently Z’ is topological the groups H* and H%, may be only generalized 
topological groups, for B’ and Bf, need not be closed subgroups of Z’. 

If G is compact and topological, then Z*(K, G) and C**'(K, G) are compact; 
since B*(K, G) is a continuous image of C*** (under the operation 0), B*(K, G) 
is compact and therefore closed (see Lemma 1.1). Consequently we obtain 

LEMMA 28.3. If G is compact and topological, then B*(K, G) = Bi(K, G) = 
BK, G), HK, G) = Hi(K, G@) and the groups are all compact and topological. 

Despite the fact that C, is a subgroup of the generalized topological group C’ 
we consider @, discrete and consequently the cohomology groups H,(K, @) are 
taken discrete. 
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29. The Kronecker index 


Let G be a generalized topological group, H a discrete group and assume that 
a product ¢(g, h) e J is given pairing G and H to a group J (see §13). 
Given two chains 
c’ e C"(K, G), d‘ ¢C,(K, H), 


ye define the Kronecker index as 
cfd? = D1 (gi, hi) € J; 
the summation is finite since d‘ is a finite chain. We verify at once that in 


this way the groups C*(K, G@) and @,(K, H) are paired to J. 
Given c’*? « C""(K, G) and d‘ € C,(K, H) we have 


(29.1) (dc***) -d! _ ct : (6d*). 


This is a restatement of the associative law for matrix multiplication, since 
the operator @ is essentially a postmultiplication by the incidence matrix, while 
1 the coboundary operator 6 is a premultiplication by the same matrix. 

7 We now examine the annihilators relative to the Kronecker index. 


7 (29.2) %(K, H) C Annih B3(K, @) C Annih B*(K, G). 
7 (29.3) ZK, G) ¢ Annih &,(K, H). 


7 Proor. Let 2*¢« Bi, and w*eZ,. Since wu” is finite there is a finite subset 
} Mof K such that w* C M. In view of Lemma 27.3 there is a cycle zi C K — M 
and a chain c*** ¢ C**"(K, G@) such that dc™™’ = 2° — 2{. Consequently 


2*-wt = (24 — 2f)-w* = (dc%)-wt = cf bw" = c*”-0 = 0. 
Therefore 3, C Annih BY. The proof of (29.3) is analogous. 
) It follows from (29.2) and (29.3) that 
D094) HK, G) and 3,(K, H) are paired to J, 
(29.5) H2(K, G) and K,(K, H) are paired to J. 
| = digs 29.1. If Gand H are dually paired to J then, relative to the Kronecker 
indea, 
(29.6) C*(K, G) and @,(K, H) are dually paired to J, 
5 (29.7) %(K, H) = Annih B(K, G) = Annih BY(K, G), 
(29.8) Z"(K, G) = Annih &,(K, H). 


Proor. Given c’ = >> gio? ¥ 0 in C’, we have g;, ~ 0 for some %. Select 
heH so that $(gi,, h) # 0. Consider the chain d* = hoi,. Then c*-d* = 
4(9:,, h) + 0. This proves that Annih C,(K, H) = 0. Similarly we prove 


that Annih C"(K, G) = 0. This establishes (29.6). 





4 


eee threpee econ a tet 


‘ 
, 
4 
ae. 
ey 
j 
f 
+ hg 
H 
ii : 
- : 
~ : 
| : 
a i 
5 {iy 
? & 
3 
te 4 , 
oe } 
ii2 : 
i } { j 
tee + 
i 
, 



















804 SAMUEL EILENBERG AND SAUNDERS MACLANE 


Let d* « Annih B*(K, G). Hence c*'-(éd’) = (dc*™’)-d* = 0 for every c™*, 
and therefore 6d’ = 0, in view of (29.6). This shows that Annih B* C , , 
which, together with (29.2), gives (29.7). 

The proof of (29.8) is analogous to the previous one. 

We remark that even when the pairing of the coefficient groups G and H is 
dual, the pairing (29.4) or (29.5) of the homology and cohomology groups need 
not be dual, as observed by: Whitney ({14], p. 42). 

We shall be especially interested in the pairing of G with the group J of in- 
tegers to G by means of the product ¢(g, m) = mg. This pairing has the prop- 
erty that Annih J =0. This is half of the definition of a dual pairing; the other 
half (Annih G = 0) may fail in case the order of every element in G divides a 
fixed integer m. Nevertheless the argument for Lemma 29.1 shows in this case 
that 


(29.6’) Annih @,(K, I) = 0, 
(29.8’) Z'(K, G) = Annih 8,(K, J). 

We now introduce a subgroup of the group of cycles by the following definition: 
(29.9) A‘(K, G) = Annih Z,(K, J); 


in other words, c’ « A*(K, @) if and only if c’-w* = 0 for every finite integral 
cocycle w*. The position of this group A’ may be described as follows: 
(29.10) BY(K, G) Cc A(K, @) Cc Z°(K, G). 


By (29.2) we have Z, C Annih Bi ; consequently BY, C Annih 2, = A‘. 
Since 8, C 3, , we have A* = Annih Z, C Annih &, = Z* by (29.8’). 

Lemma 29.2. If G is a topological group, A*(K, G) is closed. 

This follows immediately from the continuity of the Kronecker index. 

In case G is topological, the various subgroups of cycles of C*(K, @) are there- 
fore related as follows: 


BPeRcrcA = ££ cCHKreTe?. 
.30. Construction of homomorphisms 


The essential device of this chapter is that of using the Kronecker index to 
generate homomorphisms. For a given chain c* e C*(K, G) define 4. by 


(30.1) 6-a(d*) = c*-d’, d’ ¢@,(K, I). 
Lemma 30.1. The correspondence c* — 6. establishes an isomorphism 
C"(K, G) = Hom {@,(K, I), G}. 


Proor. It is clear that 6.c¢Hom {C,, G}, and that the correspondence 
c’ — 64a preserves sums. Also, if 6.2 = 0 then c’-d* = 0 for all d* ¢ C, and conse- 
quently c*? = 0. Conversely, given 6 «Hom {@,, G}, define 


(30.2) ct = D1 O(0%)o%. 
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Clearly c’ « C*(K, G@), while, for any given d’ = >> hiot eC, , we have 
Bea(d*) = c*-d* = >> hiO(o%) = 0(D>> hic?) = 0(d"). 
This establishes the algebraic part of the Lemma. 
We now recall that 
c(K, @) = IG 


where G; = G and the subscripts 7 are in a 1-1 correspondence with the q-cells a? . 
On the other hand, since the {of} constitute a set of generators for C,(K, J), 


we have 


Hom {@,(K, I), G} = I] G. 


Both these isomorphisms are bicontinuous, hence the combined isomorphism, 
which is precisely the isomorphism c* <> 6,< , is also bicontinuous. 

Lemma 30.2. 2%,(K, I) is a direct factor of C,(K, I). 

Proor. The coboundary operator 6 maps @, onto 8,4; and the kernel is 2, . 
Hence @, is a group extension of Z, by &,4:1. As a subgroup of the free group 
C41 the group B,4; is free (Lemma 4.1) and therefore the group extension is 
trivial (Theorem 7.2). Hence @, is the direct product of Z, and a subgroup 
9 isomorphic with B41. 

THEOREM 30.3. A°(K, G) is a direct factor of Z°(K, G@) and of C%(K, G). 

Proor. Since A’ C Z?* it will be sufficient to show that A® is a direct factor 
oC’. In the group Hom {@,(K, I), G} consider the subgroup A of those homo- 
norphisms that annihilate Z,. Since Z, is a direct factor of C,, A is a direct 
factor of Hom {@,, G}. However, under the isomorphism 6.< — c* of Lemma 
30.1 the group A is mapped onto A*(K, G) = Annih 2, , hence the conclusion. 
§ This proof also shows (Lemma 3.3) that 


(30.3) A"(K, G) = Hom {€,(K, I)/2,(K, I), G}. 
Theorem 30.3 leads to the following direct product decompositions of the 
homology groups: 
(30.4) H*(K, @) = (Z*/A‘) X (A‘/B"), 
(30.5) H2(K, G) & (Z*/A X (A%/B%). 


We proceed with the study of the first factor, Z°/A*. 
TuroreM 30.4. The correspondence c* — 0-0 establishes an isomorphism 


Z*(K, G)/A(K, G) = Hom {-H,(K, 1), G}. 


Proor. Since Z’ = Annih &,, by (29.8’), it follows that under the iso- 
morphism c% — 6,¢ the group Z’ is mapped onto the subgroup of Hom {C, , G} 
‘onsisting of those homomorphisms annihilating B,. By Lemma 3.3 the latter 
subgroup can be identified with Hom {C,/B,, G}, so Z* + Hom {C,/B,, G}. 
On the other hand, Z,/S, is a direct factor of C,/B,, so that Lemma 3.4 shows 
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that Hom {Z,/%,, G} is a factor group of Hom {C,/%, , G}, corresponding 
to the subgroup consisting of homomorphisms annihilating 3,/B,. This sub- 
group in turn corresponds to the subgroup A‘ of Z’, hence 


Z'/A* = Hom {Z,/8,, G}. 
This is the desired conclusion. 


31. Study of A’ 


The correspondence c* — 6c of Lemma 30.1 maps the group A‘ of annihilators 
of cocycles onto the group of those homomorphisms of @, into G which carry 2, 
into zero. As observed in Lemma 3.3, the latter group is isomorphic to 
Hom {@,/Z,, G}. Since C,/Z, = By41, this gives the isomorphism 


(31.1) AK, G) & Hom {Bo4:(K, 1), G}. 


An examination of this construction shows that the homomorphism corre- 
sponding to a given z’ e A‘ is determined as follows. For each d*™ ¢€ 8,41 choose 
a d* ¢@,(K, I) for which 6d? = d**', and define” 


.0(d**") = 2 -d‘. 


Because z’ is in A’, this result is independent of the choice of d’ for given d*”’. 
Furthermore ¢.c is a homomorphism of 8,4; into G, and it is obtained from 6. 
by the process indicated above, for one has 


$2(6d") = 6.0(d*). 


We therefore have the following result. 
Lemma 31.1. The correspondence z‘ — ¢.a establishes the (bicontinuous) iso- 
morphism (31.1). 
The properties of this isomorphism can be collected in the following 
THEOREM 31.2. The isomorphism z* — ¢ induces the isomorphisms 


A“(K, G)/B(K, G) => Hom {Bors ? G} /Hom {Sout | Basi ’ G}, 
Bw(K, G)/BYK, @) = Hom; {Byi1, G; Sa41}/Hom {Zq41| Ber, GI, 
A‘(K, G)/Bi(K, G) => Hom {Bass ’ G} /Homy {Boss ’ G; Zar}, 


where Barr = Bois(K, DT) and Baar = BoiilK, I). 

Proor. We shall show that the groups B‘(K, G) and B%(K, G) are mapped 
onto Hom {241 | Beii, G} and Hom; {B41 , G; S_41}, respectively. 

Assume that 2’ e B*(K, G); then 2°" = z‘ for some z*** e C*™"(K, G). Define 


+1 1 1 
(a) = A de Cant. 





27 Notice the analogy with the definition of the so-called “linking coefficient” (cf. 
Lefschetz [7], Ch. III). 
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Clearly ¢* « Hom {Ci41, G}. If d* +1 = $d‘ then 
et(dt) = 2d = 26g" = a2 dt = 2d" = bn(d*"), 


Hence ¢* is an extension of ¢.< to C,,; and in particular also to 3,4; . 
Suppose conversely that ¢.. can be extended to 2,41. Since Z,4; is a direct 
factor of C,41 (Lemma 30.2) we may then find an extension ¢* of ¢.< to C41. 


Define 

gat ae ys ¢*(09 oo", 
Clearly 2’** « C?"(K, G) and 2**-o3*" = o*(03*") and hence 2**'-d**! = g*(d*"") 
for all d?** € C,41. Consequently 


02771 gf = zt 564 = $*(507) = d.a(507) = 2*-03. 


Since this holds for every of we have dz*** = 2’ e B*(K, G). 

Suppose 2’ e BE (K, G). In view of Lemma 5.1 it is sufficient to prove that 
if the cocycle md*™ € By4:1(K) then $.<(md***) is divisible by m. Let dd? = 
md” and let M be a finite subset of K such that dé? C M. In view of Lemma 
27.3 there is a chain zi C K — M such that 2* — 2] = 23 e B*(K,G). It follows 
that 23 e A* and so that 2{ « A’, hence ¢.4 and ¢.4 are defined and ¢.. = $4 + ¢.4 . 
Since 23 « B°(K, G), then, as we just proved, ¢.3 can be extended to Z,4; and 
therefore ¢,¢(md**") must be divisible by m. Since d’ C M and zi C K — M 
we have ¢.9(md*™) = z2{-d’ = 0. Hence ¢.0(md*") is divisible by m. 

Suppose conversely that ¢.« can be extended to every subgroup of 3,4:(K, J) 
of finite order over Bj4:(K, I). Then, as in Lemma 5.2, ¢.< can also be ex- 
tended to every subgroup 9) of 3,4:(K, J) such that D/B,4: has a finite number 
of generators. Now let L be any open subcomplex of K which is both g and 
(7 + 1)-finite; there is then an extension of ¢,< to the group 9), generated by 
Bui(K, IZ) and Z,4:(L, I). But in the complex L the homomorphism ¢,¢ in- 
duced by y* = zf, agrees on 8,,:(L, I) with the homomorphism ¢,<. Therefore 
¢¢¢Hom {Boii(L, I), G} has an extension to 2 4:(L, J). In view of what 
we proved before, we therefore have y* = z{, « B*(L, G). Since this holds for 
each L considered, z’ e B4(K, G@). This concludes the proof of Theorem 31.2. 

In this theorem the factor homomorphism groups on the right can be reinter- 
preted as groups of group extensions, in accord with the results of Chapter II. 

THEOREM 31.3. The isomorphism 2° <> $a combined with the isomorphisms 


} “slablishing relations between group extensions and homomorphisms lead to the 


following isomorphisms: 


9 (31.2) A‘"(K, G)/B(K, G) & Ext {G, Hu}, 
§ (31.3) Bi(K, G)/B(K, G) = Ext; {G, Hu}, 


(31.4) A‘(K, @)/Bi(K, G) = Ext {G@, Ta41} /Ext, (@, To41} 


where Hos. = Hyas(K, DT) and Sya. = Sya(K, I) is the corresponding co-torsion 
group. 
The isomorphisms established so far have all been bicontinuous. 
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32. Computation of the homology groups 
As we have shown in §29, the Kronecker index establishes a pairing of the 
group H"(K, G) or H3(K, G) with the group K,(K, I), the values of the products 
being in the group G. Accordingly we define the following subhomology groups: 


(32.1) Q°(K, G@) = Annih K(K, I) in H%(K, Q), 
(32.2) 2(K, G@) = Annih 3(,(K, I) in H3(K, G). 


We verify at once that Q* = A‘’/B* and Qi, = A‘/B%,. Consequently the 
results of the last two sections furnish the following two basic theorems: 

THEOREM 32.1. For a star finite complex K the homology group H*(K, G) of 
infinite cycles with coefficients in a generalized topological group G can be expressed 
in terms of the integral cohomology groups KH, = KH,(K, I) and Kyi = HyyalK, 1) 
of finite cocycles. The explicit relation is 


(32.3) H"(K, G) S Hom {KH,, G} XK Ext {G, Hoi}. 
More explicitly, H’ has a subgroup Q*, defined by (32.1), where 
(32.4) Q"(K, G) ts a direct factor of H*(K, G), 
(32.5) Q°(K, G) = Ext {G, Hou}, 

(32.6) H"(K, G)/Q°(K, G) = Hom {H,, G}. 


THEOREM 32.2. For a star finite complex K the weak homology group Hi,(K, G) 
of infinite cycles with coefficients in a generalized topological group G can be ex- 
pressed in terms of the integral cohomology group KH, = KH,(K, I) and the integral 
co-torsion group Sqi1 = Sq4i(K, I) of jinite cocycles. The explicit relation is 


(32.7) Hi(K, G) = Hom {H,, G} & (Ext {G, Tosi} /Exty {G, Sp41}). 
More explicitly, Hi, has a subgroup Qt, , defined by (32.2), where 


(32.8) w(K, G) is a direct factor of H4,(K, G), 
(32.9) °(K, G) = Ext {G, So+i} /Ext, {G, Sst}; 
(32.10) Hi(K, G)/Qi(K, G) = Hom {H,, G}. 


Both factors in (32.3) and (32.7) are generalized topological groups and the 
isomorphisms are bicontinuous. 

If G is topological then by Corollary 3.2 the group Hom {2K , G} is topological. 
If we also assume that mG is a closed subgroup of G for m = 2, 3, --- then 
Corollary 11.6 shows that Ext, {G, S,41} is a closed subgroup of Ext {G, Sj}. 
Consequently we obtain 

THEOREM 32.3. (Steenrod [9]). If G is a topological group and mG is a closed 
subgroup of G form = 2, 3, --- then Hi,(K, G) is topological. 

The expressions for Q* and Qi, can be simplified if additional information 
concerning the group G is available. If Gis infinitely divisible then, by Corollary 
11.4, Ext {G, H} = 0 for all H and therefore 


W 
molc 
Sine 
Krot 
Sine 


(33.1 


(33.5 
The: 


GROUP EXTENSIONS AND HOMOLOGY 809 


CoroLLaRry 32.4. If Gis infinitely divisible then Q*(K, G) = Q4(K, G) = Oand 
H"(K, G) = Hi(K, G) = Hom {%,, G}. 


From Theorem 17.2 we deduce 
Corottary 32.5. If G has no elements of finite order then 


w(K, G) & Ext {G, Sai}. 
If, in addition, G ts discrete then 
w(K, G) = Hom {5q41, G,,/G}. 

In particular, if G = I then, by Theorem 17.1, Qi(K, J) = Char 9,4; and 
therefore 
(32.11) Hi(K, I) = Hom {K,, I} X Char S41. 
7 Txerorem 32.6. If G is compact and topological then H*(K, G) = Hi,(K, G) 
3 is compact and topological and 
9 (3212) Q”K,G) = Q2(K, G) = Ext {G, Sui} & Char Hom {G, Sya1}. 


This is a consequence of Corollary 11.7 and Theorem 15.1. Since G is com- 
7 pact, S,41 discrete, and only continuous homomorphisms are taken in Hom 
1 {G, S.4:}, it follows that in the formula (32.12) for Q*(K, G) we may replace G 
1 by G/G) where Gp is the component of 0 in G. 

CorotuaRy 32.7. If Hois(K, I) has a finite number of generators then 
BK, G) = Bi(K, G) and 
(32.13) H°(K,G) = Hi(K, G) = Hom {KH,, G} & Ext {G, Sou}. 

In fact, since Exty {G, Hj41} = 0 (Corollary 11.3) it follows from (31.3) that 


B' = BY. Since also Exty {G, gis} = 0, formula (32.13) follows from Theo- 


rem 32.2. 
In particular, Corollary 32.7 applies if K is a finite complex (cf. Alexandroff- 


| Hopf [1], Ch. V and Steenrod [9], p. 675). 
33. Computation of the cohomology groups 


We start out with a brief review of the duality between homology and coho- 
mology. Let G be a discrete group and G = Char G compact and topological. 
Since G and G are dually paired to the group P of reals mod 1 (see §13) the 
Kronecker index c’-d’ ¢ P is defined as in §29 for c’ « C*(K, G) and d’ e @,(K, G@). 
Since the pairing of G and G is dual (Theorem 13.5) we have by Lemma 29.1 


7 (33.1) C%(K, @) and @,(K, G) are dually paired to P, 
(33.2) Z(K,@) = Annih B(K,@);  2Z*(K, @) = Annih &,(K, @). 


These formulas, Theorem 13.7, Lemma 13.2 and Theorem 13.5 imply that the 
Kronecker index defines a dual pairing of K(,(K, G) and H*(K, G) to P and that 


(33.3) 3C,(K, G) & Char H*(K, Char @). 
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Using this result and the formulas established in the previous section for 
H"(K, Char G) we could write down a formula expressing H,(K, G@). For con- 
venience we first define a subcohomology group 


(33.4) P.(K, G) = Annih Q*(K, Char @) in K(,(K, G), 


in order to get a more detailed form for our result. 

THEOREM 33.1. For a star finite complex K the cohomology group K,(K, G) 
of finite cocycles with coefficients in a discrete group G can be expressed in terms of 
the cohomology group KH, = KH,(K, I) and the integral co-torsion group Sys. = 
Soui(K, I). The explicit relation is 


(33.5) KK, G) & (G@oH,) X Hom {Char G, S41}. 

More explicitly, H,(K, G@) has a subgroup 9,(K, G) , defined by (33.4), where 
(33.6) P.(K, G) is a direct factor of KH,(K, G), 

(33.7) PAK, G) = GoKH, 

(33.8) IKK, G)/9,(K, G) = Hom {Char G, Jp4:}. 


Proor. Since Q’ is a direct factor of H* it follows from the character theory 
that Y, = Annih Q’ is a direct factor of H,(K, G) = Char H*. It also follows 
that 


P, = Char (H*/Q"), K,(K, G)/P,K, G) & Char Q’. 
The first formula and (32.6) imply 
P(K, G) = Char Hom {KH , Char G}, 


which in view of Theorem 18.1 gives (33.7). The second formula combined 
with (32.12) proves (33.8). 
If G has no elements of finite order, then Char G is connected and therefore 
Hom {Char G, Sq4:} = 0. From (33.7) and (33.8) we therefore obtain 
Coro.uary 33.2. If G has no elements of finite order then 


HK, G) = F,(K, G) = GoHK](K, 1). 


We now proceed to give an intrinsic characterization of the subgroup Y, of 
KHi(K, @). A cocycle w* ¢ Z,(K, G) will be called pure if it is a linear combina- 
tion of integral cocycles, as 


k 
We = 2D giwi, geG, wie (K, D. 


Lemma 33.3. The group 9,(K, G) is the subgroup of K,(K, G) determined by 
the pure cocycles, 

Proor. Let 5 be the subgroup of 2,(K, G) consisting of all the pure cocycles. 
It may be shown that 8,(K, G) C S. In order to prove that $/B,(K, G) = 
F,(K, @) we must prove that 5/B,(K, @) = Annih Q*(K, G) where G = Char G. 
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This is equivalent to proving that Q(K, G) = Annih (S/®,(K, G)), which 
reduces to the formula 


A‘(K, G) = Annih §, 


that we now propose to establish. 

Let 27 € A*(K, G) and let w*eS. Since w’ = >> giw?, where wie Z,(K, 1) 
and since 2*-w? = 0 by the definition of A‘, it follows that z*-w* = 0. 

Suppose now that c* lies in C*(K, @) but not in A%(K, G). There is then a 
w! ¢€Z_(K, I) such that c’-w? = g ~ Owhere § eG. Pick g «Gso that §(g) ~ 0 
and define w* = gui. Clearly w* eS is a pure cocycle and c’-w* = g(g) ¥ 0, 
hence c’ is not in Annih 5. This concludes the proof of the Lemma. 

Using the description of P,(K, G) given in the Lemma we could easily establish 
the isomorphism %,  GoHKH,(K, I) directly, using the definition of the tensor 
product. This was the procedure adopted by Cech [3] who essentially has 
proved all the results of this section. Our main improvement is that our iso- 
morphisms are given explicitly and invariantly, while Cech used generators and 
relations throughout. 


34. The groups Hi 
The fact that the groups H* and H% may not be topological groups even 


though the coefficient group G is chosen to be topological induced Lefschetz and 
others to introduce the following group, for a topological coefficient group G, 


Hi(K, G) = Z"(K, G)/B*(K, G) 


} asa standard homology group for K. 
The relation of this group to the groups previously considered is immediate: 


) (34.1) Hi = H*/0 = H2/9. 


Theorem 32.3 can now be reformulated as follows. 

| Tuzorem 34.1 (Steenrod [9]) If G is topological and mG is closed for m = 
| 2,3, --- then H2(K, G) = H?7(K, G). 

} Since G is a topological group, A‘(K, G) is a closed subgroup of Z*(K, G@) 
' (Lemma 29.2) and consequently B* C A‘. It follows that the Kronecker 
) index can be defined for elements of H7(K, G) and H,(K, J). We define a sub- 


} homology group 
(34.2) Qi(K, G@) = Annih %(,(K, I) in Hi(K, G). 

THEoREM 34.2. For a star finite complex K the topological homology group 
Hi(K, G) of infinite cycles with coefficients in a topological group G can be ex- 


pressed in terms of the integral cohomology group KH, = K,(K, I) and the integral 
co-torsion group Soi. = Soai(K, I) of finite cocycles. The explicit relation is 


(34.3) Hi(K, G@) = Hom {H,, G} X (Ext {G, T,4:}/0). 
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More explicitly, H? has a subgroup Qi , defined by (34.2), where 


(34.3) Q7(K, G) is a direct factor of Hi(K, G), 
(34.5) QiK, G) = Ext {G, So41}/0, 
(34.6) Hi(K, G)/Qi(K, @) = Hom {H,, G}. 


Proor. From the direct product decomposition (30.5) we obtain 
Hi = (Z*/A*) X [(A*/Bz)/0). 


{G, Soss}/ 


Consequently Q7 = Qi/0 is a direct factor. Since Qi, = Ext 
= 0, we obtain 


Ext, {G, S,41} and since, by Corollary 11.6, Ext; {@, Soi} 
(34.5). Formula (34.6) follows from Theorem 30.4. 

It might be interesting to notice that, while the groups H*(K, G) and H2(K, G) 
were algebraically independent of the choice of the topology in G, the group 
Hi(K, G) depends both algebraically and topologically upon the topology chosen 
in G. 


35. Universal coefficients 


The results of the previous three sections can be summarized in the following 
fashion. 

UNIVERSAL COEFFICIENT THEOREM. In a star finite complex K the integral 
cohomology groups of finite cocycles determine all the homology and cohomology 
groups that were defined for a star finite complex, specifically: 

The groups G, KK, I) and Hy4:(K, I) determine the generalized topological 
homology group H*(K, G) of infinite cycles with coefficients in a generalized topo- 
logical group G. 

The groups G, KH,(K, I) and So4:(K, I) determine: 

(a) the generalized topological weak homology group H%,(K, G) of infinite cycles 
with coefficients in a generalized topological group G; 

(b) the topological homology group Hi(K, G) of infinite cycles with coefficients 
in a topological group G; 

(c) the discrete cohomology group H,(K, G) of finite cocycles with coefficients ina 
discrete group G. 

This shows that the group J of integers is a universal coefficient group for the 
homology theory of the complex K. Since the group P of reals mod 1 is the 
group of characters cf J we have in view of (33.3) the fact that H,(K, J) = 
Char H*(K, P); therefore all the groups can be expressed in terms of H*(K, P) 
and H**'(K, P), so that P is also universal. 

Given a closed subcomplex L of K one often has to consider the relative 
groups of K mod L. However, the complexes used here are so general that 
K — Lis also a complex and the usual groups of K mod EL coincide with the 
groups of K — L as we have defined them. Consequently all our formulas 
remain valid in the relative theory. 
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36. Closure finite complexes 


Closure finite complexes are obtained by replacing condition (26.1) in the 
definition of a complex by the following 


(36.1) Given of, [of:0f "] ¥ 0 for only a finite number of indices k. 


Simplicial complexes are all closure finite. 

In a closure finite complex we consider finite cycles and infinite cocycles and 
obtain the discrete homology groups ““*(K, G@) and the topologized cohomology 
groups H,(K, @), Hq(K, G) and H,(K, G). All our development can be re- 
peated with the modification of interchanging homology and cohomology groups 
and replacing g + 1 by q— 1. For instance formula (32.3) will take the form: 


H(K, G) = Hom {H(K, I), G} X Ext {G, H*"(K, D}. 


Instead of repeating the arguments for closure finite complexes we can use 
the previous results for star finite complexes and apply them to closure finite 
complexes by means of the concept of the dual complex. If the complex K 
is described by the incidence matrices A‘, the dual complex K* will be defined 
by the transposed matrices 


B? an (A~*)’ 


The dual of a star finite complex is closure finite and vice versa. Also 
(K*)* = K. Moreover by passing from a complex to its dual, the boundary 
operation becomes the coboundary, and vice versa. Hence the homology and 
cohomology group are interchanged, and our formulas apply. 

A locally finite (i.e. both closure and star finite) complex carries therefore 
two homology theories, namely, the theory of a star finite complex and the 
theory of a closure finite one. In the case of a manifold the Poincaré duality 
establishes a relation between the two theories. In general the theories are 
unrelated and in any specific problem we only use one at a time. We will quote 
two examples to this effect. 

A) In the foilowing chapter we define for every compact metric space a 
complex called the fundamental complex. This complex is locally finite, but 
its closure finite theory is trivial, while its star finite theory is extremely useful 
for the study of the underlying space. 

B) Let us consider two infinite polyhedra represented as two locally finite 
} complexes K and K’. Given a continuous mapping f of K into K’ it is well 
| known that f induces homomorphisms: 1°) of the groups of finite cycles of K 
) into the corresponding groups of K’, 2°) of the groups of infinite cocycles of K’ 
into the corresponding groups of K. This explains why in problems connected 
with continuous mappings (like Hopf’s mapping theorem and its generalizations; 
see [41) we use only finite cycles and infinite cocycles, or in other words we use 
only the closure finite theory of K and K’. 
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CHAPTER VI. ToPpoLoGICcAL SPACES 


Here we formulate our results for the homology groups of a space. In the 
case of a compact metric space, Steenrod has shown that the homology groups 
can all be expressed as corresponding homology groups of the fundamental 
complex of the space, so that the results of Chapter V apply directly (§44). 
For a general space, the Cech homology groups are obtained as (direct or in- 
verse) limits, so that the decomposition of the homology group is obtained as a 
limit of the known decompositions for the homology groups of finite complexes, 
and here the techniques developed in Chapter IV apply. The results obtained 
for a general space are not as complete as those for complexes, partly because 
the limit of a set of direct sums apparently need not be a direct sum, and partly 
because “‘Lim” and “Ext” do not permute, so that the group Ext* discussed 
in Chap. IV is requisite. We also discuss (§45) Steenrod’s homology groups of 
“regular” cycles. 


37. Chain transformations 


Let K = {of} and K’ = {73} be two star finite complexes. Suppose also 
that for every integer g there is given a matrix of integers, 


BY = || bi; || 
with rows indexed by the g-cells of K, columns by the q-cells of K’, and with 


only a finite number of non-zero entries in each column. 
Given a g-chain c’ = >> g,03 « C*(K, G) in K, define 


Td =>) (Lo gib%j)r3. 


i 
The column finiteness condition implies that the summation }°; g:b{; is finite 


and therefore that Tc’ is a well defined element of C*(K’, G). We thus obtain 
homomorphisms (one for each g and G) 


T: C*(K, G) — C*(K’, G). 
Given a finite g-chain d’ = )> g;r3 € C,(K’, G) in K’, define 
Md = > ( gi bis) 0% 
This time the column finiteness of B* implies that T*d‘ is finite; hence we ob- 
tain homomorphisms 
T*: C,(K’, G) > @,(K, G). 
T* is called the dual of T. 


It can be verified at once that if c’ is a chain in K and d‘ is a finite chain in 
K’ then 


(37.1) (Tc*)-d* = c*-(T*d"), 


whenever the coefficients are such that the Kronecker index has a meaning (§29). 





i 
$ 


2 ya 





whe 
indu 
asse 


T 
is th 
f' = 


for 


; 





GROUP EXTENSIONS AND HOMOLOGY 815 


T is called a chain transformation of K into K’ if dTc’ = T(dc*) for every q 
7 chain; that is, if 

(37.2) oT = To. 

Itcan be shown that this condition is equivalent to the requirement that 


(37.3) 5T* = T*6. 


It follows that a chain transformation 7 maps the groups Z‘, A‘, B% and B* 
of K homomorphically into the corresponding groups of K’. Similarly 7* maps 
the groups of K’ into the corresponding groups of K. In particular a chain 
transformation induces homomorphisms of the homology groups 


9 (37.4) T: H*(K, G) — H"(K’, G), 

(37.5) T*: KK’, @ —- IK, @), 

7 and of the corresponding subgroups defined by (32.1) and (33.4) 
1 376) T: Q'(K,G) > Q*K’, @), 

9 37.7) T*: P2(K', G) > 9,(K, G). 

38. Naturality 


We are now in a position to give a precise meaning to the fact that the iso- 


7 morphisms established in Chapter V are all “natural.” 


7 Tueorem 38.1. If T is a chain transformation of a complex K into K’, then 
] 7 permutes with the isomorphisms established in Theorems 30.4 and 31.2, provided 
] the application of T in any group is taken to mean the application of the appro- 


priate transformation induced by T on that group. 
Proor. If the homomorphism established in Theorem 30.4 be denoted by 


7+ (or by yw’, for K’), then we have the homomorphisms 


ZK) —“, Hom {H,, G} 
|r tT 
, 

Z*(K’) “, Hom {H%, G}, 
where 7; * is the homomorphism of Hom {K,(K, J), G} into Hom {K,(K’, J), G}, 
induced as in §12 by the dual chain transformation 7*. The theorem then 
} asserts that 

wT = Trp. 
} To show this, take c’ ¢ Z"(K, @). The corresponding homomorphism 6 = yc 
is then defined, for each cocycle d’ in Z,(K), by 6(d*) = c*-d* (cf. §30). Then 

= Tr* bis, according to the definition of 7), ,simply 6’(d") = 6(T*d"). Hence, 
) lor any cocycle d”, 


e'(d") = o(T*d") = c*-(T*d) = (Tc*)-d™. 


q 


” 





re 
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In the other direction, Tc’? maps under y»’ into the homomorphism ¢’, defined 
for d’ «Z,(K’) by 
¢'(d’) = (Tc*) hl 


The formulas show that ¢’ = y’/Tc* and @’ = Tf, * uc? are in fact identical, as 
required by Theorem 38.1. 

To treat Theorem 31.2, let 7 (or 7’) denote the homomorphism of A‘(K, G) 
onto Hom {%,4:(K, I), G} given in that theorem, while 7 is the map of the 
latter group onto Ext {G, Hj4:}. The figure is 


A! — Hom {Bosr, G} — Ext {G, Host} 
|r [rs pe 
A” — Hom {Bis, G} Bas Ext {G, Hors} 


where T;", T:* are again the induced homomorphisms. If 2’ ¢ A%(K, G) is 
given, @ = 72" is defined on each coboundary éd* as ¢(éd*) = z*-d*, while ¢’ = 
T, is defined in turn as 


¢' (6d) = o(T*éd") = o(6T*d") = 2°-(T*d”). 
On the other hand, x = 7’(Tz‘) is defined on a coboundary 6d” of K' as 
x(6d") = (Tz)-d" = 2-(T*d). 


The results are identical, so T;*r = 7’T. Now the “naturality” theorem for 
group extensions showed that 7’ permutes with 7, asin T?*» = 7/T;. Combina- 
tion of these results gives 


(n'r')T = T?* (nr). 


This is the required commutativity condition, for 7 is the isomorphism envi- 
saged in Theorem 31.3. 


39. Cech’s homology groups 


We now briefly outline Cech’s method of defining the homology and co- 
homology groups for a space X. Let U, be a finite open covering of X and N. 
the nerve of U.. If Us; is a refinement of U, we write a < 8. Fora < B we 
have a chain transformation 743: Ns > N, defined as follows: for each open 
set of the covering Ug select a set of U. containing it; this maps the vertices of 
Nz into the vertices of N. and leads to a simplicial mapping Ts. This chain 
transformation is not defined uniquely, but the induced homomorphisms 


T ap : H"(Ng 5) G) — H(Na ) G), 
Ta: KH,(Na,G)—> (No, G) 
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are unique. Using the directed system of all the finite open coverings of X 
we define” 

(39.1) HX, G) = Lim H*(N,, @) 

(39.2) H(X, @) = Lim KH, (Na, @). 

In (39.2) the groups are all discrete. In (39.1) G can be any generalized 
topological group and “°(X, G), as an inverse limit of generalized topological 
groups, also is a generalized topological group. If G has the property that each 
of its subgroups mG (m = 2, 3 ---) is closed in G, the finiteness of each N. 


implies that H*(N., G) and hence K(X, G) is topological. If G does not have 
this property, it would still be possible to consider the group 


Lim Hi(N., G) = Lim [H%(N., G)/0). 


This group is always topological but its relation to the other groups is rather 
obscure. 

In view of (37.6) the subgroups Q*(N,, G) of H*(N., G) form an inverse 
system. We define 


(39.3) 9X, G) = Lim Q“(N,, G). 


Clearly 9? is a subgroup of K(X, G). 
Similarly, in view of (37.7), the subgroups 9,(N., @) of H,(Na, G) form a 
direct system so we define 


(39.4) 9X, G) = Lim 9(N,, @). 


f, is a subgroup of H,(X, G). 

Lemma 39.1. The Kronecker index establishes a pairing of K(X, G) and 

Hi(X, 1) with values in G; under this pairing 
Q(X, G) = Annih H,(X, J). 

Lemma 39.2. Let G be discrete and G = Char G. The Kronecker index estab- 
lishes a dual pairing of H"(X, G) and K(X, G) with values in the group P of reals 
mod 1; under this pairing 

H,(X, G) & Char K(X, G) 
P(X, G) = Annih 2°(X, G). 
Both lemmas have been established for each of the complexes N,. The 


passage to the limit is possible in view of formula (37.1.) 
In K(X, @) we also consider the subgroup ,(X, G@) of all elements of finite 





*® For more detail see Lefschetz [7]. Although the definition of the homology and 
cohomology groups given here is valid for any space X, it is well known that its interest 
is restricted to compact spaces only. This is due to the fact that only in compact spaces 
is the family of finite open coverings cofinal with the family of all open coverings. 
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order. Since each approximating group H,(N., @) has a finite set of genera- 
tors, one can show, by arguments resembling those of §24, that 


SX, G) = Lim S(Na , G). 


40. Formulas for a general space 


Using the formulas for complexes and applying a straightforward passage 
to the limit we obtain here some relations for K(X, G) and K,(X, G) in terms 
of the groups K(X, I) and 5,4:(X, J). The results are not as complete as 
in the case of a complex. 

TuHEorEM 40.1. For a space X and a generalized topological coefficient group G 
the subgroup 2° of the Cech homology group is expressible, in terms of a co-torsion 
group, as 


(40.1) 9X, G) & Ext* {G, Spu(X, D}, 
while the corresponding factor group H*(X, G)/2*(X, G) is isomorphic to a sub- 
group of Hom {H,(X, I), G}. 
If G/mG is compact and topological form = 2, 3, --+ then 
(40.2) HX, G)/2(X, G) = Hom {KH,(X, I), G}. 
Proor. For each nerve N. we have (Theorem 32.1) 
Q(Na, G) = Ext [G, Sou(Na, I} 


The groups on either side form inverse systems and it follows from Theorem 
38.1 and Lemma 20.2 that the limits of these systems are isomorphic, 


Q(X, G) = Lim Ext {G, Tyu(Ne, D}. 


However since J,4:(X, I) = Lim 9,,,(N., I) and the groups Jj4:1(Na, I) are 
finite it follows from Theorem 24.2 that the limit-on the right is Ext* {G, S41}. 
This proves formula (40.1). 

From Theorem 32.1 we also have 


A"(Na, @)/Q*(Na,G) = Hom {H,(N., 1), G}, 
and again the limits of the two inverse systems are isomorphic in view of Theorem 
38.1. Consequently from Theorem 21.1 we get 
Lim [H*(N., G)/Q(Na, G)] = Hom {HK,(X, I), G}. 
Now it follows from (20.1) (Chap. IV) that the group 
HX, G)/Q(X, C) = Lim H2/Lim Qt 


is isomorphic with a subgroup of the group Lim (H%/Q%). This proves the 
second assertion of the theorem. The subgroup will turn out to be the whole 
group whenever we are able to prove that Q*(N., G) are compact topological 
groups. 

Suppose now that G/mG is compact and topological for m = 2, 3, °°: 
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Given a cyclic group T of order m 2 2 we have Ext {G, T} & G/mG (Corollary 
11.2) and consequently Ext {G, T} is compact and topological. It follows that 
Ext {G, T} is compact and topological for every finite group T. In particular 
the groups 


Q"(Na, G) = Ext [@, Tesi(Na, I)} 


are all compact and topological. 

This completes the proof of the theorem. Notice that if G/mG@ is compact 
and topological for m = 2, 3, --- then the group 2°(X, G), as a limit of compact 
topological groups, is compact and topological. 

If Gis discrete and has no elements of finite order, or if S,4; is countable, then 
by Theorem 24.4 and Corollary 24.1, the group Ext* in (40.1) may be replaced 
by Ext/Ext,;. In particular if G = J then by Theorems 17.1 and 40.1, 


(40.3) Q(X, IT) & Char Fy4(X, J, 
(40.4) K(X, [)/2°(X, I) & Hom {H,(X, J), I}. 

TurorEM 40.2. The Cech homology group K(X, G) of a space X over a compact 
topological group G has a subgroup 2*, with factor group K*/2*, both expressible 
in terms of integral cohomology groups of X as 
(40.5) 2°(X, G) = Char Hom {G, Jq4i(X, D)}, 

(40.6) HX, G)/2°(X, G) = Hom {H(X, DT, G}. 

Proor. From Theorem 40.1 we have 2° = Ext* {G, S,4:}. However since 
G is compact topological we have Ext* {G, Sqi:} & Ext {G@, Sq4:} (Corollary 
24.1) and Ext {G, S,41} = Char Hom {G, J,4:} (Theorem 15.1). This proves 
formula (40.5). We recall here that only continuous homomorphisms are 
considered. Formula (40.6) is a consequence of (40.2). 

TuHEorEM 40.3. The Cech cohomology groups KH, > VY, of a space X over a 


discrete coefficient group G can be expressed, in part, in terms of the integral co- 
homology groups as 


(40.7) P(X, GZ) = Go HX, J, 
(40.8) H,(X, G)/P,(X, G) = Hom {Char G, Jq41(X, TD}. 


Proor. Let G@ = Char G. Since K(X, G@) & Char K(X, G) and 9, = 
Annih 2°(X, @) we have 


P(X, G) & Char [H%(X, G)/2(X, @)], 
and using Theorems 40.2 and 18.1 we get 
P(X, G) & Char Hom {H,(X, J), Char G} = Go KH,(X, I). 


This formula could have been proved directly, passing to the limit with 
P(Na,@)YGoHK(Na,1). Since also KH,/P_ = Char 2°(X, Char @), formula 
(40.8) is a consequence of Theorem 40.2. 








i) 
A 






























820 SAMUEL EILENBERG AND SAUNDERS MACLANE 


The theorems and proofs carry over without change to the homology theory of 
X modulo a closed subset. Another generalization can be obtained by replacing 
the space X by a net of complexes, as defined by Lefschetz ((7] Ch. VI). 

We are unable to answer the question whether 2°(X, G) and 9,(X, G) are 
direct factors of H"(X, G) and K(X, G). This is why we do not obtain expres- 
sions for W(X, G) and %,,(X, G) in terms of H,(X, J) and Jq4:(X, J). The 
best we achieve in the case of a general space X is a description of the subgroups 
9? and &, and of the corresponding factor groups, leaving the direct product 
proposition undecided.” 

In the following sections of this chapter we shall discuss the case when X is a 
compact metric space, using the method of the fundamental complex. In this 
case we are able to obtain complete results, including the direct product de- 
composition. 

41. The case g = 0 


Before we proceed with the treatment of compact metric spaces we will discuss 
some details connected with the definition of the homology and cohomology 
groups for the dimension zero. 

Let K be a finite simplicial complex. If we assume that there are no cells 
of dimension less than zero then every 0-chain will be a 0-cycle and the groups 
H°(K, G) and 3(K, G) will be isomorphic to the product of G by itself n times, 
n being the number of components of K. 

An alternate procedure is to consider K “augmented” by a single (—1)-cell 
o ' such that [3:0 '] = 1 forall ¢. In this case, given a 0-chain c = >> gu: 
we have dc’ = (>> g:)o" and consequently c’ is a cycle if and only if >> g; = 0. 
The cohomology group gets affected also because the cocycle >. o; that was not 
a coboundary in the first approach is a coboundary in the augmented complex, 
since 60° = >) o;. It turns out that H°(K, @) and %4(K, G) are isomorphic to 
the product of G by itself n — 1 times. 

In defining the groups °(X, G) and )(X, G) for a space we again have two 
alternatives according as the nerves N, are augmented or not. 

Both the augmented and unaugmented complexes are abstract complexes 
in the sense of Ch. V and therefore all our previous results hold for either defini- 
tion of H” and Hy. However in the discussion of compact metric spaces that 
follows there is an advantage in considering the nerves as augmented complexes, 
so as to have H°(X, G) = Ha(X, G) = Oif X is a connected space. 


42. Fundamental complexes 


Let X be a compact metric space. There is then a sequence U, (n = 0,1, ---) 
of finite open coverings of X such that U, is a refinement of U,_; and every finite 





9 Steenrod [9] §10 brings an argument, which if correct would settle the question posi- 
tively. Unfortunately an error occurs on p. 681, line 5. The error was noticed by C. 
Chevalley, who has also constructed an example showing that the argument could not be 
corrected in the general case. If X is metric compact, Steenrod’s argument can be cor- 
rected to give the desired direct product decomposition (see §44 below). 
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open covering of X has some U, as a refinement. This last property asserts 
that in the directed family of all the finite open coverings of X the sequence 
(U,} constitutes a cofinal subfamily and therefore the Cech homology and co- 
homology group can be equivalently defined using only the sequence of coverings 
U,. Weshall assume that U, is a covering consisting of only one set, namely X 
itself, so that the nerve No of Up is a vertex. For each n we select a projection 
T,:N, — Nya of the nerve of U, into the nerve of U,;. The projections 
N, — Nn_-x we define by transitivity. 

We now define the fundamental complex K of X as follows. The complexes 
N, forn = 0,1, --- shall be disjoint subecomplexes of K. For each n = 1, 2, --> 
and each simplex o* of N,, we introduce a new (q + 1)-cell Do* whose boundary 
is T,0° — o* — Ddo*. This formula gives a recursive definition of the incidence 
numbers. 

In order to give a more intuitive picture of K we may consider each of the 
nerves NV, as a geometric simplicial complex, the projection T,, can then be 
regarded as a continuous simplicial transformation; that is, as linear on every 
simplex o* of N, , while Do’ can be visualized as a deformation prism consisting 
of intervals joining each point of o* with its image under T,,. With this inter- 
pretation K becomes a geometric complex and the cells Do“ can be subdivided 
so as to furnish a simplicial subdivision of K. It is clear from this picture that 
K can be contracted to a point, namely by moving every point up its projection 
lines towards the vertex No. 

The complex K is countable and is locally finite; i.e., both closure and star 
finite. Viewing K as a closure finite complex, we can define finite cycles and 
infinite cocycles. However, since K is contractible all the homology group with 
finite cycles will vanish. Using the results of Ch. V we conclude that the 
cohomology groups with infinite cocycles also will vanish. Consequently, re- 
garded as a closure finite complex, the structure of K is trivial. If we approach 
K as a star finite complex we obtain cohomology groups with finite cocycles and 
homology groups with infinite cycles. Regarded this way the complex K fur- 
nishes a true picture of the combinatorial structure of the space X. 


43. Relations between a space and its fundamental complex 


THEOREM 43.1. The compact metric space X and its fundamental complex K 
are linked by isomorphisms 


(43.1) K(X, G) = H2™"(K, @), 
(43.2) KHy(X, G) = KHoi(K, G). 


We shall restrict ourselves here to indicate the definitions of the isomorphisms 
without going into the complete proof, which involves lengthy but straight- 


forward calculations.” 
. Let z* be an element of H%(X, @). Then z* can be represented by a sequence 





°° This proof is closely related to one given by Steenrod; see [10], §4. 
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of cycles 24 ¢ Z*(N,, G) such that 23-1) — Tnz4 ¢ B’(Nr+i1,G). For each n = 
1, 2, --+ select a chain c%, in N,_1 such that 


+1 q 
Oct. 3 = ae ies Tatas 


and consider the chain 


0o 


i ) 
zt = Yo ct + DS Det. 


n=1 n=1 


We verify that 


dz = DY (24a — Tazt) + Dd (Tazt — 24 — Dazed) 


n=1 n=1 


= 2 — >> Daz = 0, 
n=1 
since 824, = 0, while 23 = 0 for g = 0, 2. = 0 by §41. Consequently 2** is a 
cycle of K. If instead of {c2**} we use a sequence {é%""} to define a cycle 
2°" then 


qtl sat] __ qt+1 =qtl 
zZ — 2 = >. (G3 = Caak 


n=1 
Each term c2", — 2%), is a finite cycle and therefore bounds in K, therefore 
z’*' — 7" is a weakly bounding cycle and z**’ determines uniquely an element 


z’*' « H2"(K, G). We define 
$(z’) _ i 


Now let w’ « H,(X, G). The element w* can be represented for suitable n 
by a single cocycle w* e Z,(N,, @). We verify that Dw’ is then a (¢ + 1)-co- 
cycle of K. Using the formula 


bw’ = DT tw" — Du" in K, 


and the fact that D and 6 commute we show that Dw* determines uniquely an 
element w*"’ of 3C,(K,@). Wedefine 


y(w’) _ wet 


We also notice that the pair of isomorphisms ¢, y preserves the Kronecker 
index 


(43.3) $(z") -y(w*) = z?-w’, 
If Xo is a closed subset of X then every covering U,, of X determines a covering 


of Xo whose nerve L,, is a subcomplex of the nerve N, of U,. The subcomplex 


L=)>L.+ > OL, 


n=1 n=1 


: 
| 
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of K is then a fundamental complex of X,. The isomorphisms (43.1) and 
(43.2) of Theorem 43.1 can be generalized as follows 


(43.1’) H*(X mod Xo, G) = HE"(K mod L, G) 
(43.2’) HX — Xo, G@) = Hyis(K — L, G). 


44, Formulas for a compact metric space 


Using the fundamental complex and the results of Ch. V we shall now establish 
theorems for a compact metric space quite analogous to the ones proved for a 
complex in Ch. V. 

TurorEM 44.1. The Cech homology groups of a compact metric space X over 
a generalized topological coefficient group G can be expressed in terms of the integral 
cohomology groups Hy = KHy(X, DT), Sour = Sosi(X, I) as 


K(X, G) = Hom {H,, G} X (Ext {G, So41}/Exty {@, Sq41}). 
More precisely, in terms of the subhomology group 2° of (39.3) we have 


(44.1) Q(X, G) is a direct factor of K(X, G), 
(44.2) Q(X, G) & Ext {G, So4i} /Exty {G, Toi}, 
(44.3) K(X, G)/2°(X, G) = Hom {H,, G}. 


To prove the theorem we use the fact that the Kronecker intersection is 


preserved under the pair of isomorphisms ¢, y of the previous section. Con- 
sequently, since 


9"X, @) = Annih K(X, J) in K(X, G), 
Q2"(K, @) = Annih K,4:(K, J) in H2"(K, @), 
we have 
$[2%(X, G)] = QE" (K, @), 


and the theorem becomes a consequence of Theorems 43.1 and 32.2. 

TarorEM 44.2. The Cech cohomology groups of a compact metric space X 
with coefficients in a discrete group G can be expressed in terms of the integral 
cohomology groups KH, = K(X, 1), Sou. = Foas(X, I) as 


K(X, G) & (4 o KH) X Hom {Char G, Fo4:}. 
More precisely, in terms of the subgroup 9, of (39.4), we have 
(44.4) P(X, G) is a direct factor of H,(X, G), 
(44.5) P(X, G) SGo KH, 
(44.6) H(X, G)/P.(X, G) = Hom {Char G, J,4:}. 
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To prove the theorem we notice that 
P(X, G) = Annih 2°(X, Char G) in K(X, G), 
F,44(K, @) = Annih Q2""(K, Char @) in 3Q4:(K, @), 
and therefore 
WF(X, G)] = Fru(K, G) 


and the theorem becomes a consequence of Theorems 43.1 and 33.1. 

All these results remain valid for the homologies of X modulo a closed subset, 

We now proceed to compare the results obtained here for the metric compact 
case with the results of §40 concerning general spaces. 

Statements (44.1) and (44.4) contain a positive solution for the direct product 
problem which is still unsolved for the general space. Formula (44.3) was 
proved in (40.2) for general spaces only under the additional condition that 
G/mG@ be compact and topological for m = 2, 3,---. Formula (44.2) was 
proved for general spaces under the form 


Q(X, G) > Ext* {G, Sor(X, I)} 
which is equivalent to (44.2) because 
Ext* {G, T} = Ext {G, T} /Ext, {G, T} 


for countable groups 7 with only elements of finite order (Theorem 24.4) and 
the group Sq4:(X, I) & J,42(K, I) is countable for a compact metric X, since K 
is countable. 


Formulas (44.5) and (44.6) coincide with the ones proved in Theorem 40.3 
for a general space. 


45. Regular cycles 


Using the concept of a “regular cycle” Steenrod ([10]) has defined a new homol- 
ogy group H*(X, G) of “regular” cycles, for a compact metric space X. This 
group is useful especially in the case when X is a subset of the n-sphere S", 
because it provides information about the structure of the open set S” — X. 


Steenrod ({10], Theorem 7) has proved that if K denotes a fundamental 
complex of X then 


(45.1) H"(X, G) = H"(K, G). 
From this, using Theorems 43.1 and 32.1 we derive the formula 
(45.2) H'(X, G) = Hom {H,(X, I), G} x Ext {G, W(X, D}, 


forg>0. This formula expresses H*(X,@) in terms of H,1(X, I) and K(X, 1) 
and hence shows that, essentially, H*(X, G) is no new invariant. 


Let us specialize formula (45.2), assuming that ‘= 1, and that X is connected. 
We have then “o(X, J) = 0 and therefore 


(45.3) H'(X, G) & Ext {G, 3G(X, I}. 
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Let us further assume G = J and that X is one of the solenoids 2. Since = 
is a connected, compact abelian group we have H'(=, P) & » (Steenrod 
(9], Theorem 15) where P (Steenrod’s X) is the group of reals mod 1. Further, 
since Char J & P we have H,(=, I) & Char H'(=, P) & Char Y. Hence 
finally 
(45.4) H(z, I) = Ext {T7, Char 3}. 


This group will be explicitly computed in Appendix B; it was the starting 
point of this investigation (see introduction). 

Steenrod has defined a subgroup A(X, G) of H*(X, G) by considering regular 
cycles that are sums of finite cycles. He has also proved that under the iso- 
morphism (45.1) this group is mapped onto the subgroup B4(K, G)/B*(K, G) 
of H*(K, G). 

We shall now show that, for g > 1, 


(45.5) A%X, G) = Ext, {G, H,(X, D}. 
(45.6) H%(X, G)/H"(X, G) = HT" (X, @. 


In fact, from Theorems 31.3 and 43.1 we deduce that Bi(K, G)/B"(K, G) = 
Ext; {G, Hoai(K, D)} & Ext, {G, W(X, DI}. This proves (45.5). In order 
to prove (45.6) notice that H%(X, G)/H%(X, G) = H*(K, G)/[B4(K, G)/ 
BYK, G)] = Hi(K, @) = K(X, G). 

Formulas (45.5) and (45.6) provide a splitting of H*(X, G@) different from the 
one used in (45.2). The isomorphism (45.6) was established by Steenrod [10], 
who has also shown that A*% can be computed using G and K(X, J), without 
however getting the explicit formula (45.5). 

From (45.5) we immediately deduce the theorem of Steenrod that 
HX, @) = 0 and H%(X, G) = K*"(X, G) whenever H,(X, J) has a finite 
number of generators. 


ApprenpIx A. COEFFICIENT GROUPS WITH OPERATORS 


In many topological investigations it is convenient to construct homology 
groups H*(K, G) in cases when G is not just a group, but a ring or even a field. 
More generally, G can be allowed to be a group with operators. We show here 
that our results extend unchanged to such cases, and in particular, that the 
resulting homology groups are still completely determined by the integral 
cohomology groups. 

G is called a group with operators Q if G is a generalized topological group, 
2 a space, and if to each element w €@ and each g eG there is assigned an ele- 
ment wg eG (the result of operating ‘on g with w), in such wise that 


(i) wg is a continuous function of the pair (, g), 


(ii) w(g1 + ge) = wi + we (91 » J2€ @). 


It then follows that each element w determines a (continuous) homomorphism 
9 — wg of G into G; however, distinct elements of 2 need not determine distinct 
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homomorphisms. The set 2 may have a discrete topology, or may even consist 
of just one operator w. 

If both G, and G2 have operators 2, a homomorphism (or isomorphism) ¢ of 
G, into G2 is said to be Q-allowable if ¢[wgi] = wldg:] for all gi €Gi, w €Q. 

If G has operators Q, a subgroup S C G is said to be allowable if w(S) C § 
for all we. The operators Q may then be applied in natural fashion to the 
factor group G/S, by setting w(g + S) = w +S. Then G/S is a group with 
operators Q, and the natural homomorphism of G on G/S is allowable.” 

If G is a group with operators 2, the various groups introduced as functions 
of G in Chapters I-IV are also groups with operators. Specifically, let H be a 
discrete group, and for each 6¢«Hom {H, G} define w@ as [wA](h) = «[6(h)]. 
Then w6 e Hom {H, G}, and 


(A.1) Hom {H, G} has operators ©. 

Furthermore, if H = F/R, where F is free, the groups Hom {F' | R, G} and 
Hom, {R, G; F} are allowable subgroups of Hom {R, G}, so 

(A.2) Hom {R, G}/Hom {F | R, G} has operators Q. 


Again, let f be a factor set of H in G, and define another factor set wf by taking 
[wf](h, k) as w[f(h, k)]. Then 2 becomes a space of operators for the group 
Fact {G, H}. Furthermore Trans {G, H} is an allowable subgroup; therefore 


(A.3) Ext {G, H} has operators 2. 


In similar fashion one concludes that Ext; {G, H} and Ext/Ext, have operators 2. 

As another case, take ¢¢Hom {G, H} and define a homomorphism 
wp «e Hom {G, H} by setting [wd](g) = d[w(g)] for each geG. If G is compact 
or discrete, one may show that w¢@ is a continuous function of w and ¢. In this 
case, and for any generalized topological group H, 


(A.4) Hom {G, H} has operators Q. 
In particular, if G is discrete or compact, 


(A.5) Char G has operators 2. 


Given these interpretations of al! our basic groups as groups with operators, 
we next demonstrate that the various isomorphisms between these groups, as 
established in Chapters II-IV, are allowable. In particular, an inspection of 
the construction used to establish the fundamental Theorem 10.1 of Chapter II 
proves 
(A.6) The isomorphism 


Ext {G, H} = Hom {R, G}/Hom {F | R, G}, 
where H = F/R, F free, is allowable. 








*t Practically all the elementary formal facts about groups and homomorphisms apply 
to operator groups and allowable homomorphisms. 
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The same conclusion holds for the other isomorphisms stated in that theorem. 
Also, the isomorphism Ext {G, H} = Char Hom {G, H} established in Theorem 
15.1 for compact topological G and discrete H is allowable. The proof of this 
fact depends essentially on showing that the “trace” used in that theorem has 


the commutation property, 
t(w6, d) = t(0, wp), for any @« Hom {R, G}, and ¢ «Hom {G, H}. 


The allowability of the other isomorphisms in Chapters II-IV is similarly estab- 
lished. The proofs are closely analogous to the “naturality” proofs of §12, 
except that here the operators apply to G, while in §12 the operator 7’ ap- 
plied to H. 

Now turn to the homology groups. Let c* be a chain in the star finite 
complex K, with coefficients chosen in the group G with operators 2. For each 


w¢€Q, define 
w(c") = w()) giot) = Dd (wgidot ; 
since the result is a chain, and since the requisite continuity holds, the group 
CK, @) of g-chains has operators 2. Moreover, w) = dw, so that both 
*(K, G) and B*(K, G) are allowable subgroups of C*. Therefore 


(A.7) H‘"(K, G) has operators Q. 


The essential tool in establishing the isomorphisms of Chap. V is the Kronecker 
index c’-d* for d* e C,(K, I), c’ « C*(K, G). We verify at once that 


(A.8) w(c%-d*) = (we) -d® (all w €2). 


Since the subgroup A’ of Z* was defined as a certain annihilator under this 
Kronecker index (see (29.9)), it follows at once that A‘ is an allowable subgroup 
of Z*. Furthermore, the proof that A‘ is a direct factor of C* depended on a 
decomposition of @, as a direct product C, = Z, X ,, for a suitably chosen 
group D,. In the notation of Lemma 16.2, we then had, by means of the 
Kronecker index (see the proof of Theorem 30.3) 


C* x Hom {@, , G} = Hom {C,, G;D, , 0} K Hom {C,, G; Z, , 0}. 


On the right both factors are allowable subgroups, and the isomorphism to the 
direct. product is allowable;” furthermore, the second factor is the one which 
corresponds to the subgroup A‘ of C*. Therefore C% has a representation of the 
form C* = A‘ xX D*, where D‘ is an allowable subgroup, complementary to A‘. 
A similar decomposition holds for Z* and thus for its factor group H’ = Z°/B". 
In terms of the homology subgroup Q* = A‘/B* determined by A‘, this proves 


(A.9) The isomorphism H* = (H*/Q*) X Q* is allowable. 


The further analysis of these two factors, as carried out in Chapter V, all 
depended on the Kronecker index. In view of the property (A.8) of this index, 


* If A and B are two groups with operators © the direct product A X B has operators 2 
defined by w(a, b) = (w(a), w(b)) for w € 2. 
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and the property (A.6) of the basic group-extension theorem, we have 
(A.10) The isomorphisms 


H*(K, G)/Q*(K, G) = Hom {H,, G}, 
Q*(K, G) = Ext [G, Hou} 


are allowable, as is the isomorphism H* + Hom X Ext, obtained by combining 
(A.9) and (A.10). 

Similar remarks apply to the representation of the “weak” homology group 
H‘, (Theorem 32.2), which is a factor group of H* by an allowable subgroup. 
The same holds for the topologized homology group H7 (i.e., the isomorphisms 
of Theorem 34.2 are allowable), for in any topological group G with operators Q, 
the continuity of the operators insures that the subgroup 0 C G is allowable 
(recall that H? = H*/0). 

Turn next to the analysis of the cohomology groups. The groups C,(K, G), 
with G discrete, again have operators in 2, under the natural definition. As 
in the case of the homology groups, we have 


(A.11) JH,(K, G) has operators Q. 


The representation of these groups depended on duality; i.e., on the Kronecker 
index c’-d‘, for c’ e Z“(K, Char @), d* e Z*(K, G)._ Given the various definitions 
of the effect of an operator w, one shows easily that 


(we")-d* = c*-(wd") (all w € 2). 


From this formula one may deduce that the well known isomorphism 3(,(K, G) 
Char H*(K, Char G) is allowable. Thence it follows that the isomorphisms of 
Theorem 33.1 representing 7K, are allowable. 

These considerations yield the following 

ADDENDUM TO THE UNIVERSAL CoEFFIcIENT TuEorEM. If K is any star finite 
complex, G a group with operators Q, then the homology groups of K (and, if G is 
discrete, the finite cohomology groups) with coefficients in G all have operators Q. 
All these groups with their operators are determined by the group G (with its opera- 
tors) and the cohomology groups of the finite integral cocycles of K. 

A similar discussion applies to the results of Chap. VI. 

In many important cases the operators form a ring (or even a field). Let us 
assume then that Q is a generalized topological ring; that is, a ring which is a 
generalized topological group under addition and in which the multiplication is 
continuous. Then G is called an Q-modulus if G is a generalized topological 
group with operators Q (i.e., conditions (i) and (ii) above hold) such that 


(iii) (wiwe)g = wi(weg). (for w; €2,g €G), 
(iv) (w + we)g = wd + wo (for Wi € Q, g € G). 


In other words, addition and multiplication of operators are determined in the 
natural fashion from G. 


If the standard coefficient group G is now assumed to be an 2-modulus, simple 
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arguments will show that all the groups with operators 2 as described above 
are in fact Q-moduli. Since the basic isomorphisms are still Q-allowable, we 
conclude that the addendum to the universal coefficient group theorem still 
holds in these circumstances. 

It is sometimes convenient to use a set 2 of operators in which only the addi- 
tion or only the multiplication of operators is defined. More generally, we may 
consider a space 2 in which only certain sums w; + w and products ww: are 
defined (and continuous); we then require that conditions (iii) and (iv) above 
hold only when the terms ww. or w: + w: are defined. The derived groups 
satisfy similar assumptions, and the universal coefficient theorem still holds. 

If the coefficient group G is locally compact, one can always take the operators 
to form a ring, for any such group G has its endomorphism ring Q¢, as a natural 
ring of operators. Specifically, 2, is the additive group Hom {G, G} of endo- 
morphisms of G, with its usual topology (§3), and the multiplication ww. of 
two endomorphisms is defined by (iii) above. The requisite continuity prop- 
erties Of wywe and wg are readily established, in virtue of the local compactness 
of G. Furthermore, if 2 is any other space of operators on G, each we 2 deter- 
mines uniquely an endomorphism @ ¢€Q¢ with ag = wg for each g. The corre- 
spondence w — @ is a continuous mapping of Q into 2, which preserves whatever 
sums and products may be present in Q (assumed to satisfy (iii) and (iv)). 
Thus, any group, derived from G, which is an Q2,-modulus is also a group with 
operators 2, and any isomorphism between groups which is &,-allowable is 
QV-allowable. This indicates, that, for locally compact groups, one may restrict 
attention to operators of the ring Q, . 

The most useful case is that in which the coefficient group is a field F, which 
is its own ring of operators. In this case all the homology groups, groups of 
homomorphisms, etc., become F-moduli; that is, vector spaces over F. 

All these remarks suggest the following rather negative conclusion: although 
in many applications it is convenient to consider a homology theory over coefficients 
which form more than merely a group, no new topological invariants can be so 
obtazned. 


APPENDIX B. SOLENOIDS 


Here we compute the one-dimensional homology group H'(3, J) of regular 
cycles for the solenoid® , or the isomorphic group Ext {7, Char 2} (see (45.4)). 

A solenoid is uniquely determined by a Steinitz G-number; that is, by a 
formal (infinite) product G = [J p‘' of distinct primes with exponents e; which 
are non-negative integers or 2. Any such number G can be represented (in 
many ways) as a formal product G = aa2--- a, +--+ of ordinary integers a; ; 
if G is not an ordinary integer, we can take each a; 2 2. Given such a repre- 
sentation of G, take replicas P,, of the additive group P of real numbers modulo 1, 
and let ¢, be the homomorphism which wraps P,, @n-1 times around P,_;. The 


*3 Solenoids were studied by L. Vietoris, Math. Annalen 97 (1927), p. 459, and more in 
detail by D. van Dantzig, Fundam. Math. 15 (1930), pp. 102-135. See also L. Pontrjagin 
[8], p. 171. ; 
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P,, then form an inverse system of groups, relative to the homomorphisms 
Vnimin = On4i*** nm, and the solenoid Yg is defined as the limit 2, = Lim p, , 
Therefore Char Yq = Lim Char Pn , where the groups form a direct s system 
under the dual cor respondences ¢.. Here Char P, is an isomorphic replica J a 
of the additive group of integers, and ¢, maps I, into In41 by multiplying each 
aeI, by a,. Therefore Char Sg = Lim J, is a subgroup Ng of the additive 
group of rational numbers, consisting of all rationals of the form a/d, , with a 
an integer and d, = @---@,-1. Alternatively, N«¢ consists of all rationals 
r/s with s a “divisor” of G; hence Ng and Xz are red determined by G, 
and are independent of the representation G = ad - 

A Steinitz G-number which is not an ordinary a oie detacndinen a certain 
topological ring. Set G = aya, +--+ a, +++ ,d, = +++ Gn1. In the ring J of 
integers, introduce as neighborhoods of zero the sets (d,) of all multiples of d,, . 
Since the intersection of all these (d,) is the zero element of J, these neighbor- 
hoods make J a topological ring. It can be embedded in a unique fashion in a 
minimal complete topological ring Jg > J, so that every element of Ig is a 
limit of a sequence of integers, under the given topology. This is one of the 
b,-adic rings introduced by D. van Dantzig.“ The additive group of I can be 
alternatively described as a limit of an inverse sequence; specifically, the factor 
group I/(d, 41) has a natural homomorphism into I/(d,), and the limit group is 
I, = Lim J/(d,). In the special case when G = p® is an infinite power of a 
prime p, Ig is the ordinary ring of p-adic integers. 

THeoreM. If G is any Steinitz G-number which is not an ordinary integer, 
Le the corresponding solenoid, and Ig the corresponding complete ring containing 
the ring I of integers, then 


(B.1) Ext {I, Char 2,} = J,/I. 


Proor. As above, Char 2, is a group Ng of rationals, generated by the 
numbers r, = 1/d, with relations a,7r,4; = r,. Therefore Ng can be repre- 


sented as F/R, where F is a free group with generators 2 , z, --+ , and R the 
subgroup with generators y, = Gn2n41 — Zn, 2 = 1, 2,-+-. By the funda- 
mental theorem on group extensions 

(B.2) Ext {I, Char 2¢} & Hom {R, J}/Hom {F | R, J}. 


Let 6¢« Hom {R, 7} and set 
x(0) = Lim [0y1 + doy. + +++ + d,Oynl. 


Then 2x(@) is a well-defined element of Ig, and @ — x(@) is a homomorphic 
mapping of Hom {R, J} into J¢ and thus, derivatively, into I¢/I. We assert 
that the kernel of the latter mapping is Hom {F'| R, J}. 

Assume first that @¢Hom {F| R, J}, and let 6* be an extension of @ to F. 
Then 


Oy: + doye + ah a + dnYn) = — 6*2, + An410*2n41 ’ 





* Math. Annalen 107 (1932), pp. 587-626; Compositio Math. 2 (1935), pp. 201-223. 
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so that the limit x(@) is —6*z, , which is an integer in J. Conversely, suppose 
that x(0) eI, and set 2(6) = —c,. We then have 


by, d20y2 + +++ + d,0yn = —c; (mod dy41). 


By successive applications of this condition we find integers c, with @y, = 
QyCn41 — €n- The homomorphism 6*z, = c, then provides an extension of 6 
to F, so that @« Hom {F'| R, I}. 

Every element in J, is a limit of integers, hence has the form Lim 
[b, + debo + --- + dnb]; therefore 6 — 2(@) is a mapping onto J,. We thus 
have 


(B.3) Hom {R, I}/Hom {F| R, 1} & Io/I. 


The correspondence is topological, as one may readily verify that both (gen- 
eralized topological) groups carry the trivial topology in which the only open 
sets are zero and the whole space. Thus (B.2) and (B.3) prove the isomor- 
phism (B.1). 

By cardinal number considerations, one shows that the group J,/J is un- 
countable, hence not void. The formula (B.1) gives at once all the special 
properties of the homology group of the solenoid, as found by Steenrod [10] in 
his partial determination of this group. 
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